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Preface

What This Book Contains

As discussed in the next section, a large portion of this book is dedicated to a systematic and unified
treatment of recent developments in the complexity theory for log-concave sampling, with a particular
emphasis on connections with the field of optimization. Many of these developments appear here in
textbook form for the first time. Although this is still an active area of research, at this time there is
enough elegant mathematics and canonical theory that it seemed a shame not to have available an
exposition which is accessible to an ambitious graduate student.

From a broader view, however, it is not the specific applications to log-concave sampling, but
rather the general perspective and techniques used, that will have the largest impact on the reader.
With this in mind, the book includes several topics which are not directly related to sampling, but
loosely illustrate the general theme of “modern applications of stochastic analysis to probability
and statistics”. The applications range from classical mathematical questions, such as concentration
of measure and geometry, to instances in which the philosophy of diffusion processes has inspired
recent algorithms for machine learning tasks. Although tastes change, the overall importance of this
perspective only seems to grow with time. Due to space limitations, some of these additional topics
appear as supplements on my website (chewisinho.github.io).

The subject matter of this book touches upon many fields, such as geometry, PDE, stochastic
calculus, etc., and a primary goal of the exposition here is to make the material accessible without
extensive background knowledge in these topics. This means that at several places we have sacrificed
full mathematical rigor in favor of (hopefully) more lucid explanations, referring to the original sources
for details. As such, these subjects are not prerequisites for this book, although more background
knowledge on the reader’s part naturally translates into an healthier understanding of the context of
the material. The main exceptions to this statement are: (1) we assume that the reader is familiar
with graduate-level analysis and probability; (2) since much of the theory of sampling is inspired by
ideas from optimization, we highly recommend that the reader is familiar with the latter, as treated in,
e.g., Bubeck (2015); Nesterov (2018); Chewi (2025).

The Complexity of Sampling

In this book, we consider the following canonical sampling problem:

Vi
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Given query access to a smooth function V : R — R, what is the minimum number of queries
required to output an approximate sample from the probability density 7 oc exp(=V) on R4?

The problem formulation is chosen due to the following considerations. In many applications
(some described below), we wish to sample from a probability density 7, and we have an explicit
function V : R? — R such that 7 o exp(=V). In other words, since 7 is a probability density, then
m= % exp(—V), where Z = f exp(=V) is called the normalizing factor (or the partition function
in statistical physics). Although Z (and thus ) are explicitly given in terms of the known function
V, a naive evaluation of Z as a high-dimensional integral is intractable. Indeed, the usual approach
of approximating an integral by a sum requires discretizing space via a fine grid whose size scales
exponentially in the dimension d. Moreover, even if we had access to Z, it is still not clear how
we could use this to sample from 7. Therefore, the focus here is to develop direct methods for the
sampling task which bypass the computation of Z.'

Not only do we want to develop fast algorithms, we also want to understand the inherent complexity
of the sampling task, which in turn allows us to identify optimal algorithms. By complexity, we
do not mean computational complexity, since proving lower bounds in that context is out of reach
(besides, we would have to spend too much time worrying about the bit representation of V). Instead,
following the well-trodden path of optimization, we adopt a model in which we only have access to
V through queries made to an oracle, and our notion of complexity is the number of queries made.
This is known as oracle complexity or query complexity; see Nemirovsky and Yudin (1983, §1) for
a detailed discussion. We usually consider a first-order oracle, i.e. given a point x € R?, the oracle
returns (V(x), VV(x)). Since V is only well-defined up to an additive constant, we can equivalently
imagine that the oracle returns (V(x) — V(0), VV(x)).

Before considering the problem further, here are some important applications.

1 (Bayesian statistics and uncertainty quantification.) Suppose that we wish to make inferences
about a parameter ¢ of interest, which lies in a space ® C R“. As a Bayesian, we have a prior
density py over ® which encodes our subjective beliefs about the value of J prior to seeing any
data. Next, we collect some data X which, conditionally on the value of ¥, is drawn from a density
Pxj9 (- | ). According to Bayesian statistics, we should then compute the posterior distribution

po(0) pxja(X | 0)
Jo Po(d6") pxip(X | 67)°

which encodes our new beliefs about # after seeing the data.

Typically, we have access to the functional forms of py and {pxs(- | 6)},.e. SO We can
evaluate these densities and compute gradients. However, the denominator of pyx is precisely the
normalizing constant described previously and cannot be easily evaluated. Moreover, even if we had
the functional form of pgx(- | X), we would still not be able to compute expectations E[¢(#) | X]
of test functions w.r.t. the posterior without evaluating another high-dimensional integral. Instead,
the sampling methods we discuss in this book can output random variables ¥, ..., 1, whose
distributions are approximately p g x(- | X), and the expectation can be approximated to arbitrary
accuracy via the Monte Carlo averages m~' 21| ¢(1%).

2 (High-dimensional integration.) More generally, computing integrals of functions against a known
density r is a fundamental task in scientific computing. In many high-dimensional applications, the

Pox(0 ] X) o

'In fact, it goes the other way around: state-of-the-art methods for approximately computing Z are based on the sampling
methods we develop here.
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strategy of drawing samples from 7 and then approximating integrals via Monte Carlo averages is
in fact the only known way to efficiently tackle this problem.

3 (Model aggregation, randomized algorithms, etc.) Consider the following regression model: we
observe i.i.d. pairs {(X;,Y;)};c(,), assumed to be drawn according to ¥; = fy(X;) + & for some
parameter ¢} € ©® and noise variables &;, i € [n]. Given a “prior” pgy over ©, the exponentially
weighted aggregate (EWA) estimator with parameter 8 > 0 is the following weighted average:

f= / foPp.o(d), where pg 5(do) o GXp(—,BZ (Y; = fo (Xi))2> po(do).

Note the similarity with the Bayesian setting; indeed, pg » can be interpreted as a posterior. The
estimator f however, can be regarded from a purely frequentist lens, as an average over “models
6 € ® which downweights those which incur large empirical risk. This procedure is known generally
as model aggregation, and the risk bound developed for the EWA estimator in Dalalyan (2017b)
is closely related to PAC—Bayes theory (Alquier, 2024). Similar weighted averages appear in the
field of online learning, under various names such as learning with expert advice or multiplicative
weights. Computation of these estimators can again be handled via sampling methods.

29

4 (Privacy.) As machine learning algorithms are continually deployed in application domains with
personal and sensitive information, there is growing concern about maintaining the privacy of
the data on which the machine learning models are trained. One way to address this issue is to
require that the algorithm be differentially private, which loosely speaking requires the output of
the model to not depend too much on the presence or absence of a single data point. The most
common method to achieve this goal is via the careful addition of noise to the algorithm. Readers
who are interested in the mathematics of privacy should benefit from a healthy understanding of
the analysis of sampling algorithms, and vice versa.

5 (Statistical physics.) In a physical system, V (x) represents the energy of a state x. In this situation,
thermodynamics predicts that the equilibrium distribution over states is the Boltzmann (or Gibbs)
distribution whose density is proportional to exp(—V /T) (where T is the temperature of the system).
Naturally, sampling provides a method for probing properties of the equilibrium distribution. More
subtly, the mixing time of specific sampling algorithms also provides information about the system
such as metastability phenomena; we revisit this in Chapter 11.

Due to this physical interpretation, we often refer to V as the potential energy.
Besides these examples, it is no surprise that sampling arises in many other applications, since

sampling is a fundamental algorithmic primitive. As such, sampling methods are employed daily in
applied domains such as biology, climatology, and cosmology.
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Example 0.0.1 (Bayesian logistic regression). For concreteness, let us consider the application
of sampling to a Bayesian logistic regression problem. Suppose we have collected data in the
form of pairs (X;,Y;),i € [n], where X; € R is a vector of covariates and Y; € {0, 1} is a binary
outcome. For example, ¥; might represent whether or not a certain drug is effective on the i-th
patient in a clinical study. Here, we regard the covariates {X;, i € [n]} to be deterministic and
fixed, and we posit that the outcomes {Y;, i € [n]} are independent with distributions

Y ~ Bernoulli(M) .
1 +exp (9, X;)
Moreover, we take a Gaussian prior normal(0, 1='1;) for 1, where A > 0. The likelihood is
I e exp(6.X) |\
A i 0 = ( ) ( ) > i € 07 1 )
Prio(yi | 6) 1 +exp (0, X;) 1 +exp (0, X;) yi €{0,1}

and by independence, py,, v, (9 (V1s---,Yn | 0) = [1i2; Px;jo(yi | 6). A Bayes rule computation
yields the posterior pyy,, .y, « exp(—=V), where

V() = " (loa(1 +exp (6, X)) ~¥: (6, X) + 5 161
i=1
Note that V is A-strongly convex. It is straightforward to find the minimizer of V via standard
optimization methods (e.g., gradient descent), and this corresponds to finding the mode or
maximum a posteriori (MAP) estimate of the parameter . On the other hand, it is less obvious
how to obtain (approximate) samples from the posterior. In this book, we study algorithms which
can solve this task accompanied with non-asymptotic complexity estimates.

Next, we turn towards the #ow rather than the why. A key theme of this book is the surprising
and close connection between methods in optimization and methods in sampling. To illustrate, we
introduce our first sampling method, which is the sampling analogue of the well-known gradient
descent algorithm from optimization. The Langevin diffusion is the solution (X,), to the stochastic
differential equation (SDE)

dX, = -VV(X,)dt+ V2dB,
——— ———
gradient flow Brownian motion

With a pure gradient flow dX; = —VV(X;) dr, we would expect the dynamics to converge to stationary
points of V. The Brownian motion ensures that we fully explore the distribution 7, as is required in
sampling. Under mild conditions, the unique stationary distribution of the Langevin diffusion is indeed
7 o« exp(—V), which makes this diffusion a good candidate upon which to base a sampling algorithm.
Since the Langevin diffusion is “a gradient flow + noise”, it is no wonder that researchers have drawn
parallels between this diffusion and the gradient flow from optimization. However, the connection
actually lies much deeper than this superficial observation would suggest. There is a natural geometry
on the space of probability measures with finite second moment, P, (R?), namely the 2-Wasserstein
distance W, from the theory of optimal transport. The space (P, (R?), W,) turns out to be much richer
than a metric space; in fact, it is almost a Riemannian manifold. In turn, the Riemannian structure
allows us to define gradient flows on this space. The punchline here is that if , denotes the law of
X;, then the curve of measures t — n, is the gradient flow of the Kullback—Leibler (KL) divergence
KL(- || w) with respect to the W, geometry. Hence, at the level of the trajectory (X;),.,, the Langevin
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diffusion is a noisy gradient flow, but at the level of measures (7,),5, it is precisely a gradient
flow! This remarkable connection was introduced in the seminal work of Jordan, Kinderlehrer, and
Otto (Jordan et al., 1998).

This perspective suggests that we can study the convergence of the Langevin diffusion using tools
from optimization. For example, a standard assumption in the optimization literature which allows
for fast rates of convergence is that of strong convexity of the objective function. Hence, we can ask
under what conditions the functional KL(- || ) on the space of measures is strongly convex along W,
geodesics. Quite pleasingly, this is equivalent to the (Euclidean) strong convexity of the potential V.
Consequently, the assumption of strong convexity of V, which is natural in optimization for studying
gradient flows, turns out to be natural in the sampling context as well.

Much of this book is devoted to the case when V is strongly convex; we refer to & as being strongly
log-concave. Besides its naturality and simplicity, it is sometimes a practical assumption. For example,
in the application to Bayesian statistics, the Bernstein—von Mises theorem states that as the number
of data points tends to infinity, the posterior distribution closely resembles a Gaussian distribution
and is thus (almost) strongly log-concave, a fact which has already been exploited to give sampling
guarantees in the context of Bayesian inverse problems (see, e.g., Nickl and Wang, 2024). However,
some of the results also apply to restricted classes of non-log-concave measures, and in Chapter 11
we shall see what can be said about non-log-concave sampling in general.

Before using the Langevin diffusion for sampling, however, it is first necessary to discretize the
process in time. The simplest discretization, known as the Euler—Maruyama discretization, proceeds
by fixing a step size 4 > 0 and following the iteration

Xnsyn = Xun — hVV(Xy) + V2 (B(n+1yh — Bun) -

Since the Brownian increment B,,.1), — B, has the normal(0, i1,;) distribution, this iteration can be
easily implemented once we have access to a gradient oracle for V and the ability to draw standard
Gaussian variables. This iteration is commonly known as the Langevin Monte Carlo (LMC) algorithm,
or the unadjusted Langevin algorithm (ULA); in this book, we stick to the former acronym.

The LMC algorithm is the starting point of our study. As a result of research in the last decade, we
now have the following guarantee. For any of the common divergences d between probability measures,
e.g., d(u, ) = Wy (u, ) or d(u, m) = y/KL(u || 7r), and with an appropriate choice of initialization
and step size, the law uyy, of the N-th iterate of LMC satisfies d(unp, 1) < & with a number of
iterations N which is polynomial in the problem parameters (the dimension d, the condition number «
of V, and the inverse accuracy 1/¢). For example, when d = VKL, the state-of-the-art guarantee reads
N = O(kd/€*). Whereas the convergence of the continuous-time diffusion is classical and typically
proven via abstract calculus, the quantitative non-asymptotic convergence of the discretized algorithm
necessitates the development of a new toolbox of analysis techniques. A primary goal of this book to
make this toolbox more accessible to researchers who are not yet acquainted with the field.

Beyond the standard LMC algorithm, there is now a rich arsenal of algorithms in the sampling
literature. Some algorithms are directly inspired by other optimization algorithms (e.g., mirror descent),
whereas other algorithms have their roots in the classical theory of Markov processes (e.g., the use of
a Metropolis—Hastings filter). We also explore some of these more sophisticated algorithms in detail,
as in many cases they represent substantial improvements over standard LMC.

Finally, although we began this introduction by discussing the goal of understanding the complexity
of sampling, in fact the complexity is not yet fully understood. The issue here is that there are currently
very few lower bounds on the complexity of sampling. This is in contrast with the field of optimization,



X1

in which oracle complexity lower bounds have in most situations identified nearly optimal algorithms
for optimizing various function classes. In Chapter 9, we will explain the current progress towards
achieving this goal for sampling, but much work remains to be done.

For example, here is the precise statement for a fundamental open question about the complexity of
log-concave sampling.

Let 7 o exp(—V) be a probability density on R?. Determine, up to a universal constant, the
minimum number of queries to a first-order oracle for V required to output a sample whose law u
satisfies ||u — 7||tv < &, uniformly over the following class of potentials: V' is twice continuously
differentiable, satisfying the conditions 0 < al; < V2V < B, and VV(0) = 0.

What This Book Does Not Contain

Here, we point out a few egregious exclusions from our selection of topics. First, as mentioned
previously, the price we paid for a succinct exposition of a variety of fields is a lack of rigorous
development of the fundamentals of said fields, which we leave to the reader to pursue more thoroughly.
The field of sampling has a rich literature spanning decades, and although we have made an effort
to cite the works most relevant to the modern perspective, it was not possible to cite even a vanishing
fraction of the applied and/or classical literature. This extends to even recent theoretical works on
log-concave sampling, for which we have omitted discussion of sampling from convex bodies or
polytopes. Although these works constitute fundamental developments in the field, here we chose to
limit our focus to the part of the literature which is more strongly inspired by optimization algorithms.
Naturally, the other topics we explore in the book are far from comprehensive.

Notational Conventions

The symbols A and V mean “minimum” and “maximum” respectively. We write a < b or a = O(b)
to mean that a < Cb for a universal constant C > 0. Similarly, a > b or a = Q(b) mean that a > cb
for a universal constant ¢ > 0, and a < b or a = ©(b) mean that both a < b and a = b. We write
a = O(b) to mean thata = O (b 1og®® b), i.e., we suppress polylogarithmic factors, and we similarly
use the notation Q and ©. If a theorem holds under the condition “a < b”, it means that it holds
provided that a is smaller than b by a sufficiently small universal constant, and “a <., b” has a
similar meaning except that polylogarithmic factors are also ignored.

For a function f : RY — R, we write 8, f to denote the i-th partial derivative of f. The gradient V f
is the vector of partial derivatives (8, f, ..., d4f), and the Hessian V2 f is the matrix (8,9, f )[’j cldl-
For a vector field v : R? — R4 we also use the notation Vv to denote the Jacobian matrix of
v. The divergence of a vector field v is divy = V-v = Y%, 8,v;, and the Laplacian of f is
Af=uVif=3L 02f.

Finally, we sometimes use ¢_ to denote [¢/h] h, the largest multiple of the step size 4 which is
smaller than ¢. This is not to be confused with the negative part of t.
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CHAPTER 1

The Langevin Diffusion in Continuous Time

In this chapter, we study the continuous-time Langevin diffusion with potential V, which is the
solution to the following stochastic differential equation (SDE):

dX, = -VV(X,)dr + V2dB, . (1.0.1)

We begin with a brief primer on stochastic calculus in order to make sense of this equation. Then, we
introduce two powerful frameworks for analyzing the Langevin diffusion: Markov semigroup theory,
and the calculus of optimal transport. These frameworks are two perspectives on the same diffusion,
and the abstract calculus rules we develop within each framework streamline important computations.

A rigorous mathematical treatment of the theory in this chapter requires addressing substantial
analytical technicalities, such as checking that the various partial differential equations (PDEs) are
well-posed and that the calculations are carefully justified. We do not attempt to do so here and instead
refer to bibliography for detailed treatments. In particular, the “proofs” in this section are more like
“proof sketches” which are meant to convey the main intuition.

1.1 A Primer on Stochastic Calculus

In the spirit of rapidly progressing to the study of sampling, the goal of this section is to familiarize
the reader with the basic language of stochastic calculus, without delving into technical details. The
mechanics of how to perform computations can be picked up through derivations in subsequent
chapters. See Steele (2001); Le Gall (2016) for mathematical expositions. We treat further topics in
stochastic calculus in Chapter 3.

1.1.1 The Ito Integral

In 1828, Robert Brown observed the curious jittery motion of particles of pollen in water. Subsequent
study by mathematicians and physicists clarified the nature of the so-called “Brownian motion™ as
arising from collision with surrounding molecules. The mathematical theory for this phenomenon
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was initiated by the mathematician Louis Bachelier, as well as the physicist Albert Einstein in one of
his breakthrough 1905 papers.

Since its inception, Brownian motion has been used to model the flow of heat, to price options at
the financial market, to solve partial differential equations, to tease out the geometry of manifolds, and
of course, to sample from probability distributions. It is perhaps not clear at first sight that such a
process even exists,! but it would take us too far afield to give a construction here.

Definition 1.1.1. (Standard) Brownian motion is a stochastic process (B,),., in R satisfying
the following properties:

1 B() =0.
2 (Independence of increments) For all positive integers k and all 0 < #; < - -+ < f, the random
variables (B;,, B;, — By,, . . ., By, — B;,_,) are mutually independent.

3 (Law of the increments) For all 0 < s < t < oo,
B; — By ~ normal(0, (t —s) 1;) .

4 (Continuity of the paths) Almost surely, ¢ — B, is continuous.

Our immediate goal is to develop the language of stochastic calculus, and in particular to define
integrals involving Brownian motion: given a stochastic process (77;),s, in R, how do we make sense of

an expression such as /OT 1, dB,? Once we have stochastic integration in hand, we can then formulate
and solve stochastic differential equations.

The main technical difficulty in defining the stochastic integral is the irregularity of Brownian
motion: by definition, B, ~ normal(0, ¢), so that |B,| is typically of size < v/ for small r > 0. In
particular, this means that Brownian motion is not differentiable at O, or indeed, anywhere. Nevertheless,
the stochastic integral can be meaningfully defined, and we summarize the main steps.

The standard measure-theoretic formalism works over a probability space (€2, #,P) which is
complete, filtered, and right-continuous, meaning that there is an increasing family (%,),, of o-
algebras with ;oo F C F, with (., F = %, for all s > 0, and such that %, contains all subsets
of null sets. We assume that Brownian motion is adapted to the filtration: B; is %;-measurable for
each ¢t > 0. Although we make use of this formalism in this section to define the Itd integral, it is not
important for the remainder of the book.

Defining the It6 integral at a single time 7.

The procedure for defining the Itd integral is to work our way up, starting with simple processes and
then extending the definition to richer ones. The simplest type of process is a piecewise constant one:
(17¢) 45 1s of the form

k-1
M=) Hil{t € (1 1)) (11.2)
i=0

Existence was established by Norbert Wiener, and hence the process is often called the Wiener process.
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for some 0 < 1y < #; < --- < ty, where H; is bounded and %, -measurable. We call  an elementary
process. In this case, perhaps the only reasonable definition of the stochastic integral is to take
T k-1
/ n,dB, = Z H; (Bt,-+1AT - Bt,-/\T) . (1.1.3)
0 i=0
This is indeed what we shall do, but for the moment we refrain from using the integral symbol and
write this as Zj 77(17) to avoid confusion.
We record two key properties of the stochastic integral. The first is that # — I} ,1(n7) is a continuous
martingale, i.e., it is continuous and satisfies the following definition.

Definition 1.1.4. A process (M;),, is a martingale w.r.t. the filtration (%;),,, if for all > 0,
M, is #;-measurable and absolutely integrable, and

E[M, | #] = M,, forall0 < s <t.

Indeed, we deduce that (Zjo,,1(77)),, is a martingale from two facts: (1) H; is %; -measurable for
each 7, and (2) (B;),s( is a martingale.
The second key property is that we can compute the variance:

E[Z70,1] )] HZH (Byonr — Biyat)

k-1

k-1
| = S B, (B Bl L)
i=0

T
E[H?] ((ts1 AT) = (t; AT)) = / n?dt . (1.1.6)
i=0 0
Here, we used the basic properties listed in the definition of Brownian motion, such as independence of
increments. This equation shows that if Py := P ® m|[o 7], where m|[o 7] is the Lebesgue measure on
[0, T, then the mapping 17 — Zjo.71(n) is an isometry from L*(Pr) to L*(P). Through this isometry,
we can extend the definition of the stochastic integral to the closure of the elementary processes.

The closure turns out to consist of processes (1,),s, that are progressive’ and satisfies the
integrability condition

T
(][ =E/O n; dt < co. (1.1.7)

This means that (17,),,, can be approximated by elementary processes {(7]t(k))t>0 : k € N} of the
form (1.1.2) in the L*(Pr) norm. For each k, the stochastic integral Zjo 71 (‘%)) is defined via (1.1.3),
and limy o Zjo,77 (n'®)) exists in L?(P) thanks to the isometry. We can then take the limit to be the
definition of the stochastic integral Zj r1(77).

Defining the It6 integral as a stochastic process.

Although the procedure above successfully defines 7} ,j (17) for a fixed time ¢ > 0, there is no guarantee
of coherence between different times ¢. The trouble arises because 7} ,j (1) is defined as a limit, but
this limit is only well-specified up to an event of measure zero, and these measure zero events for
different times # might conceivably accumulate into something more. This is undesirable because

2The process (77;),s is progressive if for all T > 0, the mapping (w, t) — 7, (w) is measurable w.r.t. Fr ® Bio.1],
where o, 1] is the Borel o--algebra on [0, T'].
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the true power of stochastic calculus comes from viewing the stochastic integral as a time-indexed
stochastic process in its own right.

The key insight, due to Kiyosi It, is to go back to the approximating sequence {(r]t(k))t>0 : k € N}
For each k, the It6 integral is defined as an entire process ¢ = J[g (n®)) via (1.1.3), and moreover this
process is a continuous martingale. One can then apply powerful results on martingale convergence,
leading to the following theorem.

Theorem 1.1.8 (Definition of the Itd integral; Itd isometry). Suppose that (1), is progressive

3 T 9 . . t
and satisfies B /0 n? dt < co. Then, there exists a continuous martingale, denoted ( fo ns dBy) >0,
which is adapted to (%,),s, and satisfies

EH/Otns dB;

The formula (1.1.9) is called the Ité isometry.
Also, for each t € [0,T], it holds that /Ot nsdBg = 110,41 (n) a.s.

D) t
]:E/ wds,  forallt € [0,T]. (1.1.9)
0

Extending the definition via localization.

There is one final step which is typically taken, namely to expand the class of allowable integrands to
progressive processes 17 with

T
/ n? ds < oo almost surely . (1.1.10)
0

Note that this condition is weaker than the condition E /OT n? ds < co. Such an extension is evidently
mathematically interesting, as we would like our definitions to be as broad as possible. However,
equally important is that it introduces the device of localization. On the whole, localization actually
serves to reduce the number of technicalities in the subject: once introduced, it allows us to always work
with a stopping time up to which the process is as nice as one desires (e.g., bounded). Localization is
also needed to state the most useful version of Itd’s formula in Theorem 1.1.19. However, this is not
the focus of the book, and in what follows we usually brush over such localization arguments. For
now, we simply introduce the definitions in order to convey that the idea is not too complicated.

Definition 1.1.11. A stopping time 7 is a random variable such that for each ¢ > 0, the event
{T <t} is #;-measurable.

Definition 1.1.12. An increasing sequence of stopping times (7,),y is called a localizing
sequence for 77 on [0, T'] if:

1 foralln € N, (3, 1{t < 7,}),5¢ has finite ||-|| .2, norm, and
2 1, — T almost surely.

The good news is that localizing sequences are easy to find, and the following proposition barely
needs a proof (and so we omit it).
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Proposition 1.1.13. If n is a progressive process satisfying the condition (1.1.10), then the
sequence (T,) ey defined by

t
(T8 ::inf{t>0|/ n?ds?n}/\T
0

is a localizing sequence for n on [0,T].

The idea now is straightforward, even if the execution is not: for each progressive process 7
satisfying (1.1.10), let (1,,),cy be a localizing sequence for n on [0,T]. For each n € N, by the
definition of a localizing sequence, we can apply our existing definition of the It0 integral to the
stopped process (17:ar,,),so» Which gives us a continuous martingale

t
t'—>/ ns s < 7,}dB;. (1.1.14)
0

Then, we can define the It6 integral of i to be a limit of the processes (1.1.14). The details are
technical, and omitted.

We can also define an analogue of martingales using localizing sequences; these are almost
martingales, but lack the required integrability.

Definition 1.1.15. A process (M,),, is a local martingale if it is adapted to the filtration
(#:)s0 and there is an increasing sequence (7,),cy Of stopping times such that 7, — oo and for
each n, the process ¢ — M;,,, — My is a martingale w.r.t. (%;),s.

Proposition 1.1.16. If n is a progressive process satisfying (1.1.10), then the It6 integral
t
t— fo ny dBy is a continuous local martingale.

As an example, consider 1, = exp(B?) for t > 0. For large T > 0, this does not satisfy the

condition (1.1.7), but we can still define the Itd integral fOT n; dB; using localizing sequences. In
general, the key advantage of localization is that we do not have to check conditions such as (1.1.7) a
priori in order to make sense of our computations.

Looking forward.

The construction of the It6 integral may seem rather abstract, and we are sorely lacking in examples.
At this juncture, it is common to work out simple exercises such as computing fol B, dB,, and while
this is pedagogically natural, it is also liable to mislead the reader into thinking that the main use of Itd
integration is to solve synthetic problems with no apparent purpose. Although counterintuitive, our
answer to the heavy amount of abstraction is more abstraction. In the next subsection, we develop the
single most important computation rule in stochastic calculus (along with the It6 isometry (1.1.9)),
called It6’s formula, after which we hardly need to return to the definition of a stochastic integral
ever again. And even It6’s formula will be abstracted out into the language of Markov semigroups in
Section 1.2. The upshot is that we introduced the Itd integral because it is the foundation of our field,
but the details of what we have developed thus far are not needed for the remainder of the book.
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1.1.2 Ité’s Formula

With the It6 integral in hand, we consider the following class of processes.

Definition 1.1.17. A stochastic process (X;),s, is an Itd process if it is of the form

t t
X,:X0+/ bsds+/ o, dBy;, fort >0,
0 0

where (b)), takes values in R9, (o), takes values in RN and (B, ), is a standard Brownian
motion in RV,

Implicit in the above definition is that the process should be well-defined: the coefficients (b,),, and
(07)s0 should be progressive processes for which the integrals exist. In other words, /Ot [|bs]|ds < oo

and /Ot [|oms ||%IS ds < oo almost surely, where we write || M ||ys for the Hilbert—Schmidt (or Frobenius)
norm of M, given by

M| = te(MMT) = tt(M™M) .

Also, the random variable X, should be Fj-measurable, and then the process (X,), is also progressive.
We refer to (b,),5, as the drift coefficient and (o), as the diffusion coefficient. When the drift
coefficient is zero, then (X,),, is simply an It6 integral, and thus a continuous local martingale
(Proposition 1.1.16). Otherwise, for a non-zero drift coefficient, the process (X;),s is no longer
necessarily a local martingale. As a shorthand, we often write the It6 process in differential form:

dX, =b,dt +0,dB,. (1.1.18)

Our goal is to understand how the Itd process transforms when we compose it with a smooth
function f : R4 — R. This leads to It6’s formula, which is the main engine of stochastic calculus.

Although the notation (1.1.18) is informal, it conveys the main intuition. For 2 > 0 small, we can
approximate X, ~ X, + hb, + Vho,&, where & ~ normal(0, Iy). Note that the VA scaling comes
from the fact that the Brownian increment B, — B, has the normal(0, 41y ) distribution. Now suppose
that f : R? — R is twice continuously differentiable. Normally, to compute f(X,,) — f(X;) up to
order o(h), a first-order Taylor expansion of f suffices, but in stochastic calculus this would miss
important terms arising from the Brownian motion: indeed, second-order terms in B,,;, — B, are of
order & and hence not negligible.

Therefore, we carry out the Taylor expansion to an extra term:

F ) = FOX) = (VFOG), by + VR ) + 5 by + VR0, V1 (X,) (b, + VR )
= W {(VI(X). b)) + 5 (@& T F (X))} + Vh (o VF(X0).8) + 0 (h)

This expression suggests that (f(X;)),s is also an Itd process. The third term, which is of order
Vh, turns into an Itd integral once integrated. Perhaps the most interesting term is the second term,
L (o] V2 f(X,) 0y, £€T), which is a genuinely new feature of stochastic calculus. If we sum up many
of these increments, we end up with an expression like Sho (T V2 (Xeskn) Trarns hEED). TE
we replace each & gkgz by its expectation i Iy (which must be carefully justified; see the calculation
of quadratic variation in Section 3.1), then this resembles a Riemann sum, which converges to the
integral of 1 (V2 (X,), o;07"). This is formalized in the following theorem.
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Theorem 1.1.19 (It6’s formula). Let (X,),s, be an It6 process, dX, = b, dt + o, dB,, and let
f € C*(RY). Then, (f(X,)),s is also an It6 process which satisfies, for t > 0:

FOX) - F(Xo) = / (V7 (X0, b2) + 3 (VS (X,), a0} ds + / (oTVf(X,).dB.)
0 0

We omit the proof, since the bulk of the intuition is carried in the informal Taylor series argument
described above. Observe that since It0 integrals are (under appropriate integrability conditions)
continuous martingales, the expectation of the last term in Itd’s formula is typically zero. Therefore,

! 1
Ef(X:) -E f(Xo) = / E[(Vf(X,),bs) + 3 (V2f(Xy),0000)] ds, (1.1.20)
0
or in differential form,

0B () =B(VA(X), b)) + 5 (T F(X). cvo)].

It6’s formula can also be extended to time-dependent functions via

f(ts Xt) - f(o’ XO) = ‘/0\ {asf(s7xs) + <Vf(sa Xs)’bs> + % <V2f(S,XX),O'SO";r>} ds
t TV f(s,X,),dBy) .
o [ olvres.x0.a8)

We revisit and streamline It6’s formula in Section 3.1.

1.1.3 Existence and Uniqueness of SDEs
Leth : R, xRY — R? and o : R, x RY — RN Consider the stochastic differential equation (SDE)

dX, = b(t,X,) dt + o (1, X,) dB, . (1.1.21)

Suppose we are given a complete filtered probability space (2, F, (%;),59, P) which supports a
standard N-dimensional adapted Brownian motion B. A (strong) solution to the SDE is an adapted
R9-valued process X such that

t t
X =X +/ b(s, X,)ds + / o (s, Xy) dBy .
0 0

In this section, we state the basic existence and uniqueness result for this SDE. The result states that if
the coeflicients b, o are Lipschitz in space uniformly in time, then the SDE admits a unique solution.
Uniqueness means that if there are two solutions X, X to SDE on the same probability space, driven
by the same Brownian motion, then X = X.
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Theorem 1.1.22 (Existence and uniqueness of SDE solutions). Assume that b and o are
continuous, and there exists C > 0 such that for allt > 0 and x,y € RY,

16(2,x) = b(E VIV llo(t,x) = o (5, Y)llus < Cllx = yll.

Then, for any complete filtered probability space (Q, F, (F:),50, P) and x € RY, there exists a
unique solution (X;),co.r) for the SDE (1.1.21) with Xy = x. Moreover, the solution (X;),co.1)
is a Markov process.

A theorem similar in spirit to Theorem 1.1.22 can be established under the assumption that b and
o are only locally Lipschitz, but in this case the solution to the SDE is not guaranteed to exist for all
time. The issue is that when the coefficients grow faster than linearly, there can be a finite (random)
time e, called the explosion time, such that || X;|| — oo as ¢t — e. This phenomenon is already present
for ODEs (see Exercise 1.2). For our purposes, the assumption of Lipschitz coefficients suffices.

1.2 Markov Semigroup Theory

More thorough treatments of Markov semigroup theory can be found in Bakry et al. (2014); van
Handel (2016). We will revisit and expand upon many of the topics introduced here in Chapter 2.

1.2.1 Basic Definitions and Kolmogorov’s Equations

The core idea of Markov semigroup theory is to encode the behavior of a Markov process (X;),s, via
operators which act on functions. We will then develop calculus rules for working with these operators,
and we can study the operators via functional analysis. This is analogous to how the linear algebraic
study of the transition matrix of a discrete-time Markov chain reveals properties (e.g., ergodicity,
convergence) of the chain.

Definition 1.2.1. For a time-homogeneous Markov process (X;),s, its associated Markov
semigroup (P,),, is the family of operators acting on functions via

P f(x) =E[f(X) | Xo=x].

The Markov property and iterated conditioning yields the following lemma (exercise).

Lemma 1.2.2 (Semigroup property). The Markov semigroup (P,),s, satisfies Py = id and
PP, = P,P; =Py, forall s,t > 0.

The starting point of developing a calculus is to differentiate the semigroup ¢ — P,, which is
accomplished via the following definition.
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Definition 1.2.3. The infinitesimal generator £ associated with a Markov semigroup (P;),s,
is the operator defined by
Pf-f

T

for all functions f for which the above limit exists.

Here we pause to warn the reader of some technical issues. Mathematical difficulties of Markov
semigroup theory arise in trying to answer the following questions: on what space of functions is
the generator defined, and in what sense is the above limit taken? As we shall see, a natural space of
functions to consider is L (), with 7 denoting the stationary distribution of the diffusion. However,
the generator is usually a differential operator, and not all functions in L?(r) have enough regularity
to lie in the domain of the generator. The theory of unbounded linear operators on a Hilbert space was
developed to handle this situation, but it is rife with subtle distinctions such as the difference between
symmetric and self-adjoint operators. We will brush over these issues and focus on the calculation
rules, but see Bakry et al. (2014, Chapter 3) for details.

Example 1.2.4. Let us compute the generator of the Langevin diffusion (1.0.1). In fact, the
following computation is simply a consequence of Itd’s formula (Theorem 1.1.19), but it does
not hurt to derive this result from scratch. We approximate

t
X, :XO—/ VV(XS)ds+\/§B, =X0—tVV(X0)+\/§Bt+o(t).
0

Assuming that f € C?(R?) with bounded derivatives, we perform a Taylor expansion of f to
second order.

E f(X,) = E[f(Xo) + (Vf(Xo),~t VV(Xo) + V2 B,) + (V> f(Xo) B,, B,)] +0(1).
Since B, is mean zero and independent of Xy, with E[B,B]] = t1,
E[f(X;) | Xo =x] = f(x) = 1{Vf(x), VV(x)) +1tr V> £ (x) + 0(1)
=f(x) =1 (Vf(x), VV(x)) + 1 Af(x) +0() .
Hence,

E[f (X)) | Xo =x] - f(x)

t

= Af(x) = (VV(x),Vf(x)).

i) =i

The Markov semigroup and dynamics.

As promised, the Markov semigroup captures the information that was contained in the original
Markov process. One way to demonstrate this is to prove theorems which show that the Markov
process can be completely recovered from its Markov semigroup. Another approach, which we now
take up, is to show that the dynamics of the Markov process are captured via calculation rules involving
the Markov semigroup.
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Proposition 1.2.5 (Kolmogorov’s backward equation). For all t > 0, it holds that

a,P,fZgPthP,gf.

In particular, & commutes with the semigroup (P;),s-

Proof Observe that

. Punf-Pf . Pp—id _
oy S =
Repeating the computation but factoring out P, on the left yields the second equality. O

There is a dual to this equation: let o denote the density of X,. Formally, we can write E f(X;) =
/ P, fdny = / f dP;my, where P; is the adjoint of P,. This says that the law 7, of X, is formally
given by P;my. Moreover, by Kolmogorov’s backward equation,

8,/fdP;‘ﬂ0:(9,/P,fd7r0:/P,gfdm):/gfdP;‘m):/fdg*Pfﬂo.

Since this has to hold for all functions f, we conclude the following.

Proposition 1.2.6 (Kolmogorov’s forward equation). Forall t > 0,

(9,Pf7r0 :g*P:T[o =P:g*ﬂ'0.

Here is another illuminating way to express these equations. For u, := P, f, and n, = P}y,

ou, = Luy, (Kolmogorov’s backward equation)

om, =%*n, . (Kolmogorov’s forward equation)

The terms “backward” and “forward” can evoke confusion, so we will not use them. Instead, we will
henceforth refer to the evolution equation for the density (Kolmogorov’s forward equation) as the
Fokker-Planck equation.

Consequently, we obtain characterizations of stationarity. Recall that  is stationary for the Markov
process if, when X, ~ «, then X, ~ « forall ¢ > 0.

Proposition 1.2.7 (Stationarity). The following are equivalent.
1 7 is a stationary distribution for the Markov process.

2 *n=0.

3 E, Zf =0forall functions f.

Proof The equivalence between the first two statements is the Fokker—Planck equation. The third
statement is the dual of the second statement. O
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Example 1.2.8. Consider again the Langevin diffusion. For functions f, g : R? — R,

[2re= [1ar-v.vnre= [ fisg+divvy)
where the second equality is integration by parts. This shows that
Lg=Ag+div(gVV).
From here, we can solve for the stationary distribution. Write
0=%"n=An+div(z VV) = div(z (Vlogr + VV)) .

This can be solved by setting log 7 = —V + constant, i.e., 7 oc exp(-V).

Corollary 1.2.9. The stationary distribution of the Langevin diffusion (1.0.1) with potential V is
7 o exp(=V).

1.2.2 Reversibility and the Spectrum

Consider a Markov semigroup (P;),,, with generator £ and stationary distribution . Then, the
natural space of functions to study is the Hilbert space L?(r). The analysis of the Markov process is
particularly simple if the following condition holds.

Definition 1.2.10. The Markov semigroup (P,),s is reversible w.r.t. & if for all f, g € L*(n)

and all ¢ > 0,
/P,fgdﬂ:/fP,gdﬂ.

Equivalently, for all f and g for which & f and g are defined,

/gfgdﬂ:/fggdﬂ.

If Xy ~ 7 and we take f = 14 and g = 13 for events A and B, then it implies

P{X; € A, Xo € B} =P{X, € A, X, € B},

i.e., (Xp, X;) has the same distribution as (X;, X,). This is the sense in which the associated Markov
process is time-reversible.

The definition says that P, and & are symmetric operators on L?(rr), and thus we expect that P,
and < have real spectra. Also, since 0, P, = £ P,, we can formally write P, = exp(tZ), and so we
expect P, to be a positive operator, meaning that f f P, fdr > 0forall f € L?>(rr), which can be
checked from reversibility (write f fP fdm= f (Pipnf )2 drr). Moreover, from the definition of P,
and Jensen’s inequality,

{P.f(0)) =E[f(X) | Xo =x]* SE[f(X,)* | Xo =x] = P (f*)(x) (1.2.11)

and integrating this yields / (P.f)*dm < f P,(f})dn = / f*drn, where the equality follows from
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stationarity of 7. This shows that P, is a contraction on L?(7) (in fact, on any L? (r), p € [1, o0]).
Combining this with P, = exp(z%) leads us to predict that & is a negative operator. Below, we will
give a direct proof of this fact; unsurprisingly, the proof of negativity of Z still relies on the crucial
fact (1.2.11).

Definition 1.2.12. The carré du champ is the bilinear operator I" defined via

D(f.0) = 3 (Z(f0) ~ [ L8 -8 21}

The Dirichlet energy is the functional &( f, g) := / I'(f,g)dn.

Lemma 1.2.13 (Non-negativity of carré du champ). For any function f, I'(f, f) > O.

Proof Recall from (1.2.11) that P,(f2) > (P,f)* for all # > 0. In terms of Z,
Pt LD +ot) 2 [f+tLf+o()) = fP+2 f L f+o(t)
and sending 7 \, 0 yields Z(f?) > 2f Zf. (This proof does not require reversibility.) O

Theorem 1.2.14 (Fundamental integration by parts identity). Suppose that the generator & and
carré du champ T are associated with a Markov semigroup which is reversible w.r.t. . Then, for
any functions f and g,

[rezgan= [orrean= [riroam=5r0).

Since the identity implies that & is symmetric, the integration by parts identity is in fact equivalent
to reversibility. It also implies f f(=ZL)fdr = 0forall f.

Corollary 1.2.15. For a reversible Markov semigroup, —<£ > 0.

Proof of Theorem 1.2.14  Since f Zhdr = 0 for all functions 4 (due to stationarity of ), the
definition of I" yields

1 1
[rom=5 [ re2ginss [e2rpan.
The two terms are equal due to reversibility. O

It is usually convenient for our operators to be positive, so from now on we will instead refer to the
negative generator —%.

When we introduced Kolmogorov’s equations, we ended up with two PDEs, one involving the
generator .Z and one involving its L?(m) adjoint &*, where m is the Lebesgue measure on R9. The
issue is that we used the “wrong” inner product; Z is not symmetric in L?(m). If we now switch to
L*(r), then instead of considering the density 7, with respect to m we should consider the density
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p; = m,/n with respect to . Then, the Fokker—Planck equation becomes
opr =ZLp;. (1.2.16)

For the rest of the section, the Markov semigroup is assumed reversible.

Example 1.2.17. Returning to the fundamental example of the Langevin diffusion, a computation
shows that

U(f.f) = % (A = (VW V() =2 (Af = (VV, VD)) = IIVFIP.

Incidentally, carré du champ means “square of the field” in French, and it is this expression
which gives it its name. More generally, I'(f, g) = (Vf, Vg).
The identity in Theorem 1.2.14 reads

/f(—Ag+(VV,Vg))d71=/g(—Af+(VV,Vf))d7r=/(Vf,Vg)dn

which can be checked using 7 o« exp(—V) via integration by parts (naturally!), showing that the
Langevin diffusion is indeed reversible w.r.t. 7.
We can reformulate Theorem 1.2.14 in this case in an illuminating way as

- =V""V (1.2.18)

where (-)"" denotes the adjoint in L? (7). This expression brings out the symmetry of Z.

Gradient flow of the Dirichlet energy.
It turns out that a reversible Markov process follows the steepest descent of the Dirichlet energy
with respect to L?(rr). To justify this, for a curve t — u, in L?>(x), write 1, := 0,u, for the time
derivative. The L?(n) gradient of the functional f — &(f) := &(f, f) at f is defined to be the
element V()& (f) € L*(x) such that for all curves 7 — u, with ug = f, it holds that

8|y & (s ) = / 0 Vi (f) dr

From the integration by parts identity,

6,|t0%(u,,u,):c')t|t0/u, (-Du, d7r:2/u0(—3)fdﬂ.

Therefore, V2 (& (f) = 2Zf.
The steepest descent of & is the curve ¢ +— u, such that it, = =V 2 & (u,;) = 2Zu,. This is, up to
a rescaling of time, precisely the equation satisfied by ¢t — P, f.

Spectral gap and convergence.

Consider a reversible Markov semigroup (P, ), and recall that P, f(x) = E[ f(X,) | Xo = x]. We are
interested in the long-term behavior of P, f. If the process mixes, then by definition it forgets its initial
condition, so that P, f converges to a constant; moreover, this constant should be the average value
f f dr at stationarity. How do we establish a rate of convergence for P, f — f fdn?

We may assume that / fdr =0, so we wish to prove P, f — 0. Also recall that, formally,
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P, = exp(tZ) with & < 0. If we have a spectral gap
—ff 2 /1min >0 5
then we would expect that
P12 ey < EXP(~=2mia) £, -

This is indeed the case. However, observe that since P,1 = 1 for all + > 0 and hence £1 = 0, the
spectral gap condition is only supposed to hold on the subspace 1+ C L?(xr) which is orthogonal to
the space of constant functions.

Definition 1.2.19. The Markov process is said to satisfy a Poincaré inequality (PI) with constant
Cp, if for all functions f € L*(r),

_ L oroi fI2,, . =
[rerran=8.0)> o Ioroi flRsir) = g vara S

The Poincaré constant Cp| corresponds to the inverse of the spectral gap. Under the assumption of a
Poincaré inequality, we can establish convergence in L?(7) via Markov semigroup calculus:

Oh|IPf

ZLZ(”) :aI/ (Ptf)zdﬂ'zz/Plfgptfdﬂ:_z%(Ptf’Ptf)
< —2Cp ||Ptf||2LZ(7r) :

Such differential inequalities are encountered repeatedly throughout the book and are handled with
Gronwall’s inequality.

Lemma 1.2.20 (Gronwall’s lemma, differential form). Let T > 0 and let g : [0,T] — R be
differentiable. Suppose that there is a constant ¢ € R such that

g (t) <cg(t)y, Vrel0,T].
Then,
g(t) < g(0)exp(ct),  Vte[0,T].

Proof Differentiate the function ¢ — exp(—ct) g(¢) and apply the assumption.

0;[exp(—ct) g(1)] = exp(=ct) [-cg (1) +g"(1)] < 0. o

Hence, the differential inequality above proves the implication from the first to the second statement
below. The converse implication is left as Exercise 1.6.

Theorem 1.2.21 (PI and variance decay). The following are equivalent.

1 The Markov process satisfies a Poincaré inequality with constant Cp,.
2 Forall f € L*(x) with /fdﬂ' =0andallt > 0,

2t
2 2
1Py < exp(= ) A1 -
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In particular, we can apply this result to the semigroup corresponding to the Langevin diffusion (1.0.1)
to obtain a spectral gap criterion for quantitative convergence. However, this result is mainly of use
when we are interested in a specific test function f. More generally, it is useful to obtain bounds on
the rate of convergence of the law x, of X, to the stationary distribution r. Recall from (1.2.16) that
the relative density p, := 7, /7 solves the equation 9,0, = ZLp,, i.e., p, is given by p, = P, p,. We can
therefore apply the preceding result to f := py — 1.

For a probability measure u, we define the chi-squared divergence

: du .
L2(x) —V&I‘,,E fu<xm,

2 198 _
X(/l||ﬂ)-—||dﬂ 1

with y?(u || 7r) := oo otherwise. The result can be formulated as follows.

Theorem 1.2.22 (PI and y? decay). The following are equivalent.

1 The Markov process satisfies a Poincaré inequality with constant Cp,.
2 For any initial distribution 1y and all t > 0,

2t
K, || ) < exp(===) (o |1 7).
PI

Example 1.2.23. For the Langevin diffusion, the Poincaré inequality reads
var, f < Cp Ex[|IVfI’]

for all functions f : R — R, where 7 « exp(-V).

1.2.3 The Log-Sobolev Inequality and Bakry-Emery Theory

For sampling applications, the convergence result under a Poincaré inequality is not fully satisfactory
because the chi-squared divergence at initialization is typically large, scaling exponentially in the
dimension. The approach we explore next is to use the Kullback-Leibler (KL) divergence KL(- || )
as our objective functional, defined via

d d d
KL(,u||7r):=/—’ulog—'udzrzflog—'udu ifu<m,
dr drm dr
and KL(u || ) := oo otherwise.

Recall the notation p, = n,/n for the relative density of the Markov process w.r.t. 7. Since
o pr = ZLp;, we can calculate via the integration by parts identity that

8, KL(m, || 1) = &, / p1log pr dr = / (logp, + 1) Lo dr = ~&(prlogp,) . (1.224)

Hence, if &(p;,log p;) = KL(x; || ), then we obtain convergence to equilibrium for the diffusion in
KL divergence, at an exponential rate.
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Definition 1.2.25. The Markov process is said to satisfy a log-Sobolev inequality (LSI) with
constant Cg if for all densities p w.r.t. m,

Cisi

KL(pr || 7) < — &(p,logp).

Theorem 1.2.26 (LSI and KL decay). The following are equivalent.

1 The Markov process satisfies a log-Sobolev inequality with constant Cyg,).
2 For any initial distribution ny and all t > 0,

2%
KL(x, || 7) < exp(—a) KL (o || ) -

By linearizing the LSI, i.e., by taking p = 1 + ¢ f for small £ > 0 and expanding both sides of the
LSI in powers of &, one can prove that the LSI implies a PI with constant Cp; < Cgj (Exercise 1.7).

Example 1.2.27. For the Langevin diffusion, the LSI reads

2 7 )7 H H
o KL ) < Ba(VE Vlog X) =, |7 10g 4 ) = 4, [||V\/;||2] .

The right-hand side of the above expression is important; it is known as the (relative) Fisher
information Fl(y || 7) = E,[||Vlog(u/n)||*]. In particular, the Fisher information plays a
central role in the study of non-log-concave sampling in Chapter 11.

The LSI often appears in many equivalent forms. For example, another formulation is that for
all functions f : R¢ — R, it holds that

ent,(f?) < 2C.s E-[IIVfI*],

where for a function g : R? — R, we define ent,(g) := E,(glogg) — E, glogE, g. To verify
the equivalence, consider f = +/u/x.

Bakry—Emery condition.

Although we have derived two criteria for convergence of the Markov process, namely, the Poincaré
inequality and the log-Sobolev inequality, we have not yet addressed when these criteria hold. Introduce
the following definition.

Definition 1.2.28. The iterated carré du champ is the operator I'; defined via

Df.8) = 5 (LT(28) = T(, 29) - T(8. L)

Recalling that I'(f, g) = % {Z(fg)— fZLg — g L[}, we see that I, is defined analogously to I,
except we replace the bilinear operation of multiplication, (f,g) + fg, by the carré du champ
(f,g) — I'(f,g). Also, similarly to how the carré du champ appears when computing the time
derivative of functionals such as the chi-squared divergence and the KL divergence, the iterated carré
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du champ appears when computing the second time derivative. After some calculations, one arrives at
the following criterion.

Definition 1.2.29. The Markov semigroup is said to satisfy the Bakry—-Emery criterion with
constant @ > 0 if for all functions f,

FZ(f’f) >a/F(f,f)

This condition is also known as the curvature-dimension condition CD(«a, ).

We will prove the following theorem in Chapter 2.

Theorem 1.2.30 (Bakry—Emery). Consider a diffusion Markov semigroup. Assume that the
curvature-dimension condition CD(a, 00) holds. Then, a log-Sobolev inequality holds with
constant C g < 1/a.

We have not explained yet what a diffusion Markov semigroup is, but for now we can think of the
Langevin diffusion as a fundamental example. The key point is that once the (iterated) carré du champ
operators are known, the curvature-dimension condition amounts to an algebraic condition which can
be easily checked, which in turn implies the log-Sobolev inequality (and hence the Poincaré inequality
by Exercise 1.7). For the Langevin diffusion, this condition amounts to the following theorem.

Theorem 1.2.31 (CD condition for Langevin). For the Langevin diffusion (1.0.1), the curvature-
dimension condition CD(«a, o) holds if and only if the potential V is a-strongly convex.

Although we have deferred the Markov semigroup proofs of these results to Chapter 2, we will
shortly prove these results using the calculus of optimal transport.

Another point to address is the origin of the name “curvature-dimension condition”. In fact
this is part of a rich story in which Markov diffusions on Riemannian manifolds capture the
geometric features of the ambient space, such as its curvature. A picture emerges in which curvature,
concentration, and mixing of the diffusion all intertwine, and only in this context is it appreciated that
the curvature-dimension condition is appropriately named. This is discussed more fully in Chapter 2.

1.3 The Geometry of Optimal Transport

In this section, we explain how the space of probability measures equipped with the 2-Wasserstein
distance from optimal transport can be formally viewed as a Riemannian manifold. The textbook Villani
(2003) is a standard reference for optimal transport; see also Ambrosio et al. (2008); Villani (2009b);
Santambrogio (2015); Chewi et al. (2025) for more detailed treatments of Wasserstein calculus. We
remind readers that the “proofs” in this section are only sketched for intuition.

1.3.1 Introduction and Duality Theory

The optimal transport problem can be defined in great generality. Throughout this section, # (X)
denotes the space of probability measures on a space X.
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Definition 1.3.1. Let X and Y be complete separable metric spaces, and consider a cost functional
¢: X xY — [0,0]. The optimal transport cost from y € P(X) to v € P(Y) with cost ¢ is

T2y ) = M'/MMﬂM®% (13.2)
v€C(u,v)

where C(u,v) is the space of couplings of (u,v), i.e., the space of probability measures
vy € P(X xY) whose marginals are u and v respectively.
A minimizer in this problem is known as an optimal transport plan.

An equivalent probabilistic formulation is that 7-(u, v) is the infimum of E ¢(X,Y) over all pairs
of jointly defined random variables (X,Y) such that X ~ g and Y ~ v.

Theorem 1.3.3 (Existence). If the cost c is lower semicontinuous, then an optimal transport
plan always exists.

Proof One can show that the functional y +— f ¢ dy is lower semicontinuous and that C(u, v) is
compact, where we use the weak topology on P (X x Y). It is a general fact that lower semicontinuous
functions attain their minima on compact sets. O

Historically, optimal transport began with Gaspard Monge who considered the Euclidean cost
c(x,y) = ||x — y|| on R¢ x R, Moreover, he considered a slightly different problem in which, rather
than searching over all couplings in C(yu, v), he restricted attention to couplings which are induced by
amapping T : RY — R4 satisfying Tyu = v; this is known as the Monge problem. In the probabilistic
interpretation, this corresponds to a pair of random variables (X, 7(X)) with X ~ gand T(X) ~ v.
The physical interpretation of this additional constraint is that no mass from u be split up before
it is transported, which may be reasonable from a modelling perspective but leads to an ill-posed
mathematical problem. Indeed, there may not even exist any such mappings 7', as is the case when
1 = 0, places all of its mass on a single point and v does not. Consequently, the solution to the Monge
problem remained unknown for centuries.

The breakthrough arrived when Leonid Kantorovich formulated the relaxation of the Monge
problem introduced in Definition 1.3.1, which is therefore known as the Kantorovich problem. As
the product measure u ® v always belongs to C(u, v), we at least know that the constraint set is
non-empty, and Theorem 1.3.3 shows that the Kantorovich problem is well-behaved. Moreover, the
Kantorovich problem is actually a convex problem on P (X x Y); indeed, the objective is linear and
the constraint set C(u, v) is convex. Hence, one can bring to bear the power of convex duality to study
the Kantorovich problem (historically, this study was actually the origin of linear programming).

Although a large part of optimal transport theory can be developed in a general framework as above,
for the rest of the section we focus on the case c(x, y) = ||x — y||> on RY x R? for concreteness.

Definition 1.3.4. The 2-Wasserstein distance between u and v, denoted W, (u, v), is defined via
Wiy = nt [yl y(@xan). (1.3.5)
veC(u,v)

Write P5(RY) = {u € P(R?) | [||-I*du < oo} for the space of probability measures on R
with finite second moment.
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Duality and optimality.
For this section, it is actually convenient to consider the cost c(x, y) = % lx — y||? instead, i.e., we
consider 3 W7 (u, v) instead of W3 (u, v).
The key to solving the Kantorovich problem is duality. First observe that the constraint that
the first marginal of y is ¢ can be written as follows: for every function f € L'(u), it holds that

/ f(x)y(dx,dy) = / f(x) u(dx). Doing the same for the constraint on the second marginal of y, we
can write the Kantorovich problem as an unconstrained min-max problem

1 _ 2
W= ot s { B2 yanan s [rau- [ ooy

YEMAERDERD perl ()
+/gdv—/g(y)7(dx,dy)}-

geL'(v)
Here, M, (R4 x R9) denotes the space of non-negative finite measures on R¢ x R¥. Next, if we switch
the order of the infimum and the supremum, we arrive at the dual optimal transport problem:

sup inf {/fdﬂ+/ng+/[M—f(X)—g(y)]V(dx,dy)}

FeLl(u) ye M, (RExRD)
geLl(v)

= sup {/fdu+/gdv}
(f.8)€D(u,v)

where D (u, v) is the set of dual feasible potentials

T
D(u,v) = {(f.g) e L'(w) x L'(v) | f(x) +g(y) < u for p-a.e. x,v-a.e. y € R} .

Definition 1.3.6. Let u, v € P»(R9). The dual optimal transport problem from y to v is the
optimization problem

sup {/fdu+/gdv}. (13.7)
(f.8)eD(u,v)

Since inf sup > supinf, the value of the dual problem is always at most % W (i, v). On the other hand,
if we find a transport plan y* and feasible dual potentials f*, g* such that % f lx = y]I> y*(dx, dy) =
f frdu+ f g* dv, then the primal and dual values coincide and y*, f*, and g* are all optimal.

By carefully studying the dual problem, we can obtain a wealth of information about the optimal
transport problem. Our main goal now is to sketch the following theorem.
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Theorem 1.3.8 (Fundamental theorem of optimal transport). Let u,v € P,(R%). Then, the
following assertions hold.

1 (Strong duality) The value of the dual optimal transport problem from p to v equals % W22 (u, v).

2 (Existence of optimal dual potentials) There exists an optimal pair ( f*, g*) for the dual optimal
transport problem.

3 (Characterization of optimality) The optimal dual potentials are of the form

2 2

f*=%—¢, g*=%—¢*,
where ¢ : R4 — R U {oo} is a proper, convex, lower semicontinuous function and ¢* is its
convex conjugate. If v* denotes the optimal transport plan, then for y*-a.e. (x,y) € R4 x R,
it holds that ¢(x) + ¢*(y) = {x, y), i.e., ¥* is supported on the subdifferential of .

4 (Brenier’s theorem) Suppose in addition that u is absolutely continuous w.r.t. the Lebesgue
measure on R¢. Then, the optimal transport plan is unique, and moreover it is induced by an
optimal transport map T. The mapping T is characterized as the (u-almost surely) unique
gradient of a proper convex lower semicontinuous function ¢ which pushes forward p to v:
T=Veand (Vo)uu =v.

(1.3.9)

Various parts of this theorem can be proven separately; for example, strong duality can be established
by rigorously justifying the interchange of infimum and supremum via a high-powered minimax
theorem. Instead, we outline a proof which simultaneously establishes all of the above facts.

Outline In the proof, we abbreviate “proper convex lower semicontinuous function” to simply
“closed convex function”.

1 Optimal transport plans are cyclically monotone. Let y* be an optimal transport plan, and suppose
that the pairs (x1, y1),..., (xn, yn) lie in the support of y*. Then, it should be the case that we
cannot “rematch” these points to lower the optimal transport cost, i.e., for every permutation o of
[n] we should have

n n

2 2
Dol =yl < i = yon I
i=1 i=1

Equivalently,
Z(xi’yi> > Z<xi9y0'(i)>- (1.3.10)
i=1 i=1

Indeed, if this condition fails, then it is possible to construct a new transport plan from y* by
slightly rearranging the mass which has strictly smaller transport cost, which is a contradiction;
see Gangbo and McCann (1996, Theorem 2.3).

A subset § € R4 x R? is said to be cyclically monotone if for all n € N*, all pairs
(x1,¥1), .-+, (xn,¥,), and all permutations o of [nr], the condition (1.3.10) holds. Thus, opti-
mal transport plans are supported on cyclically monotone sets.

2 Characterization of cyclically monotone sets. Remarkably, a complete characterization of cyclically

monotone sets is known. Suppose ¢ is convex and differentiable, let xy,...,x, € R4, and let o be
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a permutation of [n]. Then, from convexity,

e(xo1(1)) = @(xi) = (Vo(xi), X1y — Xi) - (1.3.11)

Summing this over i € [n], we obtain
D), x) = D Ve, X)) = D (V@ (xon) X -
=1 i=1 i=1

More generally, if ¢ is not differentiable, then the subdifferential of ¢ at x; is defined to be the set
of vectors y; € R such that (1.3.11) holds with y; replacing V¢(x;). This reasoning shows that the
set 0 == {(x,y) € R x R? | y € ¢p(x)} is a cyclically monotone subset of R x R¥.

The converse is also true: if § € RY X R? is cyclically monotone, then it is contained in the
subdifferential of a closed convex function ¢. To prove this, pick any (xq, yo) € S and consider

p(x) = sup{z iy Xz —Xi) | n € NT (X1, 1), ooy (X0, V) €S, Xnai =X} .
=0

This characterization is due to Rockafellar (1966).

Characterization of dual optimality. Now that we see the connection between convexity and the
primal problem, it is time to do the same for the dual problem. Suppose (f, g) is a feasible dual
pair; if we hold f fixed, can we improve g? The constraint on g says that for all x, y € R?,

e = ylI2

g(y) < >

fx).
Hence, writing ¢ := ||:||?/2 — f, the optimal choice is

lx = ylI?

oy =PI () — o)
2 2 ’ '

= inf
g(y) = inf { sup
The function ¢* defined by ¢*(y) = sup, g« {{x, ¥) — ¢(x)} is known as the convex conjugate of ¢.
To summarize, we have shown that for fixed f = ||-||>/2 — ¢, the optimal choice for g is ||-||>/2 — ¢*.
Similarly, if we fix g = ||-]|?/2 — ¢*, the optimal choice for f is ||-||>/2 — ¢**.

We have not yet established existence, but suppose for the moment that an optimal dual pair
(f*, g*) exists. The preceding reasoning shows that f* = ||-||?/2 — ¢ and g* = ||-||*/2 — ¢, where
©** = ¢; otherwise the dual pair could be improved. Next, it is known from convex analysis
that ¢ = ¢™ if and only if ¢ is a closed convex function. Thus, optimal dual potentials have the
representation (1.3.9).

Proof of strong duality. Now consider the optimal transport plan y* (which exists; see Theo-
rem 1.3.3). We know that y* is supported on a cyclically monotone set, which in turn is contained
in the subdifferential of a closed convex function ¢. Define the functions f* := ||-||*/2 — ¢ and
g* = |||I*/2 — ¢*; these are dual feasible potentials. Also, it is a standard fact of convex analysis
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that (x,y) € dg if and only if ¢(x) + ¢*(y) = (x, ¥). Since the support of y* is contained in d¢,

2 2
3 [=siyanan = [EEBE - )y anay

2 2
- [ BE -0 anan

=/(@—¢)dﬂ+/(¥—¢*)dv
=/f*d,u+/g*dv.

This simultaneously proves that strong duality holds and that (f*, g*) is an optimal dual pair.
For regular measures, optimal transport plans are induced by transport maps. Another fact from
convex analysis is that convex functions enjoy some regularity: a closed convex function ¢ is
differentiable at Lebesgue-a.e. points of the interior of its domain. Consequently, if u is absolutely
continuous w.r.t. Lebesgue measure, then ¢ is differentiable u-a.e. This says that for y-a.e. x € R?,
the gradient Vp(x) exists and dg(x) = {Vy(x)}. Therefore, we can write y* = (id, Vg),u. In
particular, (Vy),u = v, and Vg is the optimal transport map from y to v.

Our discussion thus far applies to an arbitrary optimal transport plan y*. Hence, we have shown
that every optimal transport plan is of the form (id, Vo),u for some closed convex function ¢.
Uniqueness of the optimal transport map. So far, we have not discussed uniqueness of the solution
to the Kantorovich problem, and in general uniqueness does not hold. However, in the setting we are
currently dealing with (the cost is the squared Euclidean distance and u is absolutely continuous),
we can use additional arguments to establish uniqueness. We show that if ¥* = (id, V@),u is
another optimal transport plan where ¢ is a closed convex function, then Vg = V¢ (u-a.e.). Note
that in particular, it implies that there is only one gradient of a closed convex function which pushes
forward yu to v.

From our above arguments, we see that (||-||>/2— @, ||-||?/2— @*) is a dual optimal pair. Therefore,

[tewreony @ = [oas [Far= [oams [¢or

- / {0(0) + ¢ ()} 7* (dx. dy) = / () 7* (dr, dy)

Using y* = (id, V) ,u, it yields
/ (B() + & (Vo)) — (x. Vo)) p(dx) = 0.

On the other hand, by the definition of ¢*, we have @(x) + @*(y) > (x,y) for all x, y € R, with
equality if and only if y € d@(x). So, the integrand of the above expression is always non-negative
but the integral is zero, which combined with the previous fact shows that Vo(x) € d@(x) for
u-a.e. x. But for u-a.e. x, we also know that d¢(x) = {V@(x)}, and we conclude that Vo = V@

(u-a.e.). a

We refer to ¢ as a Brenier potential. From convex duality, Vo* = (V). So, if v is also absolutely
continuous, then the optimal transport map from v to u is Ve*. We often write 7,,_,, = V¢ for the

optimal transport map from yu to v.

In light of this discussion, it is natural to focus on the following class of measures.
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Definition 1.3.12. The space P;...(R9) is the set of measures in P, (R¢) which are absolutely
continuous w.r.t. Lebesgue measure.

Remarks on other costs.

Many of the arguments can be generalized to other costs c¢. For example, the supports of optimal
transport plans can be characterized via c-cyclical monotonicity (generalizing cyclical monotonicity)
and optimal dual potentials can be characterized via c-concavity (generalizing convexity). Arguing
that the optimal transport plan is induced by a transport map requires additional information about the
differentiability of c. See Exercise 1.10.

1.3.2 Riemannian Structure of the Wasserstein Space

Wasserstein space as a metric space.

The following lemma is used to establish that the triangle inequality holds for W;.

Lemma 1.3.13 (Gluing lemma). Ify;, € P(X; X X,) and y>3 € P (X, X X3) have the same
marginal distribution on X,, then there exists y € P (X X Xy X X3) such that its first two
marginals are 'y, , and its last two marginals are 7y, 3.

Proof Let u denote the common X,-marginal of y; , and 7y, 3. The idea is to first draw X, ~ u. Then,

draw X, from its conditional distribution given X, (according to vy, ), and similarly draw Xj from its

conditional distribution given X, (according to 7y, 3). Take y to be the law of the triple (X;, X5, X3).
The way to formalize this argument is via disintegration of measure. O

Proposition 1.3.14. The space (P>(R?), Ws) is a metric space.

Proof Clearly, W, is symmetric in its two arguments. It is also clear that u = v implies W, (u, v) = 0.
Conversely, if W, (u, v) = 0, then there exists a coupling (X, Y) of (u, v) such that || X - Y||> =0 a.s.,
or equivalently X =Y a.s., which gives u = v.

To verify the triangle inequality, we use the gluing lemma. Let uy, uo, p3 € Po(R9), let Y7, be
optimal for (u1, u2), and let y3'; be optimal for (42, p13). Let y be obtained by gluing y}, and y7 ,
and let y; 3 € C(u;, u3) denote the (1, 3)-marginal of y. Then,

Wo(ui, pu3) < \//||x1 —x3]1? y1,3(dxy, dx3)

< \// {lx1 = 22l + [lx2 = x3]1}> y(dxy, dxa, dxs) -

Let f(x1,x2,x3) == ||lx; — x2|| and g(xy, X2, x3) = ||x2 — x3]|. The above expression can be written as
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Ilf + gll2(,)- By applying the triangle inequality in L (),

Wapr, m3) < 1flle2iy) + 118 lle2 )

= \//”M — X2 y(dxy, dx, dx3) +\//||X2 — x3]|2 y(dxy, dx,, dx3)
= \//||x1 — x2[1? y7, (dxy, dxz) +\//||X2 — x3(1? 3 5 (dxz, dixs)

= Wo(ur, p2) + Wa(ua, p3) . o

Since the next result is technical, we omit the proof.

Proposition 1.3.15. The metric space (P>(R?), Ws) is complete and separable. Also, we have
Wt ) — O if and only if j, — p weakly and. [ 1 d, — [ de

The continuity equation.

Next, we are going to consider dynamics in the space of measures, i.e., curves of measures ¢ — y,.
Throughout, we assume these curves are sufficiently nice, in the following sense.

Definition 1.3.16 (Informal). We say that a curve ¢ — u, € P, ..(R9) is absolutely continuous
if for all ¢,

W S
1al(0) = Y
s—t |s—t|

The quantity |z is called the metric derivative of the curve.

More generally, the metric derivative can be defined on any metric space and represents the magnitude
of the velocity of the curve, see Ambrosio et al. (2008).

It is helpful to adopt a fluid dynamics analogy in which we think of g, as the mass density of a fluid
at time 7. There are two complementary perspectives on fluid flows: the Lagrangian perspective which
emphasizes individual particle trajectories, and the Eulerian perspective which tracks the evolution of
the aggregate fluid density.

Suppose that X, ~ 1o and that ¢ — X, evolves according to the ODE X, = v,(X,). Here, (v;),50is a
family of vector fields, i.e., mappings R¢ — R, Since the ODE describes the evolution of the particle
trajectory, it is the Lagrangian description of the dynamics. The corresponding Eulerian description is
the continuity equation.

Theorem 1.3.17 (Continuity equation). Let (v,),5q be a family of vector fields and suppose that
the process (X,),s, evolve according to X, = v,(X,). Then, the law u, of X, evolves according to
the continuity equation

Oty +div(gev,) =0. (1.3.18)
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Proof Given a test function ¢ : RY — R,

/ Qo = 0, / o =0, Ep(X,) = E(Vp(X,), Xt> =E(Vo(X,),v:(X:))

=/<V¢,vr>uz=—/sodiV(urvz)-

Since this holds for every ¢, we obtain 9, u, + div(u,v,) = 0. O

Remark 1.3.19. We have not justified that the curve (), is regular enough to make sense of
the PDE (1.3.18) in the classical sense. To be rigorous, we should interpret (1.3.18) in the “weak”
sense, that is, in duality with test functions: for all smooth and compactly supported functions ¢,
0y f pdu, = / (Vo,v,)du,. For pedagogical reasons, in the subsequent discussion, we simply assume
that (1.3.18) holds in the classical sense.

Here, Theorem 1.3.17 shows that a family of vector fields and an initial condition y give rise to a
curve of measures. The punchline is that the converse holds: every nice curve of measures (4, ),s, can
be interpreted as the fluid flow along a family of vector fields, i.e., we can find vector fields (v,),sq
such that the continuity equation (1.3.18) holds. First, however, note that there is no uniqueness: if
Oy + div(u,v;) = 0 and for each ¢, w, is a vector field satisfying div(u,w;) = 0, then the continuity
equation also holds with the new vector fields v, := v, + w;. We will show how to pick a distinguished
choice of vector fields (v,),, wWhich can be described in two equivalent ways. First, among all vector
fields making the continuity equation hold true, we can choose v, to minimize / |Iv, 1> du,, which has
the physical interpretation of minimizing kinetic energy. Second, we can choose v, to be the gradient
of a function; we will see that this is natural in light of the characterization of optimal transport maps.

Theorem 1.3.20 (Curves of measures as fluid flows). Let (u,),s, be an absolutely continuous
curve of measures.

1 For any family of vector fields (7,),, such that the continuity equation (1.3.18) holds, we have
121 (0) < 19ell 2 for all 1.

2 Conversely, there exists a unique choice of vector fields (v,),sq such that the continuity
equation (1.3.18) holds and ||v;|| 2., < |12|(t) for all t. The choice of vector fields is also
characterized by the following property: the continuity equation (1.3.18) holds and for each t,
v, = Vi, for a function , : R — R.

Moreover, the distinguished vector field v, satisfies
T, -y, —1d
v, = lim Hi = Hi+s

3, 72
i, 5 in L*(u;), (1.3.21)

where T, _,,,., is the optimal transport map from p; 1o fl;4s.

Proof 1 Proof of the first statement. Let 6 > 0 and consider the flow map F, ;,s defined as follows.
Given any initial point x, € R?, consider the ODE x, = ¥, (x,) started at x,. Then, F, ;,s maps x; to
the solution x,, s of the ODE at time ¢ + §.

If X, ~ u,, then the continuity equation implies F; ,+5(X;) ~ 45, 1.€., F; 115 is a valid transport
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map from g, to u,,s. Hence, we can estimate

wzwt,ums) \/ / IFio il

However, F; ;.s —id = 67, + 0(6), so letting 6 ™\, 0 we obtain [|(t) < ||¥/][12(4,)- (Actually, to
prove this statement we should also consider the limit 6 ,” 0 for negative &, but it is clear that the
same argument works.)

2 Uniqueness of the optimal vector field. Suppose we find (v,),, satisfying the continuity equation
and such that ||v;|[z2(,,) < |2[(2). In light of the first statement, it implies that the zero vector field
is the minimizer of ||v, + w;[|2(,,) among all vector fields w, such that div(u,w,) = 0. This is a
strictly convex problem so the minimizer is unique, meaning that (v,),, is uniquely determined.

3 Gradient vector fields are optimal. Here, we show that if the continuity equation holds for the family
of vector fields (v,),s, and that v, = Vi, for all ¢, then the vector fields are optimal.

There are at least two ways of seeing why gradient vector fields should be optimal. First, the
continuity equation is equivalent to requiring that for all test functions ¢ : R?Y — R, it holds
that o, f odu, = f (V,v,)dy,. In this expression, the vector field v, only enters through inner
products with gradients. To put it another way, if we consider the space S := {Vy | ¢ : R — R}
of gradients, viewed as a subspace of L?(y;), then we can write L*(u,) = S @ S* (actually, to
make this valid we should take the closure of S, but we will ignore this detail). If we decompose
v, according to this direct sum, then v, = Vi, + w, for some function ¢, and some w, which is
orthogonal (in L?(u,)) to S. If we replace v, by Vi,, then the continuity equation continues to hold,
but we have only made the norm ||v,||;2(,,) smaller, hence the optimal choice of v, should lie in S.

The second line of reasoning comes from the proof of the first statement: the reason why the
metric derivative |z|(¢) was upper bounded by [|7]|;2(,,) is because the flow map corresponding to
(7)o furnishes a possibly suboptimal transport map. To fix this, the flow map for the optimal
(v+),s0 should be approximately equal to the optimal transport map, i.e., v; = (T, —,,,., —1d)/0.
From the fundamental theorem of optimal transport, however, T, _,,,,., is the gradient of a convex
function, so in the limit v, should be as well.

Instead of using these arguments, we will instead provide a proof based on direct computation. If
v, = Vi,, the continuity equation shows that

_/wt dptirs _/¢t du,
0

= [ v o=~ [ v diviuTu) +01)
= [ IV s o).

On the other hand,
fl//z d,ut+6 - f‘/’t dy, / Ui o Ty s — Vi

dp,

—Hr+s _ld
=/<wt,%>dw+o(1>

W )
J1vuiipap, B2t o),

Taking 6 ™\, 0 yields [|v¢[| 2 () = IV ll 2 () < 14[(D).
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4 Existence of optimal vector fields. Finally, one can show for instance that vector fields defined via
limits of transport maps as in (1.3.21) indeed satisfy the continuity equation and are gradient vector
fields, and are therefore optimal. The details are omitted. O

From the theorem, we learn that the optimal vector field v, satisfies ||v;||z2(,,) = /(). On the
other hand, the metric derivative is supposed to be the “magnitude of the velocity”. Our next goal is
to interpret v, as the velocity vector to the curve, and ||v,||;2(,,) as its norm, all through the lens of
Riemannian geometry.

(e

Background on Riemannian geometry.

In the spirit of informality, we give a description of what a Riemannian manifold entails, rather than a
precise definition. A manifold M is a space which is locally homeomorphic to a Euclidean space. At
each point p € M, there is an associated vector space T, M, called the tangent space at p, which is
the space of all possible velocities of curves passing through p. The whole structure should be smooth:
the tangent spaces should vary smoothly in a suitable sense.

A Riemannian metric is a smoothly varying choice of inner products p + (-, ), on the tangent
spaces. The metric allows us to, e.g., locally measure the angles between two intersecting curves. For
our purposes, it is important to note that the metric allows us to define the steepest descent direction
for an objective function, which in turn allows us to consider gradient flows.

The Riemannian metric induces a distance function (in the sense of metric spaces) via

d(p.q) = int{ [ 13Ol dr |y 10,11 =My =p v =gf. 132

Here, y(t) denotes the tangent vector to the curve at time ¢. Note that the norm of the tangent
vector is measured w.r.t. the inner product on the tangent space T, )M, hence we write ||y (2)|ly ).
If the infimum is achieved by a curve vy, then ¥y is referred to as a geodesic (a shortest path); if
t = ||l7()l,() s constant, then it is called a constant-speed geodesic. From now on, we will only
consider constant-speed geodesics, and the words “constant speed” will be dropped for brevity.

Given a functional F : M — R, the gradient of JF at p is defined to be the unique element
V3 (p) € T,M such that for all curves (p,),.r passing through p at time 0 with velocity v € T, M, it
holds that 0, |,=0F (p;) = (VI (p),v),.

Wasserstein space as a Riemannian manifold.

Based on our discussion thus far, it is natural to define the tangent space at u € P, ,.(R?) as

T, PR = (Vg [0 € Co@D) ",

where the notation denotes taking the L?(u) closure. Equivalently,

72
T, P2 (RY) = {A(T —id) | 2 > 0, T is an optimal transport map} - "

We equip the tangent space T, %> .. (R?) with the L?(u) norm, which gives a Riemannian metric. This
does not define a genuine Riemannian manifold (e.g., it is not locally homeomorphic to a Euclidean
space or even a Hilbert space), but we treat it as one for the purpose of developing calculation rules.

If the continuity equation d,u, + div(u,v,) = 0 holds and v, € T, P> ac (R4), then v, is the tangent
vector to the curve at time ¢. The condition v, € T, P . (R9) is equivalent to saying that v, is the
optimal vector field considered in Theorem 1.3.20.
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There are two questions to address. First, is this Riemannian structure compatible with the 2-
Wasserstein distance? In other words, we know that a Riemannian metric induces a distance function;
is the distance function induced by the Riemannian structure of Pz,aC(Rd ) equal to W,? Second, what
are the geodesics? We answer both questions via the following theorem.

Theorem 1.3.23 (Wasserstein geodesics). Let po, ity € P.oc(R?). Then,

1
Wauoo ) = int{ [ vl de | um + divian) =0} (13.24)
0

The infimum is achieved as follows. Let Xy ~ uo and X, ~ uy be optimally coupled random
variables, let X; = (1 —t) Xo +t X,, and let p, = law(X;). Then, ({4;),c(0.1) s the unique
constant-speed geodesic joining L to ;.

Proof Suppose that 9, u, + div(y,v,) = 0. Then, f01||Vr||L2<,l,) dr > follﬂl(t) dt. For a partition
O0<ty<t <--- <t <1,
k

k
Wa(ti-1,t;
Wa (o, 1) < sz(fi—l,fi) = Z M (ti —ti_1).
i=1

peral Tl T

As the size of the partition tends to zero, we obtain W, (ug, tty) < f01| 4|(¢) dt. This shows that
W, (1o, 1) is at most the value of the infimum.

To show that equality holds, let X; be defined as in the theorem statement and note that E[|| X,||?] =
|[v: ||2L2 (a0) by the correspondence of the Lagrangian and Eulerian perspectives. (This can be verified by
writing the vector field explicitly as v, = (T} —id) o T;', where T; := (1 — ) id + ¢ T),,,,,—exercise!)
Since E[||1X,|I?] = E[|IX: — XolI*] = W5 (1o, 1) does not depend on time, the curve has constant
speed, and [} [[vel 2qu) df = Wa (o, 1)

To show uniqueness, again work in the Lagrangian perspective: suppose we have a process (X;),s
such that 7 — E[||X;]|?] is constant, and Xy ~ 9, X; ~ u;. Then, we have

l' 2 1 . 1 2
W) < 20 - P =] [ X0 | <2 [1xpar= ([ i, o)
0 0 0

where the last equality follow from the constant-speed assumption. In order for the first inequality to
be equality, (X, X;) is an optimal coupling. In order for the second inequality to be equality, strict

convexity of ||-||? implies that X, is constant in time and equal to its average /0 X, dt=X,-Xy. O

Definition 1.3.25. Let uo, y; € Pr..(R?), and let Xy ~ po, X; ~ u; be optimally coupled.
Let X; = (1 —1) Xo + X, and let y; := law(X;). Then, the curve (y;),c(o 1 is called the
Wasserstein geodesic joining po to w;. It is also called the displacement interpolation or
McCann’s interpolation.

Exponential map and logarithmic map.

On a Riemannian manifold M, the Riemannian exponential map exp,, : 7,M — M takes a tangent
vector v € T, M to the endpoint at time 1 of the constant-speed geodesic emanating from p with
velocity v. The logarithmic map is then defined to be the inverse mapping log, : M — T, M.
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Actually, in general, the exponential map is only defined on a subset of the tangent space, because in
many manifolds (e.g., the sphere), geodesics cannot continue indefinitely while remaining shortest
paths between their endpoints. On Euclidean space R¢, we have exp ,(v) =p+vandlog,(q) =q-p.

We can identify these maps for (P, ,.(R?), W,). If (Ht)1eq0,17 1s @ Wasserstein geodesic and Ve,
is the optimal transport map from g to u;, then the tangent vector to the geodesic at time 0O is
V- — id. This implies that log, (11) = Ve,,-,, — id. The inverse mapping is then given
as follows: if Vi € TP ac (R?) is such that id + Vi is the gradient of a convex function, then
exp,,, (V) = (id + Vi) 0.

Geodesically convex functionals.
Over a Riemannian manifold M, the correct way to define convexity is as follows.

Definition 1.3.26. Let M be a Riemannian manifold and let F : M — R U {co} be smooth. For
a € R, we say that J is a-geodesically convex if one of the following equivalent conditions hold:

1 For all geodesics (p;),c[o,) and ¢ € [0, 1],

F(p,) < (1=1)F(po) +1F(p1) - w

where d is the induced Riemannian distance (1.3.22).
2 Forall p,q € M,

d(pO’ Pl)2 »

F(q) > F(p) + (VF(p).log, (@), + 5 d(p.q)".

Here, V denotes the Riemannian gradient.
3 For all constant-speed geodesics (p;),c(o, With tangent vector v € T, M at time 0,

7], T(p) = allvoll3, -

1.4 The Langevin SDE as a Wasserstein Gradient Flow

We are now ready to interpret the Langevin diffusion (1.0.1) as a gradient flow in the Wasserstein
space (P,.q.(R?), W,). Once we have done so, we will quickly deduce convergence results for the
Langevin diffusion based on gradient flow computations.

1.4.1 Derivation of the Gradient Flow

Let F : P54(R?) — R U {oo} be a functional over the Wasserstein space. We now compute the
Wasserstein gradient of F at y, i.e., the element Vy, F(u) € T,P5...(R?) such that for every curve
(U¢) 0 With po = 1, if v is the tangent vector to the curve at time 0, then 0 |,=0F (1;) = (Vw, T (1), vo) s
where (-, ), is the inner product on 7, ,.(R?).

We will give a formula in terms of the first variation of F at y, denoted 6F(u). The first variation
is a function RY — R which satisfies 9, |,—oF (u;) = f 0F(u) 0;|,=ou,- This is almost the same as the
L*(m) gradient of F, where m is the Lebesgue measure on R¢, except for a few differences: (1) there
is no guarantee that 6F(u) € L?(m); (2) in order to consider the L?(m) gradient, we would want J to
be a functional defined over all of L*(m), not just probability densities, and similarly we would have
to consider all curves in L?(m) rather than curves of probability densities.
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As a consequence of looking only at probability densities, the first variation is only defined up to
an additive constant. Indeed, 9, |,-ou, always integrates to 0, so we can add any constant to the first
variation. This does not cause any ambiguity, as we now see.

Recall that v, is the tangent vector to the curve of measures at time ¢ if the continuity equation
Oty +div(u,v,) = 0 holds and v, € TMth’ac(Rd). Using the continuity equation with a curve such
that o = u,

0T 1) = [ 65400,y =~ [ 650 divt) = [(To5Gv0)au.

(Here, the V is the Euclidean gradient.) Since V§F(u) is the gradient of a function, from our
characterization of the tangent space we know that V6F (1) € T,,P» .. (R?). Therefore, the equation
above says that the Wasserstein gradient of F at u is VoF(u).

Theorem 1.4.1 (Wasserstein gradient). Let F : P, ..(RY) — R U {0} be a functional. Then, its
Wasserstein gradient at u is

Vw, F(p) = VoF (),
where 6F (p) is a first variation of F at p.

Since we take the Euclidean gradient of the first variation, the fact that the first variation is only
defined up to additive constant does not bother us.

The Wasserstein gradient flow of J is by definition a curve of measures (u,),5, such that its
tangent vector v, at time ¢ is v, = —Vy, F(y,). Substituting this into the continuity equation (1.3.18),
we obtain the gradient flow equation

Orpty = div(y,VWZ?(#t)) = diV(NtV65C(#t)) .

Example 1.4.2. Consider F = KL(- || #) where m = exp(=V). This functional can be rewritten as

?(u)=/ulog;—l=/Vdu+/ulogu-

These two terms have the interpretation of energy and (negative) entropy. From this, we can
compute that

0F(u) =V +log u + constant
and therefore
Vi, F (1) = VV + Viog u = V log % .
The Wasserstein gradient flow of JF satisfies
Byt = div(,V log %) :

Comparing with the Fokker—Planck equation 0,7, = & ", and the form of the adjoint generator
Z* for the Langevin diffusion (see Example 1.2.8), we obtain a truly remarkable fact: the law
(71,),50 of the Langevin diffusion with potential V is the Wasserstein gradient flow of KL(- || 7).
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The calculus of optimal transport was introduced by Otto in Otto (2001), and it is often known as
Otto calculus; the interpretation of the Langevin diffusion in this context was put forth in the seminal
work Jordan et al. (1998). The paper Otto (2001) also raises and answers a salient question: given
that we can view dynamics as gradient flows in different ways (e.g. the Langevin diffusion can be
either viewed as the gradient flow of the Dirichlet energy in L?(r), or the gradient flow of the KL
divergence in P, ,.(R9)), what makes us prefer one gradient flow structure over another? Otto argues
that the Wasserstein geometry is particularly natural because it cleanly separates out two aspects
of the problem: the geometry of the ambient space, which is reflected in the metric on P, ,.(R9),
and the objective functional. Moreover, the objective functional in the Wasserstein perspective is
physically intuitive because it has an interpretation in thermodynamics. From a sampling standpoint,
the Wasserstein geometry is undoubtedly more compelling and useful.

In our exposition, we focused on the calculation rules for Wasserstein gradient flows, but this is not
how they are normally defined. Instead, one usually considers a sequence of discrete approximations
to the gradient flow and proves that there is a limiting curve; this is called the minimizing movements
scheme and it is developed in detail in Ambrosio et al. (2008).

1.4.2 Convexity of the KL Divergence

The key to studying gradient flows is to understand the convexity properties of the objective functional.
For the specific functional F := KL(- || ) with target 7 = exp(=V), our next goal is therefore to
compute the Wasserstein Hessian of F. When we computed Wasserstein gradients, we were free to
differentiate J along any curve (y,),, of measures, but we have to be more careful when computing
the Hessian. If we take a function f : R? — R on Euclidean space and a curve (x,),5, then

0, f (x1) ={Vf(x;), %) and
6t2f(-xt) = <V2f(xt)xtsxt> +(Vf(x:), %) .

Here, instead of just obtaining the Hessian, we have an additional term. However, if 1 — x, is a
constant-speed geodesic, then it has no acceleration (X, = 0), and the extra term vanishes.

In the same way, let (1), c[o.1) denote a Wasserstein geodesic. Explicitly, if 7' denotes the optimal
transport map from g to uy, then g, = [(1 = 1¢)id + ¢ T]uuo. We will calculate 82|,-0F (u,), as a
function of the tangent vector 7' —id € T, P> ac (R9); this is interpreted as (V%V2 F(uo) (T —id), T —id),.
If we can lower bound this by « ||T — id||,2,0> for all uo and all optimal transport maps 7', it means that
J is a-strongly convex.

Write E(u) = / V du for the energy and H(u) = / wlog u for the entropy. We deal with the two
terms separately. First, for X, = (1 — 1) Xy + ¢ T(Xp) and Xy ~ uo,

0:&(us) = 0, EV(X;) = E(VV(X)), Xt) =E(VV(X;), T(Xo) — Xo) »
07,0 (1) = E(V2V(Xo) (T (Xo) — Xo), T(Xo) — Xo) .

If V is a-strongly convex, then this is lower bounded by « ||T — id||f,0, so that € is a-strongly convex.
The entropy is slightly trickier. Write 7; := (1 —¢)id + ¢ T. Since (T;)4u0 = u,, the change of
variables formula shows that

Ho
HroT;

=det VT, .
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Therefore,

Ho
(r) /ﬂt 0g Uy /IJO og(u; oTy) /,UO 0g det VT,

=H(ug) — / pologdet((1—12)1;+1VT).

Already from the fact that —logdet is convex on the space of positive semidefinite matrices, we
can see that 8”3 (y,) > 0. A more careful computation (Exercise 1.15) based on the derivatives of
—log det shows that

02, o3 0u) = [I9T = Ll o > 0, (143)

We have obtained the following result.

Theorem 1.4.4 (Convexity of the KL divergence). If & o< exp(—V), where V is a-strongly convex,
then KL(- || ) is also a-strongly convex along Wasserstein geodesics.

Consequences of strong convexity.

First, we describe consequences of strong convexity for gradient flows in general. Let (¢;),5. (V¢);s0

denote gradient flows for a functional  which is minimized at u,. More generally, the discussion

here applies to gradient flows over Riemannian manifolds, with the appropriate change of definitions.

We refer to Chewi (2025) for a reference on the corresponding results for Euclidean gradient flows.
We begin with a preliminary fact.

Theorem 1.4.5 (Derivative of W,). Forv € Ps ,(R?), the Wasserstein gradient of u — W3 (u, v)
at y is given by =2 (T,.,, —id).

Proof See Villani (2009b, Theorem 23.9). m|

In general, on a Riemannian manifold, the gradient of d(-, ¢) at p is =2 log »(q). Check that this
formula makes sense on Euclidean space R¢.

First, suppose that F is @-convex along Wasserstein geodesics; we allow @ < 0. Recall from Defini-
tion 1.3.26 that this is equivalent to the first-order condition

FO) = F(p) + (Y, F (), Ty, —id), + % Wi(u,v)  forall u,v € Py (RY). (1.4.6)
We now justify the following facts.
e The gradient flow is contractive:® for all # > 0,

W (s, v:) < exp(—at) Wa(uo, vo) -

See Exercise 1.17. In fact, contractivity is equivalent to a@-convexity. When vy = p,, then v, = y,
for all # > 0, so this also yields convergence to the minimizer.

3“Contractive” is a misnomer when a < 0.
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e The gradient flow converges in function value: for all ¢ > 0,

D W3 (o, ) - (1.4.7)

. a
—_ < _—
F(u,) —infF 3 (exp(ar) =

In particular, for o = 0, it yields

F(p,) —inf F < %sz(/lo,/l*)-
To justify this, we use Theorem 1.4.5 and (1.4.6) to obtain
W3 (e 1) = 2 (VT (), Ty, = i), < —(F () = inf F) — @ W3 () -
By differentiating ¢t — exp(at) sz (s, ux), one readily obtains (1.4.7).

Convexity is not necessary for the gradient flow to converge. It is always true that

0(F(u) =inf F) = (Y, F (), =Y, F(pt) e = =1V, T () I, - (1.4.8)
———
tangent vector of the curve

Thus, t — F(u,) is monotonically decreasing, and lower bounds on the gradient norm yield rates of
convergence. One such condition, known as a gradient domination condition, or a Polyak-Lojasiewicz
(PL) inequality, reads
IVw, F (W, > 2 (F(u) —inf F)  forall g € Pro(RY). (1.4.9)
e The functional J satisfies (1.4.9) if and only if
F(u;) — inf F < exp(—2at) (F(up) — inf F)

for all gradient flows (u,),, for F. This is a consequence of Gronwall’s lemma (Lemma 1.2.20).
e The condition (1.4.9) is implied by strong convexity: starting from (1.4.6), we take v = ., yielding

. . o . 1
F() —inf F < ~(Vw, T (W), Lo —id)u = 5 W3 (p, 1) < o IV T ()II7

where the last line uses Young’s inequality and ||7},_,,» — id||, = W>(u, u*). However, (1.4.9) can
hold even if F is not strongly convex.

o To convert convergence in function value to closeness to the minimizer, we note that (1.4.9) implies
the following quadratic growth inequality for J around the minimizer:

F(v) - inf F > %sz(v, @t forall v e Py (RY). (1.4.10)

It is easy to show that strong convexity implies (1.4.10); simply take u = u* in (1.4.6), so that
Vw,F (1) = 0. The proof of the stronger assertion—that (1.4.9) implies (1.4.10)—is sketched
as Exercise 1.16. In the case where & is not uniquely minimized, the right-hand side should be
replaced by < inf, carg mins W5 (v, ).

Finally, when J satisfies neither strong convexity nor the PL condition, (1.4.8) still implies
convergence of the gradient norm:

. F(up) —inf F
nt 19w TGl <y =E

In some cases, this can be used as the basis of a soft argument that y, — p..
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We now specialize these results to F = KL(- || ) with u, = 7 o< exp(=V). Let (¢;),50» (Ve) 150
denote the marginal laws for two copies of the Langevin diffusion (1.0.1). Then, @-convexity of V
implies the bounds

Wa(ps, vi) < exp(=ar) Wa(uo, vo)  and  KL(x || 7) < ) W3 (o, 70) -

o’
2 (exp(at) — 1
In this setting, the first inequality is implied by the following theorem (see Exercise 1.17).

Theorem 1.4.11 (Contractivity of the Langevin diffusion). Suppose that V*V > al, for some
a € R If (X;),50 and (X]),, denote two copies of the Langevin diffusion (1.0.1) with potential
V and driven by the same Brownian motion, then we have the almost sure contraction

1X: — X{1I < exp(—a?) [ Xo - Xyl -

On the other hand, in this setting, the second inequality above is not sharp. The following is true:

KL(, || ) < W3 (o, 70) - (14.12)

a
2 (exp(2at) — 1)

A proof of this inequality is sketched in Exercise 1.18 (see also Exercise 2.16, Exercise 3.4,
and Exercise 4.6). In the case @ = 0, it yields the convergence rate

1

KL(ue Il ) < 2 W3 (o, ) (1.4.13)
The PL inequality (1.4.9) specializes to
1 1
KL(u |l m) < =— ||V log ‘—‘||2 =—Fl(ul|lx)  forall u € P (RY). (1.4.14)
2a o't 2a ’

This is precisely the log-Sobolev inequality (see Example 1.2.27); we have therefore recovered the
Bakry—Emery theorem (Theorem 1.2.30) that CD(e, co) implies LSI, as well as Theorem 1.2.26
which asserted that LSI yields exponentially fast decay in the KL divergence.

For the Langevin diffusion, the quadratic growth inequality (1.4.10) reads

KL(u || 7) > %sz(,u,ﬂ) for all i € Py (RY) . (1.4.15)

This is known as Talagrand’s T, inequality and it is an example of a transport inequality. Such
inequalities have been closely studied in relation to the concentration of measure phenomenon. See
Chapter 2 and van Handel (2016, Chapter 4) for more details. The fact that LSI implies the T,
inequality, which is a consequence of Exercise 1.16, is known as the Otto-Villani theorem (Otto and
Villani, 2000).

1.5 Overview of the Convergence Results
1.5.1 Convergence Results and Initialization

The main convergence results we have developed can be summarized as follows.

o KL(- || 7) is a-strongly convex along W, geodesics if and only if V is @-strongly convex, if and
only if: for all g, vy € Po(RY), if (e),50> ()50 are Langevin diffusions started at po and v,
respectively, then W} (1., v,) < exp(—2at) W3 (uo, vo).
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Moreover, in this case, KL(x, || ) < @ W} (o, 7)/(2 (exp(2at) — 1)), which then reduces to
KL( || 1) < W3 (po, )/ (41) for a = 0.

e The target 7 satisfies the log-Sobolev inequality (LLSI) with constant 1/« if and only if for all
Ho € Paac(R?), along the Langevin dynamics (y,),., started at y it holds that KL(x, || 7) <
exp(—2at) KL(uq || 7). The LSI is a gradient domination condition in Wasserstein space.

e The target m satisfies the Poincaré inequality (PI) with constant 1/« if and only if for all
Ho € Paac(RY), along the Langevin dynamics (y,),, started at yq it holds that x*(uo || 7) <
exp(—2at) x*(uo || 7). The Poincaré inequality is a spectral gap condition for the generator of the
Langevin diffusion.

The conditions are listed from strongest to weakest: a-strong log-concavity implies @ ~'-LSI, which
implies @ ~!-PI. We also present convergence results which hold in Rényi divergences in Section 2.2.5.

In order to interpret these results, it is helpful to compare the sizes of these quantities to each other
and at initialization.

Lemma 1.5.1 (Comparison between divergences). For any u < m,

2lp = wllfy < KL(u | 7)) <log(1+ x*(ull 7)) < x*(ull ),

where ||-||1v is the total variation distance, introduced in Definition 1.5.4.

Proof The first inequality is known as Pinsker’s inequality. The second inequality is a special case
of Exercise 2.8, and the last inequaltiy follows from log(1 + x) < x forx > 0. O

In the strongly log-concave case, the following initialization bound holds.

Lemma 1.5.2 (Chi-squared divergence at initialization). Let m o« exp(=V) be such that 0 <
aly < V2V < Bl and k = B]a. Then, if x, denotes the mode of m and uy = normal(x,, 8~'1,),

d
log(1+x*(uo [ 7)) < 7 log«.

By Lemma 1.5.1, it implies that KL(gg || 71) < % log k. Recall that under a T, transport inequality
with constant @~! (which is implied by @~'-LSI) we have KL > £ Wj, so this further implies
W; (1o, ) < (d/a) log k. This inequality can be sharpened slightly.

Lemma 1.5.3 (Wasserstein distance at initialization). Let m oc exp(=V) be such that 0 < al; <
V2V. Let x, denote the mode of n. Then, for any p with mean m and covariance X,

d d
W; (1o, ) < - +trZ + |lm — x| ([lm = x| +2\/E) ,




38 The Langevin Diffusion in Continuous Time
Proof Let Xy ~ po and Z ~ & be indepedent. Then,

W3 (po, ) < E[lIXo = ZIP] = E[lIXo = m +m — x4 + x4 = Z|I°]
= E[lIXo = mll® +[lm = xu I + 1Z = x4lI> = 2 (m = x4, Z = 2]

SE[IZ = xlP1 + &2 + [lm — x|l (Im = x|l + 2VE[IZ = x41])
d d

< =+ +|m— x|l (Im = x|l + 24/ =) »
a a

where the bound on E[||Z — x,||*] follows from Lemma 4.0.1. O

In particular, for uo = 6y, , it yields W} (6y,,7) < d/a.

Therefore, at initialization, we typically have W; (uo, 7), KL(uo || 71) = O(d) (at least when 7 is
strongly log-concave). Hence, exponential convergence in W3 and KL both imply that the amount
of time it takes for the Langevin diffusion to reach ¢ error is O(log(d/€)). In contrast, the chi-
squared divergence is typically much larger at initialization: (o || 7) = exp(O(d)). Therefore, the
chi-squared result implies that the Langevin diffusion takes O(d V log(1/¢)) time to reach & error.

When we study discretization in Chapter 4, the W, contraction under strong log-concavity is the
easiest to turn into a sampling guarantee. This is because to bound the W, distance, we can use
straightforward coupling techniques. On the other hand, a continuous-time result in KL or y? often
requires the discretization analysis to also be carried out in KL or y?, which is substantially trickier.

For more general initialization results, see Chewi et al. (2024a, Appendix A).

1.5.2 Appendix: Divergences between Probability Measures

As we have already seen, the analysis of Langevin introduces many different notions of divergences
between probability measures. Therefore, it is important to develop a healthy understanding of the
relationships between these divergences.

First of all, there is a distinction between the Wasserstein metric, which is a transport distance
(measuring how far we must move the mass of one measure to the other), and information divergences
which are defined directly in terms of the densities such as the KL divergence and the chi-squared
divergence. Note that the latter two divergences are infinite unless the first argument is absolutely
continuous w.r.t. the second, which is certainly not the case for the Wasserstein metric.

We introduce another important metric.

Definition 1.5.4. The total variation (TV) distance between probability measures u, v € £ (X)
is defined via

i =iy = sup [1(4) = v(A)| = sup J|/fdu—/folv

F:X—[0,1

du dv

|
- inf [ 1 de.dy) = = [ 1 -4
YEéI(IH,V)/ x# y}y(dx, dy) 2/|d/l il

where A is a common dominating measure for y and v.

The TV metric is indeed a metric on the space £ (X) (in fact, it can be extended to a norm on
the space M (X) of signed measures). The TV distance can be thought of as both a transport metric



1.5 Overview of the Convergence Results 39

(with cost (x, y) — 1{x # y}; in fact, the TV distance is a special case of the W metric introduced
in Exercise 1.10) and an information divergence.
The family of information divergences can be further expanded as follows.

Definition 1.5.5. Let u,v € P(X), and let f : R, — R be a convex function with (1) =0
Then, the f-divergence of u relative to v is

De(ullv) ::/f(%)dv, ifu<v.

In general, if 4 <« v, we let p,,, p, denote the respective densities of u and v w.r.t. a common
dominating measure. Then,

Dy(ullv) = / ) v £ plpa = 0}
DPv>

v

For example, the TV distance corresponds to f(x) = % |x — 1|, the KL divergence corresponds to
f(x) = xlogx, and the y? divergence corresponds to f(x) = (x — 1)>. When f has superlinear growth,
then f’(c0) = co and hence Dy (u || v) = oo unless u < v, but the second more general definition
given above is necessary to recover the TV distance.

In Section 2.2.5, we will introduce the closely related family of Rényi divergences.

We conclude by stating a few key facts (without complete proofs) about f-divergences. The first is
the data-processing inequality. Below, given a Markov kernel P and a mixing measure u, we write
uP = f P(x, ) u(dx) for the mixture distribution.

Theorem 1.5.6 (Data-processing inequality). Suppose that u,v € P(X) and that P is any
Markov kernel. Then, for any f-divergence, it holds that

Dy (P || vP) < Dy(u | v).

Equivalently, D¢ (- || -) is jointly convex in its two arguments.

Proof sketch  To simplify, we will abuse notation and identify all probability measures with densities.
Then, by Jensen’s inequality,

Dyl v)-//f (B POy 4 p(x, dy)

V) P(x. )
) Py v(d) P(x. y)
‘// o Pey) vy P

u(x) P(x,y) V(dX)P(x,y) U (y)
>/f(/v(x)P(x,y> o)) TP = /f () P

To prove joint convexity, let A € (0, 1) and Z ~ Bernoulli(2). Let ug, 1, vo, vi € P(X). Under p,
let X be drawn from uz, and under v, let X be drawn from v;. Then,

D (law, (X, Z) || Taw, (X, 2)) = (1 = 2) Dy (pto [l vo) + AD (i [| 1) -

Also, Dy (law, (X, Z) || law, (X, Z)) > Dy(law,(X) || law, (X)) by the data-processing inequality,
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where we note that
Z)f(law,,(X) ” lawy(X)) = .Z)f((l — /1) Mo + /l,l,ll H (1 — /l) Yo +/1V1) . O

The remaining facts are specific to the KL divergence. The Donsker—Varadhan theorem expresses
the KL divergence via a variational principle.

Theorem 1.5.7 (Donsker—Varadhan variational principle). Suppose that u,v € P(X), where X
is a Polish space. Then,

KL(u |l v) = sup{E,, g—logE,expg | g : X > Ris bounded and measumble} .

The theorem asserts that the functionals u +— KL(u||v) and g — logE, exp g are convex conjugates
of each other. See Dembo and Zeitouni (2010, Lemma 6.2.13) or Rassoul-Agha and Seppildinen
(2015, Theorem 5.4) for careful proofs, or see the remark after Lemma 2.3.5.

Lastly, we have the chain rule for the KL divergence.

Lemma 1.5.8 (Chain rule for KL divergence). Let X, X, be Polish spaces and suppose we are
given two probability measures p,v € P(X; X X,) with u < v. Let u, be the X1 marginal of p,
and let py (- | -) be the conditional distribution for p on X, conditioned on X,; likewise define
vi and vy1. Then, it holds that

KL(u [l v) = KL (1 [l ) + / KL (s - 1 x0) || vann (- | 20)) pea ()

We invite the reader to prove the chain rule in the discrete case (X; and X, are finite sets), free of
measure-theoretic guilt.

Bibliographical Notes

Much of the material in this chapter is foundational, with entire textbooks giving comprehensive
treatments of the topics. For stochastic calculus, there is of course a long list of textbooks, but as a
starting place we suggest Steele (2001); Le Gall (2016). For Markov semigroup theory, see Bakry
et al. (2014); van Handel (2016). For optimal transport, the core theory is developed in Villani
(2003); Santambrogio (2015); Chewi et al. (2025), and for a rigorous development of Otto calculus
see Ambrosio et al. (2008); Villani (2009b).

The notion of solution used in Section 1.1.3 is more typically called a strong solution to the SDE,
because given any Brownian motion B we can find a process X which is driven by B and which
satisfies the SDE. There is also a notion of weak solution, in which we are allowed to construct the
probability space (2, #, (#;),s¢, P) and the Brownian motion B together with the solution X. We
will not worry about the distinction in this book, since strong solutions suffice for our purposes.

In accordance with most of the literature, we refer to the last conclusion of Theorem 1.3.8 as
Brenier’s theorem, after Brenier (1991). However, see also the earlier work of Cuesta and Matran
(1989). An elegant direct proof of strong duality can be found in Santambrogio (2015, Section 1.6.3).

The perspective of the Langevin diffusion as a Wasserstein gradient flow was introduced in Jordan
et al. (1998); the application of Otto calculus to functional inequalities was given in Otto and Villani
(2000); and the calculation rules for Otto calculus were set out in Otto (2001). These three papers
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are seminal and are worth reading carefully. An alternative (but related) approach to functional
inequalities via optimal transport is given in Cordero-Erausquin (2002). The use of PL inequalities in
optimizaton was popularized by Karimi et al. (2016). The formal proof of the Otto—Villani theorem
in Exercise 1.16 was made rigorous via entropic interpolations in Gentil et al. (2020); see Blanchet
and Bolte (2018) for a generalization.

The Efron—Stein inequality in Exercise 1.1 is just one example of the use of martingales to derive
concentration inequalities; see Boucheron et al. (2013); van Handel (2016) for more on this topic.

The upper bound (1.E.2) in Exercise 1.9 is surprisingly sharp: it holds that

1 1/2 1/2 1/2 1/2
S 1267 = 20 s < W3 Gon ) = llmo = I < 1159 = 2, s

see Carrillo and Vaes (2021, Lemma 3.5).

The proof of the dynamical formulation of dual optimal transport in Exercise 1.11 is carried
out rigorously in Villani (2003, Section 8.1). We mention that the Hamilton—Jacobi equation has a
close connection with classical mechanics; in particular, the characteristics of the Hamilton—Jacobi
equation are precisely Hamilton’s equations of motion (Evans, 2010, Section 3.3). In the context of
optimal transport, the Hamiltonian consists only of kinetic energy (no potential energy) and hence the
characteristics are straight lines traversed at constant speed; this is consistent with the description of
Wasserstein geodesics. The Hamilton—Jacobi equation, the Hopf-Lax semigroup, and their connection
with optimal transport can also be generalized to other costs; see Villani (2003, Section 5.4).

The proof of the sharp KL convergence bound in Exercise 1.18 was carried out for @ = 0 in Otto
and Villani (2001), and for @ > 0 in Liang et al. (2024).

Exercises

A Primer on Stochastic Calculus

> Exercise 1.1 (Orthogonality of martingale increments)
Let (M,), o be a discrete-time martingale which is adapted to a filtration (%), and satisfies
E[M,f] < oo foralln € N. Let A, := M,,; — M,, denote the martingale increment.

1 Prove that for m,n € N with m # n, E[A,,A,,] = 0: the martingale increments are orthogonal. In
particular, if My = 0, then E[M?2] = Y32 E[A?].

2 Let (X;);_, be independent random variables taking values in some space X, and suppose that
the function f : X" — R is bounded and measurable. Check that if M = E[f(X,...,X,) |
X, ..., Xk], then the Doob martingale (M,);_, is indeed a martingale. Then, using the previous
part, prove the following tensorization property of the variance:

var f(X1,...,X,) < EZvar(f(Xl,...,Xn) | X_4),
=1

where X_k = (X[, ce ,Xk_], Xk+], Ce ,Xn).
3 Define the discrete derivative

Dif(x) = sup f(X1,..,Xkm1, X Xhtls -« -5 Xp) — inf F X0 e X1y X Xkt Dy e 5 X))
x,eX x,eX
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Prove the inequality
1 n
var f(Xi.... X,) < 3B ) ADif (X XY
4 a

This inequality, known as the Efron—Stein inequality, expresses the fact that a function f of
independent random variables which is not too sensitive to any individual coordinate has controlled
variance. This is a concentration inequality which has useful consequences in many probabilistic
settings, see, e.g., Boucheron et al. (2013).

Hint: First prove that a random variable which takes values in [a, ] has variance bounded by
i (b—a)’.

> Exercise 1.2 (Explosion of ODEs)
Solve the following ODE on R: X, = b(x,) with initial condition xy € R, where b(x) = |x|*, @ > 0.
Show that

1 when 0 < @ < 1, there are multiple solutions to the ODE (with initial condition x, = 0) so that
uniqueness fails;

2 when @ = 1 (and hence b is globally Lipschitz), there is a unique solution to the ODE which is
finite for all time;

3 when a > 1, then the solution to the ODE blows up in finite time.

> Exercise 1.3 (Ornstein—Uhlenbeck process)
One of the most important diffusions that we will encounter is the Ornstein—-Uhlenbeck (OU) process,
which solves the SDE

dX, = -X, dt + V2dB, .

Give an explicit expression for X, in terms of X, and an It6 integral involving (B;),>,. From this
expression, can you read off the stationary distribution of this process?
Hint: Apply Itd’s formula to f(¢, X;) = X, expt. To find the stationary distribution, justify the

following fact: if (1), is a deterministic function, then fo n; dB; is a Gaussian with mean zero and

, T
variance [I* 7 dr.

Markov Semigroup Theory

> Exercise 1.4 (Generator for general SDEs)
Compute the generator for a general time-homogeneous SDE dX; = b(X,) dt + o (X,) dB,.

> Exercise 1.5 (Basic properties of the Markov semigroup)
Let (P;),so be a Markov semigroup with carré du champ I'.

1 Prove that if ¢ : R — R is convex, then P,¢(f) > ¢(P,f) and Lo (f) = ¢’ (f) £ f whenever the
expressions are well-defined.

2 If (X,),s, denotes the Markov process associated with the semigroup, assumed to have continuous
sample paths, and f is smooth, then the process f — f(X;) — /Ot Z f(X,)ds is a continuous local
martingale. In particular, (f(X;)),, is a continuous local martingale if and only if Z f = 0.

3 Prove that for f, g € L*(n) in the domain of the carré du champ, we have the Cauchy—Schwarz

inequality I'(f, g) < VI'(f, f) (g, ).
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Hint: For A € R, consider 0 < I'(f + Ag, f + Ag) and use bilinearity.

> Exercise 1.6 (Functional inequalities and exponential decay)

Prove the equivalence between the Poincaré inequality and exponential decay of variance (Theo-
rem 1.2.22), and the equivalence between the log-Sobolev inequality and exponential decay of entropy
(Theorem 1.2.26).

> Exercise 1.7 (Log-Sobolev implies Poincaré)
Linearize the log-Sobolev inequality to obtain the Poincaré inequality.
Hint: Argue that if f € C*(R?) satisfies f fdr =0, then

KL((1+&f) || ﬂ):%Z/fzdﬂ+o(32). (1.E.1)

> Exercise 1.8 (Mixing of the Ornstein—Uhlenbeck process)
Consider the Ornstein—Uhlenbeck process (X, ), introduced in Exercise 1.3. Note that this is just an

llx1I>
5

instance of the Langevin diffusion with potential V(x) =

1 Using the explicit solution of the OU process, show that the semigroup has the explicit expression

P.f(x) =E f(exp(—t) x + /1 —exp(-21) £), & ~normal(0, 1) .

Using this expression for the semigroup, compute the generator by hand and check that it agrees
with the general formula obtained in Example 1.2.4.
2 Show that for the OU process, VP, f = exp(—t) P,V f. Next, show that

EP,f,P.f) <exp(-20)&(f,f).

Explain why this implies a Poincaré inequality for the standard Gaussian distribution.
Hint: For a general Markov semigroup, show that var,, f = 2 fooo & (P, f, P, f)dt by differentiating
t — var, (P; f).

In Chapter 2, we will generalize these calculations to prove Theorem 1.2.30.

The Geometry of Optimal Transport

> Exercise 1.9 (Optimal transport between Gaussians)
Let uo = normal(mg, Xy) and y; = normal(mi, X;); assume that ¥, > 0. Compute the optimal
transport map from g to u,, as well as the cost W, (o, u1). [By Brenier’s theorem, it suffices to find
the gradient of a convex function which pushes forward pg to y;.]

Also, exhibit a coupling to prove the upper bound

W3 (o, 1) < llmo = my [I” + 1125% = £, s - (1.E.2)

Finally, suppose that v, v; are probability measures, and suppose that p, ¢ are Gaussians whose
means and covariances match those of vy and v, respectively. Then, prove that W (v, vi) = Wa (1o, t1).

Hint: For the last statement, use the fact that the dual potentials for optimal transport between
Gaussians are quadratic functions.

> Exercise 1.10 (Optimal transport with other costs)
In this exercise, we consider optimal transport with a general cost function ¢ as in (1.3.2).
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1 By following the proof of Theorem 1.3.8, argue that if optimal dual potentials ( f, g) exist, they can
be taken to be c-conjugates, i.e., f = g€ and g = f¢ where

g (x) = ;25 {c(x,y) =g}, fe(y) = inf {e(x, y) = f(0)}, (1.E.3)
and that

Te(u,v) = sup {/fdu+/fcdv}.
feLl(n)
Under general conditions, equality holds; see Villani (2009b, Theorem 5.10).
Functions of the form (1.E.3) are called c-concave.
2 Let X =Y be a metric space with metric d. For all p > 1, we can define the p-Wasserstein distance

W) = int [ deo” yianay.
ye€(u,v)
Let #,(X) denote the space of probability measures y over X such that for some x, € X,
/ d(xg,-)” du < co. Show that (£, (X), W),) is a metric space.
3 In the case p = 1, show that if (f, g) are d-conjugates, then f = —g and f is 1-Lipschitz. Deduce
the duality formula

Wi (1, v) = sup{/ fd,u—/fdv ’ f:X —Ris 1-Lipschitz}. (1.E.4)

> Exercise 1.11 (Dynamical formulations of optimal transport)

The formula (1.3.24) shows that the W, distance between py and u; equals the smallest arc length
of any curve joining po and y;. It is also true that the squared W, distance minimizes the energy or
action of any curve joining y and y;, in the following sense:

1
W) = int{ [ v, d | + v = 0} (1ES)
0

Although the problems (1.3.24) and (1.E.5) both identify geodesics in the Wasserstein space, the latter
problem has more favorable properties. Namely, the minimizing curves in (1.3.24) are geodesics,
but they may not have constant speed (indeed, the arc length functional is invariant under time
reparameterization of the curve); in contrast, minimizing curves in (1.E.5) necessarily have constant
speed. Also, we can reparameterize problem (1.E.5) by introducing the momentum density p; = u,v,
and write

1 2
W2(po, 1) = inf{/ ( @) dr ( By1y +div p, = 0}, (1.E.6)
0 t

which is now a strictly convex problem in the variables (u, p). This convenient reformulation is known
as the Benamou-Brenier formula (Benamou and Brenier, 1999).

Just as (1.E.5) describes the dynamical version of the static optimal transport problem (1.3.5), there
is a dynamical formulation of the dual optimal transport problem (1.3.7), in which the dual potential
evolves according to the Hamilton—Jacobi equation

1
Orty + 5 Vi, |I*=0. (1.E.7)
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Then, it holds that

1 1
5W€wmm)=wd/3umh—/ummq@m+EHWMP=®. (LE.8)

The goal of this exercise is to justify and understand these facts.

1 Show that the mapping R.o x RY — R, (u, p) — ||pl|*/u is strictly convex. Also, compute the
convex conjugate of this mapping. Deduce that the Benamou—Brenier reformulation (1.E.6) is a
strictly convex problem.

2 Ignoring issues of regularity, show that the solution «, of the Hamilton—Jacobi equation with initial
condition uy = f is described by the Hopf-Lax semigroup

W) = Qf () = inf {£)+ - Iy =P}

3 Following the proof of Theorem 1.3.8, show that the dual optimal transport problem (1.3.7) can be
written

1
W)= s | [oiram = [ rau.
JeL (o)

where Q; denotes the Hopf—Lax semigroup at time 1. From this, deduce that the formula (1.E.8)
holds.

4 Although the previous part gives a proof of the dynamical formulation (1.E.8), it is unsatisfactory
because it only involves an analysis of the static primal and dual problems. Here, we present a
purely dynamical proof. The continuity constraint d,u; + div p, = 0 in (1.E.6) can be reformulated
as follows: for any curve of functions [0, 1] x RY — R, (£,x) — u,(x),

/uldul—/uod/m:/ol(a,/u,d,u,)dtz/01(/(8,u,/1t+u,(9,/1,))dt
:/01(/ (6,u,+<Vut,/pl—:>)du,)dt.

This can be incorporated as a Lagrange multiplier in (1.E.6):

o Ak
§W2(HO>#1): inf sup {/ —dt+/u1du1—/uoduo
0

1:[0,1]xRY R, u:[0,1]xR4 >R 2/,11

p:0,1]xRI R4
1
—/0 (/(6,u,+<Vu,,fTi>) du,) dr}

Assume that the infimum and supremum can be interchanged (here, we are invoking an abstract
minimax theorem, which crucially relies on the convexity of the problem established in the first
part). Use this to prove that

1
O+ 5 1V, | < 0}

1
3 W3 (po, p1) = SUP{/ uyduy — / uo dpo

and that equality holds only if the Hamilton—Jacobi equation (1.E.7) holds, and if Vu, = v, = p,/u;.
Note that this also establishes that the optimal vector fields (v;), (o 1} are gradients of functions.
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5 Let (1:),¢[0,1) be a Wasserstein geodesic and let (v,),¢[o,1; be its associated curve of tangent vectors.
Prove that 0,v, + Vv, v, = 0. (This statement follows from the previous part by differentiating the
Hamilton—Jacobi equation in space. Try to also give a more direct proof of this equation.)

Hint: If X, = v,(x,), then because particles travel with constant velocity along Wasserstein
geodesics, t > X, is constant.

> Exercise 1.12 (Wasserstein space has non-negative curvature)
Let (1:),[0,1) denote a Wasserstein geodesic. By finding an appropriate coupling, prove that for all
t € [0,1] and all v € P,(RY),

W; (s, v) = (1= 1) Wy (o, v) +t Wy (i, v) —t (1= 1) W5 (o, p1) - (1.E.9)
Compare this to the following equality on R¥: if x, = (1 — ¢) xo + ¢ x,, then
Il =yl = (1 =) llxo = ylI* + £ e = yIIP =2 (1= 1) flaco = x: 1% (1.E.10)

The equality (1.E.10) expresses the fact that R is flat, whereas the inequality (1.E.9) expresses the
fact that P,(R9) (equipped with the W, metric) is non-negatively curved, like a sphere; see Ambrosio
et al. (2008, Section 7.3).

The Langevin SDE as a Wasserstein Gradient Flow

> Exercise 1.13 (Reconciling the SDE and Wasserstein perspectives)
Let ¢ : RY — R be a smooth test function and let > 0. First, consider the Langevin diffusion
dZ, = -VV(Z,) dr + V2 dB, started at Z ~ Mo, and compute E ¢(Zs) up to first order in 6.
Next, if 0,4, = div(u,Vlog(u,/n)), with & « exp(—V), then we can interpret this as a fluid flow:
let Xy ~ o, and X, = =V log(u,/7)(X,), so that X, ~ u,. Compute E ¢(Xs) up to first order in 6.
Check that the two expressions you computed match (up to first order in ¢). Note that these
calculations are implicit in Sections 1.2 and 1.4, but it is illuminating to directly connect the Langevin
diffusion to the Wasserstein gradient flow.

> Exercise 1.14 (Wasserstein calculus for f-divergences)
Compute the Wasserstein gradient of the functional y2(- || 7). Use the rules of Wasserstein calculus to
compute 8, x*(; || w), where (1), is the law of the Langevin diffusion with stationary distribution
m. Check that the result agrees with a calculation based on Markov semigroup theory.

More generally, let f : R — R, and consider the f-divergence

Dyullm = [ 5(%)ar.

Compute the Wasserstein gradient of D ¢(- || r). For bonus points, calculate the Wasserstein Hessian
as well.

> Exercise 1.15 (Smoothness along Wasserstein geodesics)
For a functional J over the Wasserstein space, let us say that it is S-smooth if, for all constant-speed
geodesics (4;),¢(o,1; With initial tangent vector vo = T — id, it holds that 87 |,-oF () < BIT —id][7, .

1 Show that the potential energy functional € corresponding to a potential V with V2V < I, is
B-smooth.
2 Establish the expression (1.4.3) for the entropy H and argue that 3 is non-smooth.
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> Exercise 1.16 (Otto—Villani theorem)

Consider the gradient flow (y,),-, of a functional I with inf J = 0. Assume that the PL inequality
1V, F () ”;21 > 2a F(u) holds with @ > 0, and that the gradient flow converges to the minimizer of
J. Argue that 0, W, (y, o) < ||Vw,F(141)ll ., and then show that

a
0,5 Wates o) + VT ()| <0.
Conclude that a quadratic growth inequality holds.

> Exercise 1.17 (Contraction of the Langevin diffusion)
In this exercise, we explore different proofs of contraction.

1 Suppose that V : R — R is a-strongly convex. Let (x;),50, (¥:),so be two gradient flows for V.
Show that [lx; — y[I* < exp(=2a) ||lxo — yoll*.

2 Next, prove Theorem 1.4.11. Hint: Apply 1td’s formula (Theorem 1.1.19) to f(x,x’) = ||x — x||%.

3 Let F : P, . (RY) — R be an a-convex functional, and let (1;),5¢, (v/),5( be gradient flows for F.
Prove that

W3 (s vi) < exp(=2at) W3 (o, vo)

using the following steps. First, compute the derivative of  — W3 (y,, v,) using Theorem 1.4.5. Next,
apply the strong convexity inequality (1.4.6) to obtain two inequalities F(u,) > F(v,) +--- and
F(v;) = F(u,) + - - . Adding these two inequalities, deduce that 8, W5 (i, v:) < =2 W; (i, v1).

> Exercise 1.18 (Sharp KL convergence)
Let (u,),5, denote the marginal law of the Langevin diffusion (1.0.1) with V2V > al; > 0.

1 Prove via direct calculation that Fl(y; || 7) < exp(—2at) Fl(uo || 7). Hint: If you are stuck, see the
proof of Theorem 1.2.30 in Chapter 2.
2 Consider the Lyapunov function £, := A, FI(y, || 7) + 2B, KL(y, || ) + W (i, 7). Choose A,, B,
carefully to ensure that £, < —@£,, and thereby deduce the bounds
a® W3 (uo, )
exp(2ar) (1 — exp(—ar))?’

a W3 (o, 7)
2 (exp(at) — 1) °

FIi(u: |l ) < KL( |l ) <

Overview of the Convergence Results

> Exercise 1.19 (Divergences at initialization)

Prove Lemma 1.5.2. In fact, prove the following stronger fact: log sup(uo/7) < < log .

d
2
> Exercise 1.20 (First moment of an exponential distribution)

Consider the probability measure 7 o« exp(—||-||) over R?. Show that the first moment behaves as
f ||-|| dm = d. This yields a natural example of a log-concave distribution for which the Wasserstein

distance at initialization is expected to scale as d, rather than Vd.

> Exercise 1.21 (Sharpness of the initialization bounds)
How sharp are Lemma 1.5.2 and Lemma 1.5.3? Consider the case where 7 is a Gaussian.



CHAPTER 2

Functional Inequalities

In this chapter, we explore the connection between functional inequalities, such as the Poincaré and
log-Sobolev inequalities, and the concentration of measure phenomenon.

2.1 Overview of the Inequalities
2.1.1 Relationships between the Inequalities

Let C®(R?) denote the set of compactly supported and smooth functions R? — R. The main
inequalities that we study in this chapter are the following:

o the Poincaré inequality (PI), as specialized to the Langevin diffusion (see Example 1.2.23):
vary (f) < CaE[IVAI],  forall f € CT(RY).
¢ the log-Sobolev inequality (LSI), as specialized to the Langevin diffusion (see Example 1.2.27):
ent, (%) < 2C.si Ex[IIV£I*]. for all f € C°(RY).

e and Talagrand’s T, inequality

KL(u || 7) >

1
W; (u, ), for all u € P,(RY) .
2Cr,
In addition, using the W, metric introduced in Exercise 1.10, we consider

e Talagrand’s T, inequality

1
KL(u || 7) > Yo Wi(u, ), for all u € P; (RY) .
T

In many cases, arguments involving Poincaré and log-Sobolev inequalities hold more generally in
the context of reversible Markov processes, and when this is case we will try to use notation from
Markov semigroup theory (e.g., writing E, I'(f, f) or &(f, f) instead of E.[||Vf]|*]) to indicate

48
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that this is the case. However, for clarity of exposition, we do not dwell on this point, and we urge new
readers to focus on the case in which the Markov process is the Langevin diffusion.

Although the Poincaré and log-Sobolev inequalities are stated above for compactly supported and
smooth functions, once established they can be extended to a wider class of functions by density
arguments; see Bakry et al. (2014, Chapter 3). Throughout the chapter, we omit mention of such
approximation arguments.

Write PI(C) to denote that the Poincaré inequality holds with constant C, and similarly for the
other inequalities. We have the following relationships.

e The Bakry-Emery theorem (Theorem 1.2.30) shows that -strong log-concavity of 7 implies that
7 satisfies LSI(a™").

e The Otto—Villani theorem (Exercise 1.16) shows that LSI(C) implies T, (C).

e Since W; < Wy, then T,(C) obviously implies T, (C). On the other hand, we will show below that
T,(C) implies PI(C) as well. Combined with the previous point, this shows that LSI(C) implies
PI(C), which was shown directly in Exercise 1.7.

e In general, Pl and T, are incomparable.

2.1.2 Linearization of Transport Inequalities

To prove that T,(C) implies PI(C), we linearize the transport cost. It will be convenient for future
purposes to prove a more general version of the linearization principle.

Proposition 2.1.1 (Linearization of transport cost). Let ¢ : RY x RY — R, be a lower
semicontinuous cost function. Assume that c(x,x) = 0 for all x € R4, that there exists 6 > 0 for
which c(x,y) > 6 ||x—y||* forall x, y € RY, and that there is a measurable mapping x — H, > 0
such that for each compact K C R4,

1

sup |c(x+h,x)—E(h,Hxh)|=0(||h||2) ash—0.
xeK
Then, for any i € P(R?) and f € C(RY) with [ f du = 0, it holds that

(f f2du)’
2 [(Vf(x),H;' Vf(x)) p(dx)

o1
g >
lim inf = Te(u, (1+ef)p)

Proof sketch  Fix A € R. Using the dual formulation given in Exercise 1.10,

‘72(11,1/)>/xlsfdy+/(/lsf)cd1/:/(/lsf)cdv.

Here, (1ef)“ (x) = infj,cra{c(x + h,x) — Ade f (x + h) }, and using the assumption on ¢ and the compact
support of f, one can justify that the infimum is attained at a point & with ||| = O(g). Then,
. 1
(Aef)"(x) = inf {5 (h,Hihy = Asf (x) = A& (Vf(x), h)} +o(&?)
heR4

L 90, B @) 406

> —-def(x) -
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Hence,
262

T (+ef)p) > =28 [ - (0700, 95 (@

and the result follows by optimizing over A. O

Corollary 2.1.2 (T, implies Pl). If & satisfies T,(C), then it satisfies PI(C).

Proof Let f € C=(RY) and apply the linearization in the preceding proposition to the quadratic cost
c(x,y) = % llx — y||* with H, = I for all x € R?. Then, T,(C) yields

2([ f2d )2
2CKL((1+ef) || n) > Wi(n, (1+ef)n) > %T;-F

On the other hand, the linearization (1.E.1) of the KL divergence in Exercise 1.7 yields

o(&?).

2
KL((1+ef)m ” m) = %/ frdr+o(g%).
Comparing terms proves the result. O

In Exercise 2.1, we explore a perhaps more intuitive approach to linearizing the 2-Wasserstein
distance via the Monge—Ampere equation.

2.2 Proofs via Markov Semigroup Theory
2.2.1 Commutation and Curvature

In Section 1.2.3, we introduced the iterated carré du champ operator I, as well as the curvature-
dimension condition I; (f, f) > e T'(f, f) (denoted CD(a, c0)). Since this condition plays a key role
in the subsequent calculations, our goal is to demystify this idea.

By definition, the iterated carré du champ is

Df 1) = 3 (2T ) =20, )

For the case of the Langevin diffusion with carré du champ I'(f, f) = |Vf||%,

Df ) = 5 (ZUAVFIP) -2V £. VL) @21)

Recall that £ f = Af — (VV,Vf), where V is the potential. Let us begin with the simple case in
which V = 0, so Z is the Laplacian A (the generator of V2 B, where B is standard Brownian motion).
In this case, the iterated carré du champ turns out to simply be the operator I, (f, f) = |[V*f|l3s.
which is known as the Bochner identity:

S AUIVAIP) = (VAL V1) + 19 flfss (222

Consequently, A satisfies CD(0, o).
It may seem strange at first sight to give such a fancy name to the seemingly innocuous identity (2.2.2),
which is a simple exercise in calculus. However, the importance of the Bochner identity begins to
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reveal itself through the following fact: the identity continues to make sense on a Riemannian manifold,
except that there is an extra term involving the Ricci curvature of the manifold.

%A(IIVfIV) = (VAL V) + IV flljys + Ric(V £, Vf).

We will defer a fuller discussion of Riemannian geometry for later, but for now we can get a hint at the
role of the curvature by observing that the Bochner identity (2.2.2) on R¢ follows from the equation'

VAf—AVf=0 (2.2.3)

by taking the inner product with V f and applying the identity

1
3 AUIVAI?) = div(V2 V) = (AVE V) + IV Flls -

In turn, the equation (2.2.3) shows that the Laplacian commutes with the gradient operator, which is
true because partial derivatives commute on R¢; this is a manifestation of the fact that R is flat. In
contrast, the very definition of curvature on a Riemannian manifold is usually based upon the lack of
commutativity of differential operators.>

Turning now to the Langevin generator £, the identity (2.2.3) is replaced by

VLf-ZLVf=-VVVf. (2.2.4)

Hence, the commutator of V and & brings out the curvature of the measure 7 « exp(—V), and the
plan is to exploit this in order to prove functional inequalities. The identity (2.2.4) then yields the
following formula for the iterated carré du champ:

Do(f, f) = IV fllfs + (V. VPV V). (2.2.5)

In particular, if V2V > al; > 0, then the curvature-dimension condition CD(«, o) holds, which was
asserted as Theorem 1.2.31.

As a first illustration of the use of curvature, let us generalize the calculation in Exercise 1.8 from
the Ornstein—Uhlenbeck diffusion to the Langevin diffusion. From the computation g, var, P, f =
=2&(P,f,P.f) = —2/F(P,f, P,f)dr and var, P,f — 0 as t — oo by ergodicity, we obtain
the identity var, f = 2 fom &(P.f, P, f)dt. For the Ornstein—Uhlenbeck semigroup, we have the
explicit identity VP, f = exp(—t) P,V f, which leads to &(P; f, P, ) < exp(-2t) &(f, f) and hence
var, f < &(f, f), which is a Poincaré inequality for the standard Gaussian measure.

To extend this idea to more general diffusions, we show that the curvature-dimension condition is
equivalent to a gradient bound.

Theorem 2.2.6 (Gradient bound). The following are equivalent.

1 The curvature-dimension condition CD(a, o) holds.
2 Forall fandt > 0,

C(P.f, P f) < exp(=2at) P,T'(f, f).

"Here, A acts on Vu component by component.

2Loosely speaking, the idea of curvature is that travelling in direction u and then direction v is not exactly the same as
travelling in direction v and direction u. Algebraically, this is captured by studying the difference between differentiating
along vector field X and then vector field Y, or vice versa.
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Proof (1) = (2): We differentiate the following quantity:
O [PT(Pyyf Py f)] = Py(LTPo_of. Piosf) = 2T (Proy f. LPi_ ).
Applying the definition of the iterated carré du champ and CD(«, o) yields
O[PT(Py_sf, Pr_s )] = 2P I5(Pi_s f . Pi_s f) > 2a P,T (P f , Pi_s f) .

Integrating this from s = 0 to s = ¢ yields P,I'(f, f) > exp(2at) T'(P,f, P, f).
(2) = (1): A Taylor expansion of the inequality around # = 0 yields

L, ) +2U(f,Zf)+0(t) <T(f, ) +1{=2aT(f, /) + ZT(f, )} +0(1),
which clearly recovers the CD(a, o0) condition I'; > aT". O

Substituting this into var, f = 2 fow &(P,f, P, f)dt now shows that as soon as the Markov
semigroup satisfies CD(a, o), the Poincaré inequality Pl(a@~") holds.

2.2.2 The Brascamp-Lieb Inequality

In this section, we prove a far-reaching refinement of the preceding argument and thereby establish
the Brascamp-Lieb inequality, a strong form of the Poincaré inequality. This inequality will also gain
a natural interpretation via a diffusion process in Section 10.2.

The proof method in this section is known as Hérmander’s L> method. The starting point is to
write down a dual form of the Poincaré inequality.”

Lemma 2.2.7 (Dualizing the Poincaré inequality). Let & oc exp(—V) be a probability measure
on R, where V is continuously differentiable; let & be the corresponding Langevin generator.
Suppose that A : R? — PD(d) is a matrix-valued function mapping into the space of symmetric
positive definite matrices such that for all smooth u : R — R,

E.[(ZLu)*] = Ex(Vu, AVu). (2.2.8)
Then, for all smooth f : RY — R it holds that
var, f <E(Vf, A7 Vf).

Proof Assume that E, f = 0. Recall that E, Z£u = 0 for any u, so that E, f = 0 is a necessary
condition for the solvability of the Poisson equation —Zu = f. For simplicity, we will assume that
this condition is also sufficient.

If we express E,[f?] terms of u and apply integration by parts (Theorem 1.2.14) and Cauchy—
Schwarz, we obtain

Ex[f’] = 2B [f (=) u] - B [(Zu)’]
< 2E,(Vf,Vu) — E(Vu, AVu)
S 2VE(VF, AV V) E(Vu, AVu) —E(Vu, AVu) < E(Vf, A" Vf). m]

3The idea of dualizing the Poincaré inequality also appears in Exercise 2.1, in which the Poincaré inequality is deduced
from an inequality on (%)
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The point is that the condition (2.2.8) can now be checked with the help of curvature. Suppose that
7 oc exp(=V) where V is twice continuously differentiable and strictly convex. Then, using integration
by parts (Theorem 1.2.14),

1
Ex[(Zu)’] = =Ba(Vu, VLU) = B [To(u, u) — = Z(||Vull*)] = B Ta(u, 1)
2 ————
because E, Z=0

by (2.2.1)
= B, [IV?ullis + (Vu, V2V Vu)] .

by (2.2.5)

Applying the lemma, we obtain the following result.

Theorem 2.2.9 (Brascamp-Lieb inequality). Let m oc exp(=V), where V is strictly convex on R?
and twice continuously differentiable. Then, for all f : R — R,

var, f < B (Vf,(V?V)"'Vf).

When V2V > al; > 0, then this implies that a Poincaré inequality holds for 7 with constant
Cp < 1/a. However, the Brascamp-Lieb inequality is much stronger, as it allows us to take advantage
of non-uniform convexity.

Remark 2.2.10. Lemma 2.2.7 shows that Pl(a~!) is equivalent to the integrated version of the
CD(a, o) condition: /F2(f,f) dr > afF(f,f) dn for all f.

In Exercise 2.3, we give another proof of Theorem 2.2.9 by linearizing a transport inequality. First,
we introduce the transport cost.

Definition 2.2.11. The Bregman transport cost for the potential V, denoted Dy, is the transport
cost associated with the Bregman divergence

Dy(x,y) =V(x) =V(y) =(VV(y),x - y),

1.e., we set

D) = / Dy ey ) (s dy).
YEC(1,v)

The Bregman transport cost will also play a key role in Section 10.2, in which we will prove the
following transport inequality (see also Exercise 2.3).

Theorem 2.2.12 (Bregman transport inequality). Suppose that V : R¢ — R is continuously
differentiable. Then, for n o« exp(=V) and all u € P(R?),

Dy (u, ) <KL(u | 7).

Actually, convexity of V is not necessary for the theorem to hold, although the Bregman transport
cost Dy is only guaranteed to be non-negative when V is convex. When V is strongly convex,
V2V > al; > 0, then Dy (x,y) > T llx = y||?, so the Bregman transport inequality implies T,(a!).
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2.2.3 Proof of the Bakry-Emery Theorem

In this section, we prove the Bakry—Emery theorem (Theorem 1.2.30), i.e., that CD(a, co) implies
LSI(a~!). We introduce the notion of a diffusion semigroup.

Definition 2.2.13. The Markov semigroup (P;),. is a diffusion semigroup if for all functions
f,g € L*(rx) in the domain of the carré du champ I" and all ¢ : R — R, the chain rule holds:

[(gof,g)=¢"(NHT(f. 2. (2.2.14)
More generally, for functions fi, ..., fy and ¥ : RK - R,

k
T(®(fi,...» fi) g) = Z(&-‘P)(ﬁ, e fOT (i g)

Equivalently, the chain rule can be stated for the generator (Exercise 2.7):

Z¢(f)=¢"(NZf+¢"(NHTf.]). (2.2.15)

The chain rule is satisfied for the Langevin diffusion whose carré du champ is given by I'(f, g) =
(Vf,Vg), and more generally this assumption encodes the fact that the Markov process is a diffusion.
Since we are mainly interested in diffusion processes, this is not a restrictive assumption, but it
indicates that the following proof will fail for Markov processes on discrete state spaces.

Proof of the Bakry—Emery theorem (Theorem 1.2.30) Given a smooth positive function f and a
function ¢ : R, — R, we differentiate ¢t — / ¢ (P, f) dr. We are primarily interested in the case
¢(x) = xlogx, but carrying out the calculation for a general ¢ clarifies the structure of the argument.
Using the Markov semigroup calculus,

a / o(P.f) dr = / O (P f) LPfdn=—&(¢ o P,f.P,f).

This yields the representation

ent? f = ¢5(f)d7r—¢(/fdn)=—/Om(8t/¢(P,f)d7r)dz
:/Ow%(¢'op,f,P,f)dz.

We now specialize our calculations to the entropy function ¢(x) = x logx and use reversibility of
the semigroup.

(¢ o Pof,P,f) = / (log P.f) (~Z)P, f dx = / (log P, f) P,(-Z f) dn
_ / PLlog P.f (~2)f dr = / I(P, log P.f. f) dr

L(f. f)
<\// 7 dﬂ/fF(P,logP,f,P,logP,f)dﬂ

where the last line uses the Cauchy—Schwarz inequality (Exercise 1.5). By the chain rule for the carré
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du champ, we have

()
f
By applying the gradient bound (Theorem 2.2.6) and the chain rule,

I(log f. f) =

E(logP,f,P,f) < exp(—at)\// I'(log f, f) dn'/ fP.I'(logP,f,log P, f)dn

= exp(—a't)\// T'(log f, f) dﬂ'/ P,fT(log P, f,log P;f)dn

=exp(—a/t)\// T'(log f, f) dn/F(logPtf,P,f) dn

which is rearranged to yield
&(log P, f, P, f) < exp(—2at) E(log f, f) . (2.2.16)

This shows that under CD(a, o), the Fisher information (introduced in Example 1.2.27) decays
exponentially fast. Another proof of this fact is given as Exercise 3.5.
Substituting this into the representation above,

ent, f = /m%(logP,f,P,f) dr < &(log f, f)/wexp(—2a/t) dr < L%(logf, ),
0 0 2a

which is the log-Sobolev inequality. O

2.2.4 Local Inequalities

The curvature-dimension condition is a pointwise inequality that does not explicitly involve the
stationary distribution 7. Interestingly, this means that the Poincaré and log-Sobolev inequalities can
be strengthened to local inequalities, which in turn turn out to be equivalent to the curvature-dimension
condition. To illustrate this, we state local versions of the Poincaré inequality, along with an interesting
reverse inequality.

Theorem 2.2.17 (Local Poincaré inequality). Let (P,),s be a diffusion semigroup. The following
are equivalent.

1 The curvature-dimension condition CD(a, ) holds.
2 Forall fandt > 0,

P.(fY) - (P f) <

1290 prir, . 22.18)

3 Forall fandt > 0,

exp(2at) — 1
a

P.(f) - (Pf)* > L(P.f,P.f). (2.2.19)

Consider the local Poincaré inequality (2.2.18). When evaluated at a point x, and keeping in
mind that P, f(x) = Es_p, f wWhere 6, P, is the law of the Markov process started at d,, it can be
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interpreted as follows: for all x and all t > O, the measure 6, P, satisfies a Poincaré inequality with
constant (1 —exp(—2at))/a. If @ > 0, then as t — oo it recovers the Poincaré inequality for the
stationary measure with constant 1/, but the local inequality is considerably stronger: for example, it
is meaningful even for @ < 0. When « = 0, the constant should be interpreted in terms of its limiting
value, i.e., lim,_o(1 — exp(—2at))/a = 2t. Similarly, the inequality (2.2.19) can be understood as a
local reverse Poincaré inequality.

To give the flavor for the arguments, let ¢ be a convex function. The proofs begin with the following
differentiation:

O Psp(Pisf) = Ps(LP(Pisf) = ¢'(Pi—s [) LPi—sf) = Ps(¢" (Pios /Y T(Pios £, P f)) 5
where we applied the diffusion chain rule (2.2.15). It yields

Pib(f) — $(P.f) = /0 Py(¢" (Proy ) T(Prs f. P f) ds.

By Jensen’s inequality, the left-hand side is always non-negative, but the right-hand side quantifies
this effect. Indeed, Markov semigroup calculations are designed to extract useful information from the
lack of commutativity of the semigroup P, and the application of the non-linear function ¢. If we
apply this to ¢ : x > x?, we obtain

P.(f) = (Pf) =2 / IPSF(P,_Sf, P,_sf)ds. (2.2.20)

0
Under CD(«, o), we have P,I'(P, s f, P;_sf) < exp(—2a (t —s)) P,I'(f, f) from Theorem 2.2.6,
and substituting this into (2.2.20) yields the local Poincaré inequality (2.2.18). The other implications
in Theorem 2.2.17 are left as Exercise 2.6.

A salient feature of these arguments is that by their pointwise nature—i.e., they are not integrated
w.r.t. —we never invoke integration by parts. They are also perfectly valid even when the stationary
measure is infinite, e.g., for standard Brownian motion.

Finally, we also record the local log-Sobolev inequality.

Theorem 2.2.21 (Local log-Sobolev inequality). Let (P;),s, be a diffusion semigroup. The
Jollowing are equivalent.

1 The curvature-dimension condition CD(a, o) holds.

2 Forall fandt >0, \I'(P. f, P, f) < exp(—at) P (f, f)-
3 Forall f >0andt > 0,

1 — exp(—2at) P,F(f’ f) ‘

P,(flogf)—P,flogP,f < 2o 7

4 Forall f >0andt > 0,

exp(Rat) — 1 T'(P,f, P, f)
2a P f '

Pi(flogf) =P, flogP.f > (2.2.22)

2.2.5 Convergence in Rényi Divergence

One curiosity is that the log-Sobolev inequality directly implies a Poincaré inequality (Exercise 1.7),
and yet the convergence guarantees implied by these inequalities for the Langevin diffusion are
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incomparable, because they apply to different metrics (2 vs. KL). It turns out that these convergence
guarantees can be placed in the same framework by introducing the family of Rényi divergences.
Rényi divergences have also gained importance in recent research due to applications to differential
privacy (Mironov, 2017).

Definition 2.2.23. For g > 1, the Rényi divergence of order g between u and 7 is defined by

_ ] dpyq
Ry(u |l m) = = log/(dﬂ) dm (2.2.24)

if u < m,and R, (u || ) := +oo otherwise.

Rényi divergences are monotonic in the order: if 1 < g < ¢’ < oo, then R, < R, (this follows
from Jensen’s inequality, see Exercise 2.8). Some notable special cases include:

e Asqg \, 1, R, ™\ KL; hence, we set R; = KL.
e For g = 2, we have the identity R, = log(1 + x?).
o Asq /0, Ry / R, where Reo (i || 7) = l0g [| L] ().

Remarkably, Vempala and Wibisono (2019) show that the Poincaré and log-Sobolev inequalities
imply convergence of the Langevin diffusion in every Rényi divergence.

Theorem 2.2.25 (Rényi convergence, Vempala and Wibisono (2019)). Let (P,),sq be a reversible
diffusion Markov semigroup, and let (n,),s, denote the law of the Markov process associated
with the semigroup.

1 Suppose that a log-Sobolev inequality holds with constant Cis). Then, for all g > 1,

2t
Ry, 1) < exp(-—2) Ry 1 .
1 17) < exp(= 2 ) Ry o | 1)
2 Suppose that a Poincaré inequality holds with constant Cp. Then, for all q > 2,
2t
R, (o || 7) = —, IfR (e, || ) =1,
q(mo || 7) pre if R (7, || )

Ry (x|l 7) < N
eXP(_E) Rg(moll ), if Re(mo [l ) < 1.

Proof We begin by differentiating the Rényi divergence in time. Let p, = ‘%’ = P, po. Applying the
chain rule for the carré du champ,

1 6 [pldr g [pl™ Zpdn g [T . p)dn
atqu(ﬂ-f ” 7T)= q = q =" q
qg-1 [pldr q-1  [pldn g-1  [p]dn
_ 480" 0"
q [pldn

Log-Sobolev case. The log-Sobolev inequality reads (due to the chain rule) as

2Cs1 8 (f, f) > ent (f?).
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Applying this to f = p?/2, we obtain
2587 > g [ pttogpan—( [ o an)tog( [ pen)
and hence

:qaq/pqdzr—(/pqdn)log(/pqdn)
i &(pi/?, pil?) S i

2
—_— 2 0, 1o / 9dm — lo / 9dn
q [pidn Ce %) P qCsi 87

2 2(q — 1)
== 8,[(g-DHR SAS A
o Aulla = D Ry(pr 1] = = == Ry (pm | )
2 2 —1 2(g—-1
= 2 R pr i+ 29D b R on ) - 2L (o 1)
Cisi Cs ——__~ qCg

>0

2
> —R, (pr || m
proys ¢(pm || m)

where we used the fact that the Rényi divergence is monotonic in the order.
Poincaré case. Next, applying a Poincaré inequality to f = p9/2,

2
Cr1 & (p1?, p1%) > var, (p9?) = / 0% drn — (/ 0912 dﬂ)

((g =2) Ryp(pm || 7))
<[ o) - s b

> (/ p?dr) {1 = exp(~Ry (pr || 1))}
where we used the monotonicity of the Rényi divergence in the order. Hence,

4 8(p1” p1?)
q [ptdn ~ qCe

S 2 |1, it R, (pr|lm) > 1,
" qCe | R, (pr || 7). if R (pr|lm) < 1.

{1 —exp(-R, (o7 || n))}

O

To interpret this theorem, the Poincaré result states that after an initial waiting period of time
0(qCpi Ry (o || 7)), the Rényi divergence starts decaying exponentially fast. On the other hand, the
log-Sobolev inequality implies exponentially fast convergence from the outset. In particular, for g = 2,
we see that whereas a Poincaré inequality implies exponential decay of y?, a log-Sobolev inequality
implies exponential decay of log(1 + y?), which is substantially stronger.

Another approach to Rényi convergence under CD(«a, ) is based on Harnack inequalities,
see Exercise 2.16.

2.2.6 Beyond Strong Log-Concavity

Most of the results thus far have assumed CD(a, o0) for @ > 0, which in the case of the Langevin
diffusion is equivalent to strong log-concavity of . What can we assert about the validity of functional
inequalities more generally?
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First, consider the case @ = 0: & is log-concave but not uniformly so. For example, 7 could
be the Laplace distribution with density 7(x) = exp(—% |x|) on R. In this case, since 7 only has
subexponential tails, we cannot hope for a log-Sobolev inequality due to Theorem 2.4.3 below.* The
Brascamp-Lieb inequality (Theorem 2.2.9) holds as a useful substitute for the Poincaré inequality,
but a deep conjecture of Kannan, Lovasz, and Simonovits (Kannan et al., 1995) goes much further:
they conjectured that any log-concave measure 7 on R¢ which is isotropic (i.e., if X ~ 7 then
cov X = I,) satisfies a Poincaré inequality with a dimension-free constant Cp; < 1. This is known as
the Kannan-Lovasz—-Simonovits (KLS) conjecture. By considering linear test functions of the form
x — (a, x), one has Cp| > 1, so the conjecture asserts that linear functions nearly saturate the spectral
gap inequality for log-concave measures. The KLS conjecture has inspired a considerable amount
of research (including Theorem 2.4.22), see Guédon and Milman (2011); Eldan (2013); Lee and
Vempala (2017); Chen (2021); Klartag and Lehec (2022), culminating in the current state-of-the-art
result described next.

Theorem 2.2.26 (Klartag (2023)). If r is an isotropic log-concave measure over R?, then it
satisfies a Poincaré inequality with Cp < logd.

In the non-convex case, the Poincaré and log-Sobolev inequalities can still hold, but with constants
that scale exponentially with the amount of non-convexity. The most favorable case is when the
potential V has a benign landscape. In this setting, there is an explicit expression for the low-temperature
limit of the Poincaré and log-Sobolev constants, which shows that they scale as 57! (where 3 is the
inverse temperature).

Theorem 2.2.27 (Chewi and Stromme (2024)). Assume that 'V is C?, admits a unique minimizer
X4, and that there exists C > 0 such that AV < C (1 + ||VV||?). Furthermore, assume that V
satisfies a PL inequality with constant Cp < oo, that is,

C
V —infV < % IVVII2.

For B > 0O, let ng be the probability measure with density ng o< exp(—BV). Then,

1

Jim BCo(my) = T

;}E}; BCisi(mp) = CeL.

Note that the second formula connects the PL constant of V to the asymptotic limit of the LSI
constant of 7, and that the LSI is the analogue of the PL condition for the KL divergence over the
Wasserstein space (see Section 1.4.2). This is somewhat analogous to Theorem 1.4.4, which connects
the strong convexity of V to strong convexity of the KL divergence over the Wasserstein space, but
the connection between the PL conditions is only true in the low-temperature limit. Interestingly, the
asymptotic limit of the Poincaré constant only depends on the local behavior of V via the curvature at
the minimizer, although Theorem 2.2.27 does impose global assumptions (that V admits a unique
minimizer and satisfies the PL condition).

When V violates the unique minimizer assumption, the functional inequality constants generally
scale exponentially. A special case of the Eyring—Kramers formula (Eyring, 1935; Kramers, 1940)

4However, if we further assume that z has support with diameter R, then a log-Sobolev inequality holds for 7= with
constant O (R?); see Exercise 3.9.
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asserts that if V has two separated minima x,, x;, then the Poincaré constant for 7 can be expected to
scale as exp(|V(x1) — V(xo)|), that is, exponential in the size of the “energy barrier”. See Menz and
Schlichting (2014) for a precise statement.

The next section is devoted to techniques for establishing functional inequalities in various settings.

2.3 Operations Preserving Functional Inequalities

To further expand the class of distributions known to satisfy functional inequalities, we will show in
this section that functional inequalities are stable under various common operations on probability
measures. We let Cp|(7r) denote the Poincaré constant of a probability measure 7, and similarly write
Cisi(7), Cr,(7), ete.

2.3.1 Bounded Perturbation

Suppose that 7 satisfies a functional inequality, and that u is another probability measure satisfying
O<c< g—’; < C < oo. Then, it often follows that y also satisfies the same functional inequality, with
a worse constant. This furnishes a large class of examples of non-log-concave measures satisfying

functional inequalities.

Proposition 2.3.1 (Holley—Stroock perturbation, Holley and Stroock (1987)). Suppose that ©

satisfies either a Poincaré or log-Sobolev inequality. Then, if u satisfies 0 < ¢ < dt < C < oo,

dm
then u also satisfies the corresponding functional inequality with constant

C C
Cri(p) < . Cpi() or Cisi(p) < = Crsi(m)

respectively.

Proof The key is to find a variational principle for the variance or for the entropy. For the variance,
forany v € P(RY) and f : RY - R,

var, f = inf B, [|f —m|?].
meR
From this,

var, f = in’%Ean—mP] <C in%E,r[lf—mF] = Cvar, f

< CCAMELT(f, f) € < Cam B, T(f. ).

The proof for the log-Sobolev inequality is similar once we have the variational principle

i f
entvf—}gg]Ev[flogt f+t]

| —
>0

for any f : RY — R,, which we leave as Exercise 2.11. O

One can also state a perturbation principle for the T, inequality, but it is more involved and the
constants are less precise, see Bakry et al. (2014, Proposition 9.6.3).
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Proposition 2.3.2 (Bounded perturbations for T;). Suppose that nt satisfies a T, inequality. If
i € Pr(RY) satisfies 0 < C~' < j—’; < C < oo, then p also satisfies a T, inequality, where Cr, ()
is bounded in terms of C and Cr,(n) only.

2.3.2 Lipschitz Mapping

Another simple but useful condition which enables us to transfer functional inequalities from 7 to u is
the existence of a Lipschitz mapping which pushes forward 7 to pu.

Proposition 2.3.3 (Lipschitz mapping). Suppose that = € P (R%) satisfies either a Poincaré or a
log-Sobolev inequality, and that there exists an L-Lipschitz map T : R? — R¥ such that y = Tyn.
Then, u also satisfies the corresponding functional inequality with constant

Cri(p) < L* Cpi(n) or Cisi(p) < L* Cusi(m)

respectively.

Proof Assume for simplicity that 7" is continuously differentiable, so that ||VT||,, < L. Then, for
f : R? — R, by applying the Poincaré inequality for 7,
vary f = vt (f o T) < Cpi(m) Ex [IV(f o T)II’] < Coi(7) Ex[IVTII5, 1Vf o TII%]
< Cpi(m) L Ex[IIVf o T|I] = Coi(m) L*E, [IIVFII°] .

The proof for the log-Sobolev inequality is similar. O

This result becomes particularly powerful when combined with Caffarelli’s contraction theorem,
which states that the optimal transport map from the standard Gaussian to an @-strongly log-concave
measure is @~'/2-Lipschitz. As it is often easier to prove functional inequalities for the standard
Gaussian, this principle then quickly implies Poincaré and log-Sobolev inequalities (as well as many
other functional inequalities) for strongly log-concave measures. We will return to this in Section 3.5.

2.3.3 Lipschitz Perturbations

Whereas Proposition 2.3.1 implies that the LSI for strongly log-concave measures is robust against
bounded perturbations, the following result shows that it is also robust against Lipschitz perturbations.

Proposition 2.3.4 (Lipschitz perturbations). Let 7w «c exp(=V — W), where V is a-strongly convex
(a > 0) and W is L-Lipschitz. Then,
1 4L L?
Cisi(m) < — exp(— + —) .
a

Vo  «

This result is established via Proposition 2.3.3 and the construction of a suitable Lipschitz transport
map from the Gaussian; see Exercise 3.9.
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2.3.4 Convolution

Next, we show that if 7 = 7| * 7, is a convolution of two measures, where both m; and r, satisfy
a functional inequality, then so does 7. This is a consequence of the subadditivity of variance and
entropy. We begin with a variational principle for the entropy.

Lemma 2.3.5 (Variational principle for entropy). For f : RY — R,

ent, f =sup{E,[fg] | g : R = R such that E,expg < 1}.

Proof We may assume that B, exp g = 1, and define u via g—’; = exp g. Then,

ent, [ =E.[flog Eff] =E, [f exp(-g) log % +Ex[fg].
=ent,, (f exp(~g))>0
Equality holds if g = log(f/E, f). O

Remark 2.3.6. The variational principle above is essentially a reformulation of the Donsker—Varadhan
variational principle (Theorem 1.5.7).

Lemma 2.3.7 (Subadditivity of variance and entropy). If X1, ..., X,, are independent random
variables, then

var f(X1,...,X,) < EZVar(f(Xl,...,X,,) | X)),
i=1

ent f(Xy,...,X,) < EZn:ent(f(Xl,...,X,,) | X).
i=1

Here, var(- | X_;) and ent(- | X_;) denote the conditional variance and entropy respectively
when all variables except X; are held fixed, i.e.,

Var(f(Xl, oo .,Xn) | X,,' =.X,i) = Varf(xl, 0oa ,x[,l,Xi,x,-H, o0 .,xn) 0
ent(f(X], oo -’Xn) | X—i :X_i) = entf(xl, oa .,xi_l,Xi,x,-H, coo ,)Cn) o

Proof The subadditivity of the variance was established in Exercise 1.1, so we turn towards the
entropy. Let Z := f(Xy,..., X,) and

A =1ogB[Z | Xy,...,X;] —10gE[Z | Xi,...,Xi-1],

so that
entZ =E[Z (logZ — log EZ)] = E[ZZ A,.] .
i=1

Since

E[E[Z | Xi,....X:] | X_i]
ElexpAi | X-i] = =57+ }1(. Xl
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the variational principle yields

E[ZA;] =EE[ZA; | X_;] <Eent(Z | X_,). O

Proposition 2.3.8 (Functional inequalities and convolutions). Suppose that = = nt; * 1, € P(RY),
where | and 1, both satisfy either a Poincaré or a log-Sobolev inequality. Then, it also satisfies
the corresponding functional inequality with constant

Cpi(7r) < Cpi(my) + Cpi(7m2) or Cisi(nm) < Crgi(my) + Cisi(r2)

respectively.

Proof LetX ~ mjandY ~ 7, be independent, and let f : RY — R. Using the subadditivity of the
variance (Lemma 2.3.7),

var, f =var f(X +Y) < Evar(f(X +Y) | Y) + Evar(f(X +Y) | X)

{Cri(m) + Col(m) YE[IVA(X + )II],

N N

and a similar argument holds for the entropy. O

2.3.5 Mixtures

Suppose that 7 is a mixture, 7 = uP = f P, u(dx), where u € P(X) is the mixing measure and
(P,) . is a family of probability measures on R¢ indexed by X (in other words, a Markov kernel).
For example, when X = [k], then uP is a mixture of k distributions P4, . .., P, with mixing weights
given by . When X = R and P, is the translation of a fixed probability measure v € P (RY) by x,
then uP = u * v is the convolution of u and v.

Under general conditions on the mixture, it turns out that if each P, satisfies a functional inequality,
then so does the mixture uP. The simplest demonstration of this idea is for the Poincaré inequality.
Although the arguments in this section apply more generally to mixtures yP on arbitrary state spaces,
we focus on the R? case for simplicity.

Proposition 2.3.9 (PI for mixtures, Bardet et al. (2018)). Let uP be a mixture and assume that
each P, satisfies a Poincaré inequality with constant Cp|(P). Also, assume that

Cpo=  sup x> (Pl Py)<oo. (2.3.10)

x,x’ esupp(u)

Then, uP satisfies a Poincaré inequality with constant

C,»
Cri(uP) < (1+ TX) Cpi(P) .

, iid.

Proof Let f : RY > R,andlet X, X’ "% u. By the law of total variance,
var,p f = Evarp, f+varEp, f.

The first term is easy to control, because we can apply the Poincaré inequality for Py inside the
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expectation, so the main difficulty lies in the second term. Here,

VarBp, f = 3 BlEp f ~Bp 11 = 58] [ £ (% - 1) arx]

I ) Cp:
< 5 E[(varp,, f) x"(Px || Px/)] < TEVaIPXf-

2
Hence,
Cp Cp
Var,,pf < (] + > )Evarpx f < (1 + T) Cp|(P)EEpX F(f, f) . O
—_———
=E.pT(f.f)

Our aim is to extend this idea to the log-Sobolev inequality, which will require a few preliminaries.
Rather than aiming to directly prove a log-Sobolev inequality, we will instead prove a defective
log-Sobolev inequality: for all f : RY — R,

ent,(f%) <2CE,.T(f, f)+DE.[f*]. (2.3.11)

Although the defective LSI involves an extra term on the right-hand side of the inequality, the extra
term can be removed via a Poincaré inequality. The following result shows how this is achieved.

Lemma 2.3.12 (Tightening a defective LSI, Wang (2024)). Suppose that ©t satisfies the defective
log-Sobolev inequality (2.3.11), together with a Poincaré inequality. Then, rt satisfies an log-
Sobolev inequality with constant

CpD

Cs<C+ )

We also need one change of measure lemma.

Lemma 2.3.13 (Chen et al. (2021a)). Suppose that u, v are probability measures and f is a
positive function. Then,
E.(f)

B, ()log g >

<ent, (f) + B, (f) log(1+x*(u [ v)) -

Proof By rescaling, we may assume E,, f = 1. Recall the Donsker—Varadhan variational principle
(Theorem 1.5.7), which states

KL(p |l n") = sup{E,, g —logE, expg | g : X — Ris bounded and measurable} .
If we take n = fu,n’ = v, and g = log(f/E, f), then

d
Bl oz 7| =By o g <KL 1) o 5 =5 [ loel )]
N’

=0

By subtracting E, (f log f) from both sides, we obtain

1 d
IOgE_fZE”[fIOg]E f] <]Eﬂ[flogd—l:].
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Next, applying the Donsker—Varadhan variational principle a second time with = fu, n’ = u, and
g =log ‘;—"f yields

d d d
E,|flog d—/j] =E, log d—'l: < KL(7 || p) +10gE, £ =ent, f+log(l+x (il v)),
which is what we wanted to show. O

We can now prove the log-Sobolev inequality for mixtures.

Proposition 2.3.14 (LSI for mixtures, Chen et al. (2021a)). Let uP be a mixture and assume
that each P, satisfies a log-Sobolev inequality with constant C s (P). Also, assume that

Cyp = sup Xz(Px | Pr) < o0.

x,x’ €supp(u)

Then, uP satisfies a log-Sobolev inequality with constant

Cp
Cusi(uP) < Cuai(P) {2 ¥ % (1+ =) log(1 + C)(z)} .

Proof We begin, as in the proof of Proposition 2.3.9, with a decomposition of the entropy:

ent,p(f*) = Eentp, (f?) +entEp, (f?).

As before, it is the second term that is difficult to control.
Applying Lemma 2.3.13,

Epy ()

B P(f2)] < Elentpy, (f2) +Epy (£ log(1 + x*(Px || uP))]
u

< Eentp, (f?) +log(1 +C,2) E,p(f?) .

entEp, (f*) = E[Ep, () log

Hence,

2Eentp, (%) +log(1+C ) E,p(f?)
4CLs1(P)Eup T(f, f) +1og(1+ C2) Bup (f7)

entﬂP(fz) <
<

where we have applied the log-Sobolev inequality for Py. This is a defective log-Sobolev inequality
for uP; by applying the Poincaré inequality from Proposition 2.3.9 and tightening the inequality
via Lemma 2.3.12, we conclude the proof. m]
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Example 2.3.15 (LSI for Gaussian mixtures). Suppose that u is supported on a ball B(0, R), and
that for each x € R?, P, = normal(x, 0>1;). Then, uP is the convolution y * normal(0, o*1,).
Since C g (P) = o? and
/2 2
PP Py =ep By o 3Ry
ag g
for x, x” € B(0, R), we deduce that uP satisfies a log-Sobolev inequality with constant

4R
Cisi(uP) <2 (0'2 +R2exp?) )

Hence, Gaussian convolutions of measures with bounded support satisfy a log-Sobolev inequality.
The exponential dependence on R?/o? is unavoidable in general. Another approach to the
log-Sobolev inequality for Gaussian mixtures is given in Exercise 3.9.

We extend the results of this section in Exercise 2.13.

2.3.6 Tensorization

A key feature of these functional inequalities which makes them crucial for the study of high-
dimensional (or even infinite-dimensional phenomena) is that they often hold with dimension-free
constants, as demonstrated in the next result.

Theorem 2.3.16 (Tensorization). Suppose that iy, . ..,nn € P(R?) satisfy either a Poincaré
N

inequality or a log-Sobolev inequality. Then, for any N € N*, the product measure = ()., 7;
also satisfies the corresponding functional inequality with constant
Cpi(mr) = max Cpi(7r;) or  Cis(m) = max Cigi(7;)
i€[N] i€[N]

respectively.

Proof The proof is a straightforward consequence of subadditivity (Lemma 2.3.7). Indeed, if
f RN — R and if X; ~ n; are independent for i € [N],

N
var, f =var f(Xy,...,Xy) < EZVar(f(Xl,...,XN) | X_i)
im1

N
< max Coi(m:) B ) E[IVif (X1, Xw)[I* | X-4]
i€[N]

i=1

= max Cpi(7;) E-[IVf*] .
i€[N]
The proof is the same for the log-Sobolev inequality. O

There is also a tensorization principle for transport inequalities, which however requires some
additional work to prove. We formulate a general result which applies to many different transport
inequalities (not just the T; and T, inequalities). See the supplementary material for a proof.
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Theorem 2.3.17 (Marton’s tensorization, Marton (1996)). Let X,..., Xy be Polish spaces
equipped with probability measures 1, . . . , my respectively. Let X := X; X - - - X X be equipped
with the product measure 1 == 1y ® -+ - @ T .

Let ¢ : [0,00) — [0, ) be convex and fori € [N], let ¢; : X; X X; — [0, ) be a lower
semicontinuous cost function. Suppose that

inf go(/ Ci dy,-) <202 KL(v; || 7)), Vv, € P(X;), Vi€ [N].
Yi€C(mi,vi)

Then, it holds that

N
inf 3o [ ity dna) <200 KL DD Wy eP().

yeC(nm,v) 4
i=1

We can apply Marton’s tensorization (Theorem 2.3.17) with the convex function ¢(x) = x and
cost functions c¢; = df, with d; a lower semicontinuous metric on X;. This immediately yields the
following corollary.

Corollary 2.3.18 (Tensorization of T,). Suppose that for each i € [N], n; € P(X;) satisfies
a T, inequality with parameter o* with respect to the metric d;. Then, the product measure

7 ® -+ - ® my satisfies a T, inequality with the same parameter o* with respect to the metric
2. N 2
d(xin, yin)” = Xl d(xi, yi)“ on Xy X+ X Xy

2.4 Concentration of Measure and Isoperimetry

Arguably, the most prominent application of functional inequalities has been to the concentration of
measure phenomenon, which is an indispensable tool in high-dimensional probability and statistics.
Since it is not the focus of this book, we only mention a few key results, focusing on the connection
with isoperimetric inequalities due to their relevance to Chapter 7. See, however, the supplementary
material to this book for more details.

Since many of the arguments hold on a general Polish space (that is, a complete separable metric
space) (X, d) equipped with a probability measure &, we will work in this setting unless explicitly
stated otherwise.

2.4.1 Blow-Up of Sets and Concentration of Lipschitz Functions

Loosely speaking, the concentration of measure phenomenon holds when a huge fraction of the mass
of & is concentrated on a relatively small set. Another way of capturing this idea is to assert that
whenever a set has a non-trivial amount of mass under r, then expanding the set slightly causes it to
capture almost all of the mass of 7. The following definitions formalize this idea.
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Definition 2.4.1. For a Borel subset A € X and € > 0, we let A® denote the e-blow-up of A,
defined by

A ={xeX|d(x,A) <¢&}.

The concentration function o, : R, — [0, 1] is defined via

(&) =sup{n((A)°) | A € X is a Borel subset with 7(A) >

}.

N =

Typically, we have a,(g) < Cyexp(—g/C)) or ar(g) < Cyexp(-&*/C;) for some constants
Co, Cy > 0; hence, as we increase ¢, the blow-up A® captures a (often substantially) larger fraction of
the mass of 7. We first develop an equivalence between the formulation of concentration of measure
via blow-up of sets, and with another involving concentration of Lipschitz functions. Although the
former has a more striking geometric interpretation, the latter is often more useful for applications.

Given a real-valued random variable X, we abuse notation and let med X denote any median of X,
that is, any number m such that P{X < m} AP{X > m} > %

Theorem 2.4.2 (Blow-up and Lipschitz functions). Suppose that (X,d, ) has concentration
Sfunction a,. Then, for any 1-Lipschitz function f : X — Rand € > 0,

m{f zmed f+e} < ay(e).
Conversely, suppose that for all 1-Lipschitz functions f : X — R, it holds that
7{f >med f +&} < B(g).

Then, the concentration function a, of (X, d, ) satisfies a, < .

Proof ( = ) Consider the set A := {f < med f}. We claim that A° C {f —med f < &}. To
prove this, let x € A®. By definition, there exists y € A such that d(x,y) < &, so f(x) —med f =

f(y) —med f + f(x) - f(y) <d(x,y) <& Hence,
m{f-medf <&} zn(A®) =21 -a(e).

( &) The function f := d(+, A) is 1-Lipschitz, and if 7(A) >
holds that

% then O is a median of f. Thus, it

7(A%)=n{f-medf <e}=1-B(g). |

More broadly, it is a general principle that many statements about sets have an equivalent
reformulation in terms of functions.

Whether by bounding the concentration function, or by establishing concentration inequalities
for Lipschitz functions directly, by now there is a wealth of techniques for proving results of the
following type. We remark that while the following theorem asserts concentration around the mean,
whereas Theorem 2.4.2 considers concentration around the median, the difference is merely superficial
since the mean and median are essentially equivalent (see, e.g., Milman, 2009).
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Theorem 2.4.3 (Functional inequalities and concentration). Let & € P(R?), and let f : RY — R
be a 1-Lipschitz function.

1 If m satisfies a Poincaré inequality with constant Cp, then for all t > 0,

A{f By f > 1} <36Xp(—\/2_).
Pl

2 If n satisfies Talagrand’s T, inequality with constant Cy,, then for all t > 0,
2

)

m{f -E. f >t} Sexp(—

In particular, recalling that Ct, < Cy, < Cg, the second statement furnishes a concentration
inequality under a log-Sobolev inequality. Thus, a Poincaré inequality implies subexponential
concentration, and a log-Sobolev inequality implies sub-Gaussian concentration. Moreover, due to
tensorization results (Section 2.3.6), the constants involved are dimension-free for many situations of
interest. Consequently, Theorem 2.4.3 is immensely useful for high-dimensional applications. Here is
a basic illustration.

Example 2.4.4. Suppose that vy is the standard Gaussian measure on R¢. From the Bakry—Emery
theorem (Theorem 1.2.30), vy satisfies the log-Sobolev inequality with Cig = 1. For Z ~ v,
since E[||Z||*] = d, the Poincaré inequality applied to the norm ||-|| shows that var || Z|| < 1, i.e.,
Vd—1<E|Z| < Vd.

The concentration result above now shows that the standard Gaussian “lives” on a thin spherical
shell of radius Vd and width O (1).

2.4.2 Classical Isoperimetry Results

We now study finer questions about the concentration function. More generally, for p € (0, 1) and
e > 0, we introduce the quantity

wx(p,e) =inf{n(A®) | Ais a Borel set with 7(A) = p},

and we can ask about the deviation of w,(p, €) from p when ¢ is small. In some special cases, we
can even determine the function w, exactly. The study of this question will bring us to the classical
geometric problem of isoperimetry. In its simplest guise, it asks: among all plane curves which
enclose an area of a prescribed area, which ones have the least perimeter? Unsurprisingly, among
regular curves, it is well-known that circles provide the answer to this question. As we shall see, the
isoperimetric question, once generalized to abstract spaces, contains a wealth of information about
concentration phenomena.

The connection between concentration and isoperimetry began with the work of Lévy, who found
the isoperimetric inequality on the sphere.
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Theorem 2.4.5 (Spherical isoperimetry). Let o; denote the uniform measure on the d-dimensional
unit sphere S¢, and let A C S¢ be a Borel subset with o4(A) ¢ {0, 1}. Let C be a spherical cap
with the same measure as A. Then, for all € > 0,

oa(A®) > 04(C7).

We give a few reminders about spherical geometry. We equip S¢ with its geodesic metric d, so that
the distance between two points x, y € S is equal to the angle between x and y. A spherical cap is a
geodesic ball, that is, it is a set of the form B(xy, r) for some xo € S? and r > 0, where the balls are
defined w.r.t. d.

Note that Theorem 2.4.5 identifies the exact function w,,. To see how an isoperimetric result
naturally leads to a concentration result, suppose that A has measure % Then, the corresponding
spherical cap C can be taken to be half of the sphere, C = B(xo, ), and so

O'd(As) > O'd(CS) = O'd(B(X(), g +8)) .

To obtain an upper bound on the concentration function e, it therefore suffices to lower bound the
volume of the spherical cap. It leads to the following result, which we leave as Exercise 2.17.

Theorem 2.4.6 (Concentration on the sphere). Let oy be the uniform measure on the unit sphere
S4 in dimension d > 2, equipped with the geodesic distance d. Then,

(d-1)&*

5 ), foralle > 0.

@0, (8) < exp(-

There is also an isoperimetric result for the standard Gaussian measure vy, on R9. In this case, the
optimal sets are given by half-spaces, i.e., sets of the form

He = {x € RY | (rux0) <1}

Theorem 2.4.7 (Gaussian isoperimetry). Let v, denote the standard Gaussian measure on R¢,
and let A C R? be a Borel subset with y,(A) # {0,1}. Let H,, ; be a half-space with the same
measure as A. Then, for all € > 0,

Ya(A®) 2 va(Hg, ) -

We can write this result more explicitly as follows. By rotational invariance of the Gaussian, we
can take x( to be any unit vector e, in which case the measure of H,, is y,(H. ;) = ®(¢), where ® is
the Gaussian CDF. Since H;, = H, ;,., then

Ya(A?) > @@ (ya(A)) +¢). (2.4.8)

In particular, if y4(A) = 1, then @' (1) =0, so

1
27
1 g’

@,,(e) < O(-¢) < zexp(—?) .

We now pause to give a remark on proofs. Since these isoperimetric inequalities require a detailed
understanding of the measure (including the optimal sets in the inequality), they are considerably
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more difficult to prove than the other results we have seen so far (e.g., a log-Sobolev inequality). In
particular, usually they can only established for measures which are simple in some regard, e.g., they
enjoy many symmetries. Hence, we will not prove them here.

It is often convenient to pass to a differential form of the isoperimetric inequality, which is obtained
by sending & ~\ 0. This is formalized as follows.

Definition 2.4.9. Given a non-empty Borel set A and a measure 7 on a Polish space (X, d), the
Minkowski content of A under 7 is
n(A®) —n(A)

77 (A) := liminf
&e\0 &

Definition 2.4.10. For a measure 7 on a Polish space (X, d), the isoperimetric profile of r,
denoted 7, : [0, 1] — R,, is the function

I.(p) = inf{n*(A) | A is measurable with 7(A) = p}.

For the standard Gaussian, a Taylor expansion of (2.4.8) yields

Ya(A®) = y4(A) + ¢(D 7' (va(A))) e + 0(8),

where ¢ = @’ is the Gaussian density. Hence, we can identify the isoperimetric profile of the standard
Gaussian as

7,,(p) = (@' (p)) . (2.4.11)

Actually, (2.4.11) is equivalent to the Gaussian isoperimetric inequality (2.4.8). Here, (2.4.8) is
called the integral form of the inequality, whereas (2.4.11) is called the differential form. The following
theorem shows how to convert between the two forms.

Theorem 2.4.12 (Bobkov and Houdré (1997)). Let I : (0,1) — R.q. Define the increasing
function F such that F(0) = % and f o F~' = I, where f = F'; equivalently, we can take
F~l(p) = 172 I(1)"" dr. Then, the following statements are equivalent.
1 For all € > 0 and all Borel A with n(A) ¢ {0, 1},

n(A®) > F(F ' (n(A)) +¢).
2 For all Borel Awith n(A) ¢ {0, 1},

7t (A) > I (n(A)).

Proof sketch Let &(p,&) = F(F~'(p) + &). Then, one can show that & satisfies the semigroup
property (@ (p, €),&’) = @(p, e+ &’). Using this, one shows that to prove 7(A¢) > w(x(A)) it
suffices to consider &€ \, 0. A Taylor expansion yields
7(A%) > n(A) + 7 (A) e +o(e),
a(n(A), &) =n(A) + I (n(A)) e +o(e),
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from which we deduce that 7*(A) > 7 (n(A)) for all A if and only if 7(A®) > @(n(A), e) for all A
and all £ > 0. o

2.4.3 Cheeger Isoperimetry

We now consider a class of probability measures which is characterized by a lower bound on the
isoperimetric profile.

Definition 2.4.13. A probability measure 7 satisfies a Cheeger isoperimetric inequality with
constant Ch > 0 if for all Borel sets A C X,
1

* >
7 (A) ch

7(A) m(A°). (2.4.14)

For the two-sided exponential density x > u(x) = 1 exp(—|x|), the isoperimetric profile is known
to be 7,(p) = min(p, 1 — p). Hence, the Cheeger isoperimetric inequality roughly asserts that the
isoperimetric properties of 7 are at least as good as those of .

The inequality in (2.4.14) is the differential form of the inequality. By applying Theorem 2.4.12,
one shows that the inequality (2.4.14) implies, for any & € [0, Ch],

7(A%) = 1(A) > % 7(A) 7(A°). (2.4.15)

For all € > 0, Theorem 2.4.12 also implies that

E
@a(2) < exp(-)

so 7 enjoys at least subexponential concentration.

Such isoperimetric inequalities will play a key role when we study Metropolis-adjusted sampling
algorithms in Chapter 7. For now, however, our goal is to establish an equivalence between the Cheeger
isoperimetric inequality and a functional version of it.

To pass from a functional inequality to an inequality involving sets, we can usually apply the
functional inequality to the indicator of a set. To go the other way around, we need to represent a
function via its level sets, which is achieved via the coarea inequality.

Theorem 2.4.16 (Coarea inequality). Let f : X — R be Lipschitz. Then,

/||Vf||dﬂ>[:7r+{f>t}dt.

Remark 2.4.17. On a general metric space (X, d), we define

IVFIG) = limsup LX) SO
veX,dexyno - d(xy)

In “nice” spaces, the coarea inequality is actually an equality, but we will not need this.

Proof By an approximation argument we may assume that f is bounded, and by adding a constant
to f we may suppose f > 0. Let fo(x) = supy, ... f and A, = {f > t}. We can check that
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A? = {fe > t}, and for g > 0 we have the formula fgdﬂ = /000 n{g > t}dt. By applying this to

g=/fand g = fe,
fe=f . [T nr(A7) —n(A,)

&

Now let € ™\, 0 using Fatou’s lemma and dominated convergence. O

Theorem 2.4.18 (Functional form of Cheeger isoperimetry). Let & € Py (X) and let Ch > 0. The
following are equivalent.

1 & satisfies a Cheeger isoperimetric inequality with constant Ch.
2 For all Lipschitz f : X — R, it holds that

E,|f —Ex f] < 2ChE,|IVf] . (2.4.19)

Proof sketch  (2) = (1): Apply (2.4.19) to an approximation f of the indicator function 1 4, so
that E | f —E, f| ® 27(A) (1 —n(A)) and E,.||Vf]|| = n*(A).

(1) = (2): Let A; == {f > t}. Applying the coarea inequality and the Cheeger isoperimetric
inequality,

2ChE,|Vf] > ZCh/ A > thdt

—00

>2/ n(At)ﬂ(Af)dtzf Exlla — 7(A,)|dt

> sup /(/g{ﬂA,—n(A,)}dn)dz
llgllLeo () <1 of =00
- s [ ([te-mgaa= s [e-Brar
llgllLeo(my <1 o —c0 llgllLe(m <1
:Enlf_En' f| . a

2.4.4 LP-L9 Poincaré Inequalities

In this section, we work on Euclidean space for simplicity.
The inequality (2.4.19) can be considered an “L! variant” of the Poincaré inequality. More generally,
we can define the following family of inequalities.

Definition 2.4.20 (L?-L% Poincaré inequality). For p,q € [1,00] with g > p, the LP-L4
Poincaré inequality asserts that for all smooth f : R — R,

If =Ex fllerce) < Cpg [ IV ) -

In this new notation, the usual Poincaré inequality is an L>~L? Poincaré inequality with C, , = VCpy,
whereas the inequality (2.4.19) is an L'-L' Poincaré inequality.
These inequalities form a hierarchy via Holder’s inequality.
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Proposition 2.4.21 (Milman (2009)). Suppose p,q, p,q € [1, 0] are such that p < p and
g<§,andp —q ' =p' -G\ Then,

Proof Let f satisfy med, f = 0, which we can arrange by adding a constant. Define the function
g = (sgn f) |f|?/?, which still satisfies med, g = 0. Throughout the proof, we use the fact that
for any function A, the L? () norms of 7 —E, h and h — med, i are equivalent up to a universal
constant (Milman, 2009). Applying the LP—L9 Poincaré inequality to g together with Holder’s
inequality,

If ~ meds fI27 = llg ~meds gllinin < llg = Engllincer < Cong [ 1981 10 )

= gc AP N9 F e
= 1_5 _ plp-1
== Cpa I = medn AL IV

where we leave it to the reader to check that the exponents work out correctly. If we rearrange this
inequality, then

If = Ex f1

p
o) 1 = med Flleoin) < 2 Cog 190 3 - 0

Thus, we have the following implications: for any p € (2, ),
(L'-L") = (L*-1*) = - = (L"-L").

In particular, the first implication together with the equivalence in Theorem 2.4.18 shows that the
Cheeger isoperimetric inequality implies the Poincaré inequality.

Also, given any L”-L4 Poincaré inequality, by Jensen’s inequality we can trivially make it weaker
by decreasing p or increasing ¢; hence, every LP—L9 Poincaré inequality implies an L'—L* Poincaré
inequality. On the other hand, for any 1 < p < g < oo, an L'-L! Poincaré implies an L”—L” Poincaré,
which trivially implies an LP—L¢ Poincaré inequality. We conclude that among these inequalities, the
L'-L" inequality is the strongest and the L'—L* inequality is the weakest.

We now sketch the proof of a deep result by E. Milman, which states that for log-concave measures,
the hierarchy can be reversed. The formal statement is as follows.

Theorem 2.4.22 (Reversing the hierarchy, Milman (2009)). Let 7 be log-concave. Then,
Ci15Co.

As a consequence, suppose that 7 is a-strongly log-concave. By the Bakry—Emery theorem
(Theorem 1.2.30),  satisfies a Poincaré inequality with C§,2 = Cp < 1/a. By reversing the hierarchy,
we see that this implies a Cheeger isoperimetric inequality.

Corollary 2.4.23. If © € P(R?) is a-strongly log-concave, then r satisfies a Cheeger isoperi-
metric inequality with constant Ch < 1/+/a.
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The proof of Milman’s theorem will require some preparations. The first fact that we need is a
deep result in its own right. Typically it is proven with geometric measure theory by studying the
isoperimetric problem, and we omit the proof.

Theorem 2.4.24. If n is log-concave, then its isoperimetric profile 1, is concave.

The isoperimetric profile satisfies 7, (0) = 0, and it is symmetric around %, so it suffices to consider
p € [0, %]. By concavity,

1
L(p) > Li(35) p- (2.4.25)
Hence, in order to prove Cheeger’s isoperimetric inequality, we need only find a suitable lower bound

for 7 ( %) .

The next idea is that instead of applying the L'—L* directly to an indicator function 1 4, we will
first regularize 1 4 using the Langevin semigroup (P;),., with stationary distribution &. We start with
a semigroup calculation.

Proposition 2.4.26. Assume that the Markov semigroup (P,),s is reversible and satisfies the
curvature-dimension condition CD(0, c0). Forallt > 0 and p € [2, ],

1
INTPF P oy < == Wl (2.4.27)
V2t
and
1 = Pifllwim < V2 [NT D iy - (24.28)

Proof The local reverse Poincaré inequality (2.2.19) yields

VP f P ) < v% VP

so that

1 1
— {E, P, (IfI")}'P < or N1l -

INTP P |y < 75 N

The last inequality is the dual of the p = oo case. Indeed, for g with ||g||;~(») < 1,

6,/(f—P,f)gdn'=—/P,fogdﬂz/F(f,Ptg)dn'

and hence, by the Cauchy—Schwarz inequality for the carré du champ (Exercise 1.5),

[u-rpsa=[([rorou)e< [([FTHTE P )0
<INl [ IV e g

< INTGFD s Vel [ V%dmVZHJr(f,f)IILI(,r). 0

We are now ready to prove Milman’s theorem.
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Proof of Milman’s theorem, Theorem 2.4.22 By approximating the indicator function 1, with a
smooth function and applying the inequality (2.4.28), we can justify the bound

V2 7% (A) 2 ||1a = P Lallzix) -
Next, a calculation shows that
E |1y —P, 14|l =2 {ﬂ(A) n(A°) _E[(ILA - n(A)) (P, 1a - ﬂ(A))]}
>2{n(A) w(A°) = [1a = 7(A)|lL=() 1P Ta = (A1 ()} -

<1

From the L'-L* Poincaré inequality and (2.4.27),

C],oo Cl,oo
1P 1a=m(A)lLi(n) € Creo ” VP, 14l| HLm(,r) < ﬁ LAl < E -
Hence, we have
C
V2t 1 (A) = 2 {rn(A) m(A®) — =21
{ 7
Now choose V21 = 2C} ./ (7(A) 7(A®)) to obtain
+ A 2 A 2 AC 2‘
T(A) > 5 (A r(A%)

This inequality is not fully satisfactory, but if we take 7(A) = % then we deduce from this that
],r(%) > 1/(32C) ), and from (2.4.25) we conclude. |

2.4.5 Gaussian Isoperimetry

The Cheeger isoperimetric inequality asserts that for small p, 7,(p) = p. On the other hand,
one can check that the Gaussian isoperimetric profile 7,,(p) = ¢(®~'(p)) has the asymptotics
1,,(p) ~ py2log(1/p) as p \, 0.

As with the Cheeger isoperimetric inequality, isoperimetry of Gaussian type can also be captured
via a functional inequality. The following result is due to Bobkov (1997).

Theorem 2.4.29 (Gaussian isoperimetry, functional form). Suppose that x € P (R?) is a-strongly
log-concave for some a > 0. Then, for all f : R? — [0, 1],

Va I, (B f) < BExnJa L, (/) +T(f, f) . (2.4.30)

As this formulation suggests, Theorem 2.4.29 has a proof via Markov semigroup theory, for which
we refer readers to Bakry et al. (2014, Section 8.5.2). By converting the functional inequality back
into an isoperimetric statement, one can deduce the following comparison theorem.

Theorem 2.4.31 (Gaussian isoperimetry comparison theorem). Suppose that the measure
n € P(RY) is a-strongly log-concave for some a > 0. Then,

'Z-” > vajyzl *
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We explore these results further in the exercises.

2.5 Riemannian Manifolds

In this section, we revisit the curvature-dimension condition. As we hinted at in Section 2.2.1, the
commutation relation which underlies the curvature-dimension condition captures the underlying
curvature of both the ambient space and the measure. To aid the reader who is unfamiliar with
Riemannian geometry, we will provide a brief review of the main concepts. In this section, we shall
omit many of the proofs, as the goal is simply to acquaint the reader with the general picture in a
geometric context.

2.5.1 Riemannian Geometry

Basic concepts.

We recall some of the definitions from Section 1.3.2. A Riemannian manifold M is a space which is
locally homeomorphic to a Euclidean space, such that at every point p € M there is an associated
vector space T, M, called the tangent space to M at p, equipped with an inner product -, -),,. The
tangent space T, M represents the velocities of all curves passing through p. We can collect together
the different tangent spaces into a single object called the tangent bundle,

™ = U ({p} xT,M).

peM

The Riemannian metric p +— (, ), is required to be smooth in a suitable sense.

A smooth function f : M — R has a differential df : TM — R, defined as follows. Given a point
p € M and a tangent vector v € T, M, let (p,),cr be a curve on M with p, = p and with velocity v
at time 0. Then, (df),v = |;=0f (p:). One can check that this definition does not depend on the
choice of curve (p,),cr and that (df), is a linear function on 7;, M. Note that the differential can be
defined on any manifold, even if it does not have a Riemannian structure, but (df) » 1s not an element
of T, it is an element of the dual space 7, M, called the cotangent space. The Riemannian metric
allows us to identify (df), with an element of 7),M: there is a unique vector V f(p) € T, M such that
for all v € T, M, it holds that (df),v = (Vf(p),v),. The vector V f(p) is called the gradient of f at
p. The gradient depends on the choice of the metric, and we can then define the gradient flow of f to
be a curve (p,),s, such that the velocity p, of the curve equals —V f(p,) forall 7 > 0.

We pause to give a simple example. Suppose that M = R¢, and we pick a smooth mapping
p +— A, where A, is a positive definite d X d matrix for each p € R. This induces a Riemannian
metric via (u,v), = (u, A, v), where (-, -) (without a subscript) denotes the usual Euclidean inner
product. If (p;), .z is a smooth curve in R? and its usual time derivative is (p,),.g, then we know
that 9, f (p;) = (Vf(p:),p:) = (A,;r1 Vf(p:), P:)p,- Hence, the manifold gradient Vo, f is given by
Ve f(p) = Al‘,l Vf, where Vf is the Euclidean gradient. When A, = V?¢(p) is obtained as the
Hessian of a mapping ¢, then M is called a Hessian manifold.

A vector field on M is a mapping X : M — TM such that X(p) € T,M for all p € M.” A single
vector v € T, M can be thought of as a differential operator; for f € C*(M), we can define the
action of v on f via v(f) := (df),v. Similarly, a vector field X acts on f and produces a function

3> Geometers would write that X is a section of the tangent bundle.
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Xf:M — R, defined by X f(p) = X(p)f for all p € M. For example, on R¢, a vector field can be
identified with a mapping RY — R, and it differentiates functions via X f(p) = (V£(p), X(p)).

We would also like to differentiate vector fields along other vector fields, and there are two main
ways of doing so. The first is called the Lie derivative, and it can be defined on any smooth manifold
without the need for a Riemannian metric, and is consequently less important for our discussion. The
second is the Levi—-Civita connection, which given vector fields X and Y, outputs another vector
field VY. This connection is characterized by various properties, including compatibility with the
Riemannian metric: for all vector fields X, Y, and Z, we have the chain rule

Z(X,Y) = (V,X,Y) + (X, V,Y). (2.5.1)

Here, the vector field Z is differentiating the scalar function p +— (X(p),Y(p)),. Since we do
not aim to perform many Riemannian calculations here, we omit most of the other properties for
simplicity. However, we mention one key fact, which is that for any smooth function f, it holds that
VixY = fVxY, where fX is the vector field (fX)(p) = f(p) X(p). This property implies that the
mapping (X,Y) + VxY is tensorial in its first argument, that is, (VxY)(p) only depends on the value
X(p) of X at p.

The tensorial property of the Levi—Civita connection allows us to compute the derivative of a vector
field Y along a curve ¢ : R — M. Namely, for ¢ € R, we can define D Y () := (V) Y)(c(?)), which
makes sense because we can extend ¢ to a vector field X on M and deduce that (VxY)(c(¢)) only
depends on X (c(¢)) = ¢(¢) (and not on the choice of extension X). Then, D_.Y is called the covariant
derivative of Y along the curve c. From there, we can define the parallel transport of a vector
vo € Te0yM along the curve ¢ to be the unique vector field (v(t)), . defined along the curve ¢ with
v(0) = v¢ such that the covariant derivative vanishes: D.v = 0. The parallel transport is a canonical
way of identifying two different tangent spaces on M. Due to compatibility with the metric, it has the
property that if ¢(0) = p, ¢(1) = ¢, and P.v € T,M denotes the parallel transport of v € T,M along
¢ for time 1, then P, : T,M — T, M is an isometry.

We already have seen the idea of a length-minimizing curve, or a geodesic. Recall that the
Riemannian metric induces a distance on M via

1
d(p.q) =int{ [ 1500 0t [0 = p. y() =g}

If there is a minimizing constant-speed curve 7 in this variational problem, we say that y is a geodesic
joining p and ¢g. By taking the first variation of this problem, one shows that a necessary condition for
v to be a geodesic is for the covariant derivative of its velocity to vanish: D,y = 0. We will write this,
however, with the more familiar notation ¥ = 0, which in Euclidean space means that there is zero
acceleration (and hence Euclidean geodesics are straight lines). The converse is not true; if = 0, it
does not imply that y must be a shortest path between its endpoints (but it means that 7y is locally a
shortest path).

If p e Mand v € T,M, then exp,,(v) is defined to be the endpoint (at time 1) of a constant-speed
geodesic emanating from p with velocity v, if such a geodesic exists. In general, the exponential
map may only be defined in a neighborhood of 0 on 7,, M. The logarithmic map is the inverse of the
exponential map: given ¢ € M, log ,(¢) is the unique vector v € T, M, if this is well-defined, such
thatexp,(v) = q.

Given a vector field X on M, the divergence of X is the function div X : M — R defined as follows:
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(div X)(p) is the trace® of the linear mapping v — (V,X)(p) on T, M. Also, f € C*(M), we define
the Hessian of f at p to be the bilinear mapping V2 f(p) : T,M x T,M — R given by

V2 (p)v,wl = (V,Vf(p),w), .

Even though we have not given all of the definitions precisely, we will now work through one
example to give the reader the flavor of the computations. Suppose that (p;),.z is a curve on M;
then we know that 6, f(p;) = (Vf(p:), p:)p,- If g(p) == (Vf(p),P),, then by definition we have
02 f(p:) = p:(g)(p:). By compatibility of the Levi-Civita connection with the metric (2.5.1), this
equals (V, V(pe). Pe)p. +{Vf(Pr): Vs, Pe)p, - The first term is V2 £ (p, ) [ p,, p.]. For the second term,
if p is a geodesic, then the term V, p, vanishes. This shows that it is convenient to pick geodesic
curves when computing Hessians.’

For f € C®(M), the Laplacian of f is the function Af : M — R defined by Af := tr V> f. In the
Riemannian setting, A is usually called the Laplace-Beltrami operator. The Riemannian metric
induces a volume measure, which we always denote via m. Throughout, when we abuse notation to
refer to the density of an absolutely continuous measure u € (M), we always refer to the density
w.r.t. the volume measure, i.e., g—T’;. We have the integration by parts formula

/Afgdm :/ngdm = —/(Vf,Vg)dm,
provided that there are no boundary terms.

Curvature.

For a two-dimensional surface, it is easier to define the notion of curvature: one has the Gaussian
curvature, which associates to each point p € M a single number K (p) € R. It is the product of the
two principal curvatures at p. The celebrated Theorema Egregium (“remarkable theorem™) of Gauss
asserts that the Gaussian curvature is unchanged under local isometries, i.e., the Gaussian curvature is
intrinsic to the surface. (In contrast, there are other extrinsic notions of curvature, such as the mean
curvature, which rely on the embedding of the manifold in Euclidean space.)

In higher dimensions, we are not so fortunate and it requires much more geometric information to
fully capture the idea of curvature. In fact, at each point p € M, we associate to it a 4-tensor, called
the Riemann curvature tensor. It is defined as follows: given vector fields W, X, Y, and Z,

Riem(W, X,Y, Z) = <vawY - VWVXY + V[W,X]Y’ Z) .

Here, [W, X] is the Lie bracket of W and X, which is the vector field U defined as the commutator:
Uf =WXf - XWf. This tensor is obviously an unwieldy object. Nevertheless, we may begin to
get a handle on it by observing that at its core, it measures the lack of commutativity of certain
differential operators, which we stated was the basis for curvature in Section 2.2.1. On Euclidean
space, it vanishes: Riem = 0. Also, the Riemann curvature tensor is fully determined by the sectional

SThe trace is defined as usual, namely if A is a linear mapping on T, M, then after choosing an arbitrary orthonormal
basis ey, ..., eq of T, M (w.r.t. the Riemannian metric), we have tr A = Z[d:l (ei,Aei)p.

"When computing first-order derivatives, it is only important that the first-order behavior of the curve is correct (i.e.,
the curve has the correct tangent vector). When computing second-order derivatives, it should come at no surprise that the
second-order behavior of the curve begins to matter.

Incidentally, if V£ (p;) =0, i.e., we are at a stationary point, then the second term vanishes regardless of the curve p.
Hence, the Hessian of f can be defined on any smooth manifold without the need for a Riemannian metric, provided that we
restrict ourselves to stationary points of f. This observation is used heavily in Morse theory.
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curvatures of M: given a two-dimensional subspace S of T,,M, the sectional curvature of S can be
defined as the Gaussian curvature of the two-dimensional surface obtained by following geodesics
with directions in S. Thus, we can view the Riemann curvature tensor as collecting together all of the
curvature information from two-dimensional slices.

Luckily, the Riemann curvature tensor contains information that is too detailed for our purposes.
With an eye towards probabilistic applications, we focus mainly on properties such as the distortion of
volumes of balls along geodesics, which only requires looking at certain averages of the Riemann
curvature. More specifically, for u,v € T, M, let

Ric, (u,v) = tr Riem(u, -, v,-).

The tensor Ric is called the Ricci curvature tensor. It is a powerful fact that many useful geometric
and probabilistic consequences, such as diameter bounds and functional inequalities, are consequences
of lower bounds on the Ricci curvature.

We also mention that one can further take the trace of the Ricci curvature tensor to arrive at a single
scalar function, known as the scalar curvature, but we shall not use it in this book.

Diffusions on manifolds.

Recall that on R, the generator of the standard Brownian motion is % A, where A is the Laplacian
operator. On a manifold M, we define standard Brownian motion (B,), to be the unique M-valued
stochastic process with generator % A, where A is now the Laplace-Beltrami operator. This means that
for all smooth functions f : M — R, we require t — f(B;) — f(Bo) — 0’ % Af(By) ds to be a local
martingale; see Hsu (2002).

More generally, a stochastic process (Z, ), has generator Z if for all smooth functions f : M — R,
the process t — f(Z;,) — f(Zy) — /Ot Zf(Zy)ds is a local martingale. When the generator is
ZLf=Af—-(VV,Vf) for a smooth function V : M — R, this corresponds to a Langevin diffusion
on the manifold. We informally write dZ; = —-VV(Z;) dt + V2dB,, although the “+” symbol has to be
interpreted carefully. Under some assumptions, the stationary distribution 7 of the Langevin diffusion
has density 7 oc exp(—V) w.r.t. the volume measure m.

Under appropriate assumptions on VV, the existence and uniqueness of the diffusion process on
the manifold can be proven, e.g., via embedding the manifold in Euclidean space and using similar
arguments as in Section 1.1.3.

Optimal transport on Riemannian manifolds.

We conclude this section by discussing how the optimal transport problem can be generalized to
Riemannian manifolds. Recall from Exercise 1.10 that the optimal transport problem can be posed
with other costs; in particular, we take the cost to be c(x,y) = d(x, y)?, where d is the distance
induced by the Riemannian metric. Suppose, for simplicity, that M is compact and that y is absolutely
continuous (w.r.t. the volume measure). Then, there is a unique optimal transport map 7" from y to v,
which is of the form T'(x) = exp, (V¢ (x)), where —¢ is d*/2-concave.

Moreover, there is a formal Riemannian structure on %, ,.(M). We can formally define the tangent
space at u to be

L2 (p)

T3 P20c(M) = A{Vy |y e C>(M)}

equipped with the norm |[Vy/ ||, == 4/ / [IVy]|2 du. Also, curves of measures are again characterized
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by the continuity equation
Orpty + div(y,vy) =0,

where the equation is to be interpreted in a weak sense: for any test function ¢ € C* (M), for a.e. t, it

holds that
Oy / pdu, = /(V(p,v,>d/,l, .

In short, aside from new technicalities introduced in the Riemannian setting (such as the presence
of a cut locus®), most of the facts familiar to us from the Euclidean setting continue to hold when
generalized appropriately. We refer to Villani (2009b) for more details.

2.5.2 Geometry of Markov Semigroups

We now indicate how Markov semigroup proofs can be extended to the setting of a weighted
Riemannian manifold M with a reference measure 7 which admits a density 7 « exp(—V) w.r.t. the
volume measure .

Consider the Langevin diffusion on M with generator & given by

ZLf=Af-(VV,Vf).
As before, we can compute the carré du champ to be

TN =IVAIP.

For the iterated carré du champ,
D (f. f) = % {ZUIVFIP) = 2(V £, VL )}
= % {AUIFIP) = 2V F, VALY } + (V£ VPV V).

Unlike in Section 2.2.1, however, we now have to apply the Bochner identity

%A(IIVfIIZ) = (VL. VAS) + IV fliis + Ric(V £,V f) (25.2)
which shows that
L(f, f) = IV flls + (Y f> (Ric + V2V) V).

Observe that in this formula, the curvature of the ambient space and the curvature of the measure
are placed on an equal footing through the tensor Ric + V?V. If Ric + V2V > a, in the sense that
Ric(X, X)+(X, V>V X) > a || X||? for any vector field X on M, then the curvature-dimension condition
I; > oI holds. Since the proof of the Bakry—Emery theorem (Theorem 1.2.30) only relied on the
CD(a, o) condition (together with calculus rules for the Markov semigroup, such as the chain rule),
the theorem continues to hold in the setting of weighted Riemannian manifolds.

Actually, we can refine the condition further as follows. If dim M = d, then

1 1
192 fllis > 5 (WV°f)" = = (Af)*.

8Loosely speaking, the presence of a cut locus means that there are multiple minimizing geodesics connecting two points.
Think for instance of the two poles of a sphere.
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This observation motivates the following definition.

Definition 2.5.3. A Markov semigroup is said to satisfy the curvature-dimension condition
with curvature lower bound @ and dimension bound d, denoted CD(«, d), if for all functions f,

1
D(f,f) 2 aT(f, ) + 5 (Zf). (2.5.4)

As the name suggests, the following theorem holds.

Theorem 2.5.5. Let M be a complete Riemannian manifold with volume measure m, and let
a >0, d > 1. Consider the Markov semigroup associated with standard Brownian motion on M.
Then, the following two statements are equivalent.

1 CD(a, d) holds.
2 Ric > @ and dimM < d.

As an example, one can show that the unit sphere S¢ satisfies Ric = d — 1, so that the CD(d — 1, d)
condition holds. Then, using the Bakry—Emery theorem (Theorem 1.2.30), or by using Markov
semigroup calculus to prove that the curvature-dimension condition implies Bobkov’s functional form
of the Gaussian isoperimetric inequality (Theorem 2.4.29; see Bakry et al., 2014, Corollary 8.5.4),
one can now deduce results such as concentration on the sphere (Theorem 2.4.6).

Besides providing an abstract framework for deriving functional inequalities, it is worth noting
that the condition (2.5.4) no longer makes any mention of the ambient space except through the
Markov semigroup (P, ), and its associated operators &, I, and I';. This has led to a line of research
investigating to what extent we can study the intrinsic geometry intrinsic associated with a Markov
semigroup. Although we do not survey the literature here, we show one illustrative example to give
the flavor of the results. First, one shows that the CD(«, d) condition implies a Sobolev inequality.

Theorem 2.5.6 (Sobolev inequality). Consider a diffusion Markov semigroup satisfying the

CD(a, d) condition for some a > 0 and d > 2. Then, for all p € [1, %] and all functions f,

—{(f sran) [ pan < L e pan @57)

From this Sobolev inequality, one can then deduce a diameter bound for the Markov semigroup.
Here, the diameter is defined as follows:

diam((P;),5o) = sup{7-ess sup 1f @) = FO T, Allem < 1}
X,y€

Theorem 2.5.8 (Diameter bound). Suppose that the Markov semigroup (P,),s, satisfies the
Sobolev inequality (2.5.7). Then,

diam((P;),5¢) < 7 %.
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The diameter bound is sharp, as it is attained by the sphere, and together with Theorem 2.5.6 it
recovers the classical Bonnet—-Myers diameter bound from Riemannian geometry. Other geometric
results obtained in this fashion include volume growth comparison results and heat kernel bounds.

2.5.3 Displacement Convexity of Entropy

The other perspective with which we can encode geometry is the optimal transport perspective.
Namely, in Section 1.4, we informally argued that in the Euclidean context, the a-strong convexity of
the KL divergence KL(- || 7) on (P> (R%), W,) is equivalent to the a-strong convexity of the potential
V. At this stage, it is a perhaps expected, although still remarkable, fact that on a general weighted
Riemannian manifold M, the a-strong convexity of KL(- || 7r) on (£>(M), W,) is equivalent to the
CD(a, ) condition, which in turn is equivalent to Ric + V2V > a.

Theorem 2.5.9. Let M be a Riemannian manifold and let 1 «< exp(=V) be a density w.r.t. the
volume measure. Then, the following are equivalent:

1 It holds that Ric + V*V > a.
2 For all measures o, py € P2(X), there exists a constant-speed geodesic ({1;),c(o.11 Joining po
to uy such that for all t € [0, 1],

at(l—1t)

KL [l ) < (1 =) KL(po [l ) + KL (1 || ) - —

Wi (po. ). (2.5.10)

A key observation is that the condition (2.5.10) still makes sense when we replace M with a space
that admits a notion of geodesics, i.e., there is no need for a smooth structure a priori. Similarly, there
are ways to to formulate the general CD(«, d) condition via displacement convexity, but they are
considerably more complicated, and we omit them for simplicity. This observation is the starting place
for the influential Lott-Sturm-Villani theory of synthetic Ricci curvature lower bounds (Sturm,
2006a,b; Lott and Villani, 2009). See the supplement for further context and details.

2.6 Discrete Space and Time

Up until this point, we have been focusing on continuous-time Markov processes on a continuous state
space. In this section, we give a few pointers on what may break down in discrete space or discrete
time. Our treatment here is far from comprehensive.

Discrete space.

For Markov processes on a discrete space space, we can still define the Markov semigroup, generator,
carré du champ, and Dirichlet form. The main difference is that the carré du champ is now a finite
difference operator, rather than a differential operator, and consequently it fails to satisfy a chain rule.

Crucially, this difference manifests itself for the log-Sobolev inequality, which we have written in
this chapter as

ent,(f%) <2C&(f,f)  forall f. (2.6.1)

On the other hand, recall from Theorem 1.2.26 (which still holds for discrete state spaces) that the
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exponential decay of the KL divergence is equivalent to the inequality

ent,(f) < %%(f,logf) forall f > 0. (2.6.2)

When the carré du champ satisfies a chain rule, then (2.6.1) and (2.6.2) are equivalent, but in general
the first inequality (2.6.1) is strictly stronger.

Lemma 2.6.3. The inequality (2.6.1) implies inequality (2.6.2).

See Exercise 2.22. The first inequality (2.6.1) is often simply called the log Sobolev inequality,
whereas the second inequality (2.6.2) is called a modified log-Sobolev inequality (MLSI). In many
cases, the log-Sobolev inequality is too strong in that it does not hold with a good constant C; hence,
the modified log-Sobolev inequality is often the more appropriate inequality for the discrete setting.

Discrete time.

Similarly, for discrete-time Markov chains we can no longer use semigroup calculus, although the basic
principles of Poincaré inequalities (spectral gap inequalities) and modified log-Sobolev inequalities
can be adapted to this setting. In addition, there are new techniques based on the notion of conductance.
As we shall need to study discrete-time Markov chains in detail for sampling algorithms, we defer a
fuller discussion of this theory to Chapter 7.

Discrete curvature.

Inspired by the geometric connections in Section 2.5, many researchers have attempted to define
notions of curvature on discrete spaces. We do not attempt to survey this literature here, but we give a
few pointers to the literature.

Ollivier (Ollivier, 2007, 2009) introduced the following notion of curvature.

Definition 2.6.4. A metric space (X, d) equipped with a Markov kernel P is said to have coarse
Ricci curvature bounded below by « € [0, 1] if for all x, y € X,

Wi (P(x,),P(y,")) < (1-k)d(x,y). (2.6.5)

In other words, the Markov chain with kernel P is a W, contraction. The definition is motivated by
the following observation: on a d-dimensional Riemannian manifold with Ric > «, let P(x, -) be the
uniform measure on B(x, £). Then, provided that d(x, y) = O(¢&), it holds that

ae?

Wi(P(x,-), P(y,")) < (1 T3+

+0(eY))d(x.).

A lower bound on the coarse Ricci curvature is often too strong of an assumption for the purpose
of studying mixing times of Markov chains, although there are refinements in Ollivier (2007, 2009).
However, when a lower bound on the coarse Ricci curvature holds, then it implies a number of useful
consequences, such as concentration estimates and functional inequalities. We mention the following
result in particular (Exercise 2.24).



2.6 Discrete Space and Time 85

Theorem 2.6.6 (Ollivier (2009)). Suppose that P is a reversible Markov kernel on a metric
space (X, d), and that P has coarse Ricci curvature bounded below by k. Then, P satisfies a
Poincaré inequality with constant at most 1/«.

Refer to Chapter 7 for a precise definition of the Poincaré inequality used here.

Other approaches for studying the curvature of discrete Markov processes include: studying the dis-
placement convexity of entropy (using different interpolating curves rather than W, geodesics) (Ollivier
and Villani, 2012; Gozlan et al., 2014; Léonard, 2017); using ideas from Bakry—Emery theory (Klartag
et al., 2016; Fathi and Shu, 2018); and defining a modified W, distance for which the Markov process
becomes a gradient flow of the KL divergence (Maas, 201 1; Erbar and Maas, 2012; Mielke, 2013).

We emphasize that although we only described the coarse Ricci curvature approach in any detail,
there is not a single approach which supersedes the others in the discrete setting. Each approach has
its own merits and shortcomings.

Bibliographical Notes

The monographs Bakry et al. (2014); van Handel (2016) are excellent sources to learn more about
Markov semigroup theory.

The Monge—Ampere equation introduced in Exercise 2.1, being a fully non-linear PDE, is
notoriously difficult to study. See Villani (2003, Chapter 4) for an overview of rigorous results on
the Monge—Ampere equation, including the celebrated regularity theory of Caffarelli. The proofs
of Proposition 2.1.1 and Exercise 2.3 are taken from Cordero-Erausquin (2017). One might wonder
whether a “log-Sobolev” version of the Brascamp-Lieb inequality holds, but the answer is unfortunately
negative (Bobkov and Ledoux, 2000).

The general idea used in the proof of Lemma 2.2.7 is attributed to Hormander (2007). In the proof
of Lemma 2.2.7, we assumed the solvability of the Poisson equation; this can be avoided via a density
argument, see Cordero-Erausquin et al. (2004); Barthe and Cordero-Erausquin (2013). The proof of
the dimensional Brascamp-Lieb inequality in Exercise 2.4 is taken from the paper Bolley et al. (2018),
and Exercise 2.5 is from Helffer and Sjostrand (1994). The bound on var,, V obtained in the exercise
was used in Chewi (2021) to show that the entropic barrier is an optimal self-concordant barrier.
Finally, we caution the reader that the Brascamp-Lieb inequality in Theorem 2.2.9 should not be
confused with another family of inequalities, which are unfortunately also known as Brascamp-Lieb
inequalities, described in, e.g., Villani (2003, Section 6.3).

The convergence in Rényi divergence of the Langevin diffusion was obtained earlier, under stronger
assumptions in Cao et al. (2019). A natural question to ask is whether there are functional inequalities
that interpolate between the Poincaré and log-Sobolev inequalities, which imply intermediate rates of
convergence for the Langevin diffusion. One answer is given by the family of Latala—Oleszkiewicz
inequalities (LOI) (Latala and Oleszkiewicz, 2000). The convergence of the Langevin diffusion
under an LO inequality is given in Chewi et al. (2024a). One can also consider variants of Sobolev
inequalities (Chafai, 2004).

For further works investigating functional inequalities in the low temperature regime, see Kinoshita
and Suzuki (2022); Li and Erdogdu (2023); Chen and Sridharan (2025); Gong et al. (2025).

The Prékopa—Leindler inequality given in Exercise 2.10 can be used to deduce other functional
inequalities, such as the log-Sobolev inequality and the Bregman transport inequality; see Bobkov and
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Ledoux (2000); Gentil (2008). It was subsequently generalized to Riemannian manifolds in Cordero-
Erausquin et al. (2001).

The tightening lemma (Lemma 2.3.12) is usually proven via the Rothaus lemma (Rothaus, 1985);
the sharper form stated in the lemma is due to Wang (2024). Exercise 2.13 essentially contains the
main results of Chen et al. (2021a) (actually the paper assumes a slightly weaker condition than (2.E.3),
namely that the p-th moment of the chi-squared divergence is bounded for some p > 1, but this is
handled with the same arguments as in Exercise 2.13).

There are many treatments on concentration of measure, e.g., Ledoux (2001); Boucheron et al.
(2013); Bakry et al. (2014); van Handel (2016); Vershynin (2018). The monographs Bobkov and
Houdré (1997); Ledoux (2001); Bakry et al. (2014) are excellent sources to learn about isoperimetry.
The exposition of the functional form of Cheeger’s inequality (Theorem 2.4.18) as well as Milman’s
theorem (Theorem 2.4.22) were inspired by the treatment in Alonso-Gutiérrez and Bastero (2015).
It would be hard to survey the various developments on this subject here, but we would like to
mention a few nice additions to the story. First, as we saw in Theorem 2.4.18 and Proposition 2.4.21,
isoperimetric inequalities are typically stronger than their functional inequality counterparts, and often
strictly so. In order to obtain inequalities involving sets which are equivalent to, say, the Poincaré and
log-Sobolev inequalities, one should turn towards measure capacity inequalities, for which we refer
the reader to Bakry et al. (2014, Chapter 8). Also, more refined “two-level” isoperimetric inequalities
have been pioneered in Talagrand (1991), which has applications in its own right.

From Exercise 2.14, the Harnack inequality was first established in Wang (1997), and the log-
Harnack inequality proof is from Bobkov et al. (2001). These inequalities are variants of parabolic
Harnack inequalities from the PDE literature, and they are notable for holding with dimension-free
constants. Moreover, whereas parabolic Harnack inequalities typically compare the semigroup at two
different times, the inequalities from Exercise 2.14 avoids this by considering the commutation of the
Markov semigroup with strictly convex functions such as the power function (-)”. There is a huge
literature on these inequalities which we cannot survey here, but we refer to F.-Y. Wang’s monographs
for details (Wang, 2013, 2014). The convexity principle is taken from Altschuler and Chewi (2024b),
which also contains further discussion. Further proofs of the inequalities in Exercise 2.16 are given
as Exercise 3.4 and Exercise 4.6.

The Gaussian isoperimetric inequality is due to Sudakov and Cirel’son (1974) and Borell (1975). It
has since been extended and refined in various ways, e.g., in the context of noise stability (Borell,
1985; Isaksson and Mossel, 2012; Eldan, 2015; Mossel and Neeman, 2015; Kindler et al., 2018).

Section 2.5 draws upon many resources, which we list here: do Carmo (1992) for Riemannian
geometry; Hsu (2002) for diffusions on manifolds; Villani (2009b) for optimal transport on manifolds,
including synthetic Ricci curvature lower bounds; and Ledoux (2000); Bakry et al. (2014) for the
geometry of Markov semigroups. The curvature-dimension condition and its equivalences have been
explored in a vast number of works, e.g., Sturm (2006a,b); Lott and Villani (2009); Wang (2011).

Exercises

Overview of the Inequalities

> Exercise 2.1 (Linearization of the Monge—Ampere equation)
In general, when u, v € P, ,.(R¢) have smooth densities and V¢ denotes the optimal transport map
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from p to v, then from the change of variables formula we expect

J7
voVyp

=det V.

This is known as the Monge—Ampere equation. It is a non-linear PDE in the variable ¢, which
is a convex function (by Brenier’s theorem, Theorem 1.3.8). In this exercise, we linearize the
Monge—Ampere equation to gain insight into the infinitesimal behavior of optimal transport.

Let u be a probability measure on R with a smooth density, and let f € C°(R?) satisfy f fdu=0.
Let u. == (1 +&f)u, and let Vo, denote the optimal transport map from u to u.. Assuming
that ¢ (x) = @ + eu(x) + o(g) for some function u : R — R, perform an expansion of the
Monge—-Ampere equation in € and argue that u satisfies the following linear PDE, known as the
Poisson equation:

1
~Zu=f, where  Zu:=Au-(Vleg—,Vu).
y7i

Note that £ is the generator of the Langevin diffusion with stationary distribution u (see Example 1.2.4).
Use this to formally argue that

tim =5 W (1+e)) = [1ulPdn= [u-2yutu= [ 120" rau.

Here, [|[Vul?du = [u(-Z)udu is the squared Sobolev norm ||u||i1,(m, where the dot is
fql(ﬂ) = “””?,2(,1) + ”“”21(,4)' Similarly,
f f(=2)7" fdu is the squared inverse Sobolev norm || f ||il Therefore, the linearization result
shows that W3 (i, v) ~ |l — V||i]’l(y) as v — [
Using the linearization (1.E.1) of the KL divergence from Exercise 1.7, deduce that the T,(C)
inequality implies

used to distinguish this from the usual Sobolev norm ||u||

)"

c [ ras [ 1z s

In light of the spectral gap interpretation of the Poincaré inequality, why does the above inequality
suggest that T,(C) implies PI(C)?

The astute reader should also work out how the Poisson equation can be obtained starting with the
continuity equation (1.3.18).

Proofs via Markov Semigroup Theory

> Exercise 2.2 (Curvature-dimension condition)
Verify the commutation identity (2.2.4) and the formula (2.2.5) for the iterated carré du champ.

> Exercise 2.3 (Bregman transport inequality)
Let Vg denote the optimal transport map from 7 to u, so that the Monge—Ampere equation holds
(see Exercise 2.1):

=detV?p.

pHoVe
Take logarithms of both sides of this equation and integrate w.r.t. & to prove the Bregman transport
inequality (Theorem 2.2.12). Then, by applying Proposition 2.1.1, give another proof of the Brascamp-
Lieb inequality (Theorem 2.2.9).
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> Exercise 2.4 (Dimensional improvement of the Brascamp-Lieb inequality)

In finite-dimensional space, one can improve upon the Brascamp-Lieb inequality (Theorem 2.2.9) by
subtracting a non-negative term from the right-hand side. There are different ways to do this, but in
this exercise we explore an approach which utilizes the extra term ||V?u/||% in the iterated carré du
champ operator.

1 Letm o« exp(—V), where as before we assume that V is twice continuously differentiable and strictly
convex. Let f satisfy E,; f = 0, and consider another function u (not necessarily the solution to
—-Zu = f). Show that

Ex[f?] Exl(f +Zu)) + E(Vf, (V}V)"' V) = Ex [ V2ullgs] -
2 Prove that E [||V2ul%s] > d' (E Au)®, and that
ExAu=cov.(f,V)-E.[(f+Zu)V].

3 Choose u to solve —ZLu = f+ A (V —E, V) for some A > 0 and substitute this into the previous
parts. Optimize over A and prove that

2
var, f <E(Vf,(V?V)"'Vf) - % '

4 In particular, deduce that

dE(VV, (V2V)" V)
d+E.(VV,(V2V)-lvy) =

var, V <

> Exercise 2.5 (Helffer—Sjostrand identity)
Let £ denote the generator corresponding to 7 o exp(=V), V>V > 0. Heuristically derive the
following identity: for all f,g : RY - R,

cova(f,8) = Ex(Vf, (=% +V?V)™! Vg).

Note that since —Z > 0, this implies the Brascamp-Lieb inequality (Theorem 2.2.9)!

Hint: Let (-)* denote the adjoint in L2(r). It suffices to prove that V* (=% + V2V) ™' V is the
orthogonal projection onto 1+. Suppose that L?(rr) admits a basis of eigenfunctions for —%, and let
u : RY — R be such an eigenfunction with —Zu = Au, A > 0. Study the effect of the operator on u,
recalling (1.2.18) and (2.2.4).

> Exercise 2.6 (Local Poincaré inequality)
In Theorem 2.2.17, prove that CD(«, co) implies (2.2.19), and that a Taylor expansion of either (2.2.18)
or (2.2.19) implies back CD(a, ).

Hint: To establish (2.2.19), use (2.2.20).

> Exercise 2.7 (Diffusion chain rule)
Verify the equivalence between (2.2.14) and (2.2.15).

> Exercise 2.8 (Monotonicity of Rényi divergences in the order)
Prove thatfor 1 < ¢ < ¢’ < oo, R, < Ry

> Exercise 2.9 (Hypercontractivity)
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Let (P,),s, be a Markov semigroup with stationary distribution 7, and let @ > 0. Assume that the
semigroup either satisfies the diffusion chain rule, or that it is reversible. Show that the log-Sobolev
inequality in the form

ent,(f*) < 2Cis1 E(f, f)

for all f is equivalent to the following hypercontractivity statement: for all functions f, ¢t > 0, and
p=1,ifweset p(t) =1+ (p—1)exp(2t/CLs), then

1P fllro () < IS

This is a strengthening of the fact that the semigroup is a contraction on any L? () space and shows
that in fact the semigroup maps L? () into L” () for some p’ > p.

Hint: Differentiate t +— log||P; f|lrw (r). In the case where the semigroup is assumed to be
reversible (but does not satisfy the diffusion chain rule), one needs to show the following inequality:
for any non-negative function /# and any ¢ > 1, it holds that & (h?~', h) > 4(‘;—2—1) &(h1/?, h9/%). Show

LP(n) -

that this follows from the numerical inequality (597! — a97") (b — a) > 4(2—{]) (b472 — q4/2)? for all
0<acx<hb.

> Exercise 2.10 (Prékopa—Leindler inequality)
In this exercise, we introduce another important functional inequality, known as the Prékopa—Leindler
inequality.

1 Let m be a-strongly log-concave, let ¢ € [0, 1], and let f, g, h : R4 — R, be three functions such
that for all x, y € RY,

logh((1=1)x+1y) > (1 —1)log f(x) +logg(y) - %t(l = y|?.

Prove that
10g/hd7r> (1—t)10g/fd7r+tlog/gd7r. 2.E.1)

Hint: Let py, u, achieve equality in the Donsker—Varadhan variational principle (Theorem 1.5.7),
so that

logE, f=E, log f — KL(o || 1),
logE, g =B, logg — KL(u; [| 7).

Let u, be along the Wasserstein geodesic from pg to ;. Apply the Donsker—Varadhan principle
again, together with the assumption on f, g, & as well as strong convexity of the KL divergence, in
order to lower bound log E; 4.

2 The inequality (2.E.1) continues to hold when 7 is replaced by Lebesgue measure, if we set @ = 0 in
the assumption.” Use this to prove that if 7 is a log-concave measure over R“1*% then the marginal
n' of m on R is also log-concave.

Hint: Partition elements of R%*%2 as (x, y). Apply the Prékopa—Leindler inequality on R% with
f=n(xg,-), g =n(xy,-),and h == w((1 —t) xo + 1 x1, *).

9 For example, one could first consider the case when f, g, h are compactly supported, take 7 to be the uniform distribution
over a ball B(0, R), and take R — oo.
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3 We now aim to generalize the fact in the previous part. Suppose that 7 is a density on R%*%2 such
that (x,y) — logz(x,y) + % ((x,y),Z7" (x,y)) is concave, where

Zia Zio
2= ’ “1>0.
[22,1 22,2]

Prove that for the marginal 7! of 7 on R4*%, x - log 7! (x) + 1 (x, (£;,;) " x) is concave. (Use
the result in the previous part.)

4 Show that if 7 is a-strongly log-concave, then the convolution 7 * normal(0, t1;) is /(1 + at)-
strongly log-concave.

5 Show that the Prékopa—Leindler inequality for the Lebesgue measure is equivalent to the Brunn—
Minkowski inequality: for compact sets A, B C R¢,

vol((1 =) A+1B) > vol(A)' ™ vol(B)" . (2.E2)
By scaling A and B and choosing ¢, show that (2.E.2) can be upgraded to

vol(A + B)'4 > vol(A)"9 + vol(B)" .

Operations Preserving Functional Inequalities
> Exercise 2.11 (Variational principle for entropies)
Let ¢ : R,o — R be a convex function and let D4 denote the associated Bregman divergence
(c.f. Definition 2.2.11). For any positive random variable X with E|¢(X)| < co and any ¢ > 0, prove that
thatED 4 (X, 1) —ED4(X,EX) = D4(E X, 1), and deduce that E ¢(X) —¢(E X) = inf,0 ED 4(X, 1).
Use this to prove the variational principle for the entropy used in the proof of Holley—Stroock
perturbation (Proposition 2.3.1).

> Exercise 2.12 (Transport inequality in one dimension)
Let 7 be the standard Gaussian on R, and let u < x. In one dimension, the optimal transport map T’
from 7 to u is the monotone rearrangement that satisfies, foreachx € R, u((—c0, T(x)]) = n((—o0, x]).

1 Differentiate this relation to obtain a formula for g—’; (T(x)).

2 Substitute this into the KL divergence KL(u || ) = / log g—’]‘r(T(x)) n(dx) and use the inequality
t—1—-1logt > 0forall # > 0 in order to prove the Gaussian T, inequality in one dimension. Deduce
the Gaussian T, inequality in general dimension via a tensorization argument.

3 Can you generalize this calculation to a density 7 o exp(=V) on R?, where V is smooth and

a-strongly convex for some « > 0?

> Exercise 2.13 (Generalizing the LSI for mixtures)
In this exercise, we generalize the log-Sobolev inequality for mixtures (Proposition 2.3.14).

1 First, show that Example 2.3.15 is sharp up to universal constants as follows. Consider the case
when y = % (6_r +6,r) on R, so that uP is a mixture of two Gaussians. Construct a test function
f : R — R for the Poincaré inequality which shows that Cp;(uP) 2 R?>exp(Q(R?/c?))if R/o 2 1.

2 Next, consider the setting of Proposition 2.3.9 except that we replace the assumption (2.3.10) with
the weaker condition

Cor = ELA(Px || Px)?] < . (2.E3)



2.6 Discrete Space and Time 91

where X, X’ "% (. Now, rather than writing varEp, f = %E[UEPX f —Ep,, fI*], instead write
varEp, f = E[|Ep, f —E,p fI*]. By bounding this quantity in two different ways deduce that

varEp, f < Emin{(varp, f) x*(uP || Px), (varyp f) x*(Px || uP)}

< E\J(varp, f) x*(uP | Px) (varp ) x*(Px | uP).

Use this to prove that a Poincaré inequality holds for P, and give an upper bound on Cp (uP).
3 Now consider the setting of Proposition 2.3.14 except that we again assume the weaker condi-
tion (2.E.3). Previously, we bounded

E[Ep, (f2) log(1+x*(Px || Px))] < Bup(f2)log(1+Cy),

which relies on L'-L> duality. This time, we want to use duality between “L log L and “exp L”.
Namely, use the variational principle for the entropy (Lemma 2.3.5) to prove that for a suitable
constant C > 0 (depending on C,- ),

2E[Ep, (f*) {log(1 + x*(Px || Px)) — C}] < entEp, (f?).

Use this to prove that a log-Sobolev inequality holds for P, and give an upper bound on Cig(uP).
4 Consider Example 2.3.15 again, except instead of assuming that yu is supported on B(0, R), we
assume that g has sub-Gaussian tails:

J e B w@n wiar) <

Prove that if o > 0. for a sufficiently large implied constant, then the Gaussian mixture uP
satisfies a log-Sobolev inequality, and give an upper bound on Cig;(uP). Also, show how this can
recover the result of Example 2.3.15.

The next group of exercises introduces Harnack and reverse transport inequalities.

> Exercise 2.14 (Harnack and reverse transport inequalities)
Let P be a Markov kernel over a space X, and let x, y € X.

1 Use Donsker—Varadhan duality to show that
Pf(x) < Coglx,y) +1log P(exp f)(y) for all bounded f : X — R, (2.E.4)
if and only if
KL(6xP || 6yP) < Ciog(x,y) . (2.E.5)
2 Similarly, let p, g € (1, o0) be a pair of Holder conjugate exponents, and use duality to show that
Pf(x) < Cp(x,y) P(fP)(»)'/P forall bounded f : X — R, , (2.E.6)
if and only if

Ry (6.P || 5,P) < — - log Cy (x.) (2.E.7)
We refer to (2.E.4) as a log-Harnack inequality, (2.E.6) as a Harnack inequality, and (2.E.5)
and (2.E.7) as reverse transport inequalities.

3 Show that if (2.E.6) holds for every p > 1 with C,, = exp(%), then (2.E.4) holds with Gy, < C.
Hint: Let p — oo.
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> Exercise 2.15 (Convexity principle)
Let P be a Markov kernel over X.

1 Suppose that KL(6,P || 6,P) < p(x,y) for all x,y € X. Using the joint convexity of the KL
divergence (Theorem 1.5.6), prove that

KLl vP) <l / p(x.y) y(dx,dy) .

2 Suppose that R, (6.P || 6,P) < p(x,y) for all x,y € X. Although R, is not jointly convex for
q > 1, it is a monotonic transformation of an f-divergence. Use this to give an upper bound on
Ry (uP || vP) in terms of an optimal transport problem between u and v.

> Exercise 2.16 (Harnack inequalities via semigroup arguments)
Let (P,),, be a Markov semigroup over R?, satisfying the CD(«, ) condition with @ € R.

1 Letx,y € R and let (x, be a curve joining x to y. Differentiate P, (log P;_,f)(x,) W.r.t. s
s€[0,1]

and apply the diffusion chain rule and the gradient bound (Theorem 2.2.6). By optimizing over the
choice of curves (x;)¢(o,1» prove the log-Harnack inequality
a|lx - yII?
2 (expRat) — 1) °
By Exercise 2.14 and Exercise 2.15, it implies that for all i, v € P,(RY),
a W3 (u,v)
KL(uP; || vP,) € =—————. 2.E8
(uP || vPy) 2 (exp(2at) — 1) ( )

Note that this strengthens (1.4.12) in that it allows the second argument to be vP, for any v € P, (R?).
2 Find an analogous Markov semigroup argument to prove that

Pi(log f)(x) <log P, f(y) +

2
(P < P exp 7B BT, E9)

and hence

_aqlx—yI®

2 (expRat) — 1)

3 Here, we consider an alternative argument. Starting from the local log-Sobolev inequality in the
form (2.2.22), establish (2.E.9) by differentiating s +» 10g P,(f%)(xs), where & == 1+(p—1)s.
Argue that this reasoning can be reversed, so that (2 E.9) implies back the local log-Sobolev
inequality, and hence CD(«, o).

Rq (0P, || 64P;) < (2.E.10)

Concentration of Measure and Isoperimetry

> Exercise 2.17 (Isoperimetry on the sphere)
Prove Theorem 2.4.6 from the spherical isoperimetric inequality (Theorem 2.4.5). To do so, use the
fact that the measure of B(x, r) is

/0’ (sin@)?"' do
JAKC ™ (sin®)*"do’

or prove this fact yourself. It is also acceptable to establish a weaker bound of the form «,,(g) <
C exp(—cds?) for universal constants c, C > 0.

(B(.)C(), r))
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> Exercise 2.18 (Gaussian isoperimetry)
Consider the Gaussian isoperimetric inequality in Theorem 2.4.7.

1 In the spirit of Theorem 2.4.18, show that the functional inequality (2.4.30) is equivalent to
an isoperimetric statement. Consequently, deduce the comparison theorem (Theorem 2.4.31)
from Theorem 2.4.29.

2 Show that the functional form of the Gaussian isoperimetric inequality in (2.4.30) is preserved (up
to constants) under Lipschitz mappings (in other words, prove the analogue of Proposition 2.3.3
for (2.4.30)).

> Exercise 2.19 (Gaussian isoperimetry implies LSI)
In a similar spirit to Exercise 1.7, show that the Gaussian isoperimetric inequality (2.4.30) implies the
log-Sobolev inequality.

> Exercise 2.20 (Isoperimetry and optimal transport in dimension one)
Let u, m € P, ,.(R), and let T denote the optimal transport map from 7 to u.

1 Show that T = F, o F,, where F,, F, denote the CDFs of x and 7 respectively.

2 Use the Monge—Ampere equation (Exercise 2.1) to deduce that T is L-Lipschitz if and only if
poF, '> L-'n o F.!,ie., the isoperimetric profile of u is lower bounded by the isoperimetric
profile of 7.

3 When 7 = normal(0, 1), the existence of a Lipschitz transport map from 7 to u implies that u
satisfies a Gaussian isoperimetric inequality, by Exercise 2.18. Use the preceding part to deduce the
converse of this statement holds in dimension one. What happens when 7 is the Laplace distribution
with density 7(x) = % exp(—|x|)?

Riemannian Manifolds

> Exercise 2.21 (Lichnerowicz inequality)

Under the CD(a, d) condition (2.5.4), the spectral gap estimate for —% can be sharpened to
Anin (=) = ad/(d — 1), an estimate that is attributed to Lichnerowicz. Prove this as follows: assume
that f is such that —Zf = Af. Show that A [ T'(f, f)dr = [T(f, f)dr. Apply CD(a,d) and
deduce that A > ad/(d - 1).

Discrete Space and Time

> Exercise 2.22 (LSI implies MLSI)
Prove Lemma 2.6.3. 5 .
Hint: Prove that 4 (va — Vb) = (fa t712dr)? < (loga —logb) (a — b) forall a, b > 0.

> Exercise 2.23 (Coarse Ricci curvature on graphs)

Show that if (2.6.5) holds for all x, y € X, then W (uP, vP) < (1 — k) Wi (u, v) for all u, v € P(X).
Furthermore, show that when d is the shortest path metric on a graph, it suffices to check (2.6.5) for
neighbors, that is, for pairs (x, y) with d(x,y) = 1.

> Exercise 2.24 (Coarse Ricci curvature implies PI)
Suppose that X has bounded diameter and that P satisfies (2.6.5). Let f : X — R be Lipschitz and
satisfy f f dr = 0, where x is the stationary distribution for P. Prove that limsup,,_,, (var, P" f )<

(1 — x)*, and deduce that the operator norm of P restricted to the subspace V C L?(r) consisting of
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Lipschitz functions with zero mean is at most 1 — x. Next, using the fact that V is dense in L? (),
establish Theorem 2.6.6. (See Section 7.4 for background on discrete-time chains.)



CHAPTER 3

Additional Topics in Stochastic Analysis

In this chapter, we further expand our toolbox of stochastic analysis. Namely, we introduce Girsanov’s
theorem, which furnishes a formula for the Radon—Nikodym derivative of the laws of two SDEs w.r.t.
to each other, and we discuss the time reversal of an SDE. In order to highlight the flexibility and
power of these ideas, we then study some interesting applications, not all of which are directly relevant
to log-concave sampling but nevertheless fit within the broader themes of this book.

3.1 Quadratic Variation

We now take a more general view of the ideas that led to the construction of the Itd integral as well as
It6’s formula (Theorem 1.1.19).

Finite variation vs. quadratic variation.

As a first step toward understanding the difficulties we faced when constructing the It6 integral, we
recall the classical condition under which it is possible to integrate a continuous process (7;),¢[o.7)

. . . T . -,
against another continuous process (A;),¢[.r) to form the integral /0 1, dA,. This condition states
that the process A is of finite variation. This means that for any partition0=#, <#; <---<t, =T
of [0, T1], if we define the mesh of the partition to be

mesh(z; :i=0,1,...,n) = max |t; — t;_1],
i€[n]

then it holds that

n

lim Z IAti - Ati—1| <00,
mesh(#; : i=0,1,...,n)\,0

i=1

The above limit is called the total variation of A on [0, 7']. Under this condition, there is a signed
measure p4 such that for all ¢ € [0, T], we have ps([0,¢]) = A, — Ag. Moreover, we can define a
norm ||-||tv on the space of signed measures, called the total variation norm, for which |[g4|1v

95
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equals the total variation of A as defined above.! In this case, we can simply define the integral
-/[O,TJ n: dA, = /[0,71 n: pa(de). Note that if t +— A, is differentiable?, then the total variation of A
equals /[o,r] |A,] dt, .a_nd the integral becgmes /Lo,r_] n; .dA, = /[O’T] n:A; dt. .

Hence, the condition that A is of finite variation is enough to develop a satisfactory theory of
integration. The difficulty, however, is that Brownian motion is not of finite variation. To see this, take
t; :=iT/nfori =0,1,...,n,sothat the mesh of the partitionis 7'/n. Since B, —B,, , ~ normal(0,T/n),
we expect (heuristically) that

- [T
lim inf E |B;, — B,._,| 2 liminf n-4[/— =oc0.
n—oo n—oo n

i=] ———
=\/T/n

On the other hand, if we change the definition slightly, then we expect (heuristically) that

n
. . T
lim sup Z |B, — B, ,|* < limsup n-— < co.
n—oo = ——— n—oo n
:T/n

We say that Brownian motion has finite quadratic variation. We will show in fact that the above limit
is well-defined and non-trivial in the sense of convergence in probability.
More generally, for a process of the form

t t
X,=X0+/ b,dt+/ o, dB;, t€[0,T],
0 0

the second term is a process of finite variation (provided that f[o - |b,| dt < co almost surely), whereas
the third term requires consideration of quadratic variation.

Definition of the quadratic variation.

More formally, we have the following theorem.

Theorem 3.1.1 (Quadratic variation). Let (M,),c(o.1| be a continuous local martingale; then,
there is an a.s. unique increasing process t — [M, M), such that t — M? — [M, M), is a
continuous local martingale. Also, suppose that for each n € N*, (t; : i = 0,1,...,n) is a
partition of [0, t], with mesh tending to zero as n — co. Then,

[M,M], = lim Z (M, —M,_)>  inprobability.
i=1

n—oo

Definition 3.1.2. The process [M, M| of Theorem 3.1.1 is called the quadratic variation of M.

Note that Theorem 3.1.1 provides another interpretation of the quadratic variation: when we
compose the martingale M with the convex function ()%, then M? is no longer a martingale.” The
quadratic variation is the process that we can subtract from M? in order to make it a martingale.

Indeed, the notation ||u — v||1v for the total variation distance between u and v is in accordance with this more general
notion of a norm on the space of signed measures, up to a factor of 2 in the conventions.
21t is, however, a submartingale.
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We will not prove Theorem 3.1.1 in full generality. However, we will verify that the quadratic
variation of one-dimensional Brownian motion (B;),c( 7] is [B, Bl = T, which gives an idea of the
general result. By independence of the Brownian increments,

EHi{(Bh - Bti—l)z - (ti - ti*l)}’z] = iE[l(Bh - Bti—1)2 - (ti - ti71)|2]
i=1 i=1
< zn]E[(B,,. - B, )'1=3 Z (ti = ti1)?
i=1 i=1

< 3 mesh(t, :i=0,1,...,n)2(t,~ —ti.1) > 0.
i=1

| —
=T

Hence, Y, (B, - B,_,)* 5 Tasn — co. We also know that 7 B? — t is a martingale (see,
e.g., Exercise 1.5).

Semimartingales.

We often consider solutions to SDEs with non-zero drift coefficients, which therefore are not continuous
local martingales. To accommodate this addition, we consider the following definition.

Definition 3.1.3. A process (X;),c(o,r is called a continuous semimartingale if we can write
X = A+ M, where A is an adapted process of finite variation with Ay = 0 and M is a continuous
local martingale.

The decomposition X = A + M is then unique. Indeed, suppose that X = A + M for another finite
variation process A (with Zo = 0) and a continuous local martingale M. Then, fromA = M -M=A —A,
we deduce that A is both a continuous local martingale and a process of finite variation. Since A is of
finite variation,

Z (A, — A, )> <mesh(t;:i=0,1,...,n) Z A, = A, | >0
i=1 i=1

———
bounded as n—co

as the mesh size tends to zero. This shows that [A, A] = 0, and thus A? is a continuous local martingale.
If we knew that A> were a genuine martingale, then together with Ay = 0 it would imply that A = 0,
establishing uniqueness of the semimartingale decomposition. We omit the localization argument
required to finish the proof.

We can also define the quadratic variation of the semimartingale X as [X, X] := [M, M]. To see
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why this makes sense, observe that

(Z} (X, =X, = 3 (o, = b, )|

i=1

= (A - AL +2 YA - AL (M, - M|
i=1 i=1

which tends to zero using the same argument as in the uniqueness of the semimartingale decomposition:
finite variation processes have zero quadratic variation.

The bracket of two semimartingales.

Given two semimartingales X and Y, we define their bracket via polarization:
1
[X,Y] = 3 ([X+Y,X+Y] - [X,X]-[Y,Y]).
Equivalently, if X = Ax + Mx and Y = Ay + My are the respective decompositions, then [X, Y] =

[Myx, My]. The following theorem gives a concrete way of computing the bracket for processes driven
by Brownian motion.

Theorem 3.1.4 (Bracket of processes driven by Brownian motion). Suppose that X and Y are
R¥-valued processes with

dX, = b dt + oX dB, ,
dy, = bY dt + o) dB,,

X Y X2 Y2 .
where we assume [0.7] |65 dt, f[O,T] ||bt || dz, f[O’T.] ||o; .”HS dt, and ./['O,T] llo |l dt are all finite
almost surely. Then, X and Y are continuous semimartingales, and

[X,Y],:‘/Ot<0'f,o{)ds, fort € [0,T].

1t6’s formula revisited.

Finally, we conclude this section by revisiting 1t6’s formula (Theorem 1.1.19) using our new calculus.

Theorem 3.1.5 (It6’s formula revisited). Let X be an R¢-valued semimartingale, and write
X =(X',...,X%). Let f € C*(R?). Then, f(X) is also a semimartingale, and

d t | d t ) _
CORFEOED) [ arcaxies 3 [ aorxax.x,.

ij=1

If we interpret [ X, X] as the matrix whose (i, j)-entry is [ X", X/], then this can be written in matrix
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notation as
t 1 t 5
FOX) = f(Xo) + / (VF(X).4X,) + 5 / (VF(X,),d[X. X],) (3.1.6)
0 0

For d-dimensional standard Brownian motion (B;),c(o 7], We have [B, B], = t14, so thatd[B, B], =
1, dt and we recover the original statement of It6’s formula in Theorem 1.1.19. The point is that the
quadratic variation is a convenient way of streamlining It calculations, as it formalizes the idea that
only the Brownian motion part of a process contributes in the second-order term in Itd’s formula.

3.2 Change of Measure in Path Space

In this section, we begin to investigate measures on path space, for which it is convenient to adopt the
following canonical setup. Let (B;),c[ 7] be standard Brownian motion, and let W denote its law,
the Wiener measure. Recall that in probability theory, all of our random variables are defined on an
underlying probability space (Q, #,P). Since we can take this probability space to be whatever we
wish, as long as it is sufficiently rich, we may as well take Q = C([0, T']) to be the space of continuous
paths with & being the Borel o--algebra, equipped with the Wiener measure P = W. Then, for w € Q,
the Brownian motion at time ¢ simply becomes the evaluation functional, B; (w) = w;.

3.2.1 The Cameron—Martin Theorem

Our goal now is to understand when two measures P, Q on the path space C([0,T]) are absolutely
continuous w.r.t. each other, and if so, to write down a formula for the Radon—Nikodym derivative %.
The final result, known as Girsanov’s theorem, will be used for the analysis of sampling algorithms
later in this book, and more broadly it is an indispensable tool for stochastic analysis.

Before reaching this goal, however, it may be helpful to provide some mathematical context.
We begin with the following question. For a curve & € C([0,T]), the translation operator 7}, :
C([0,T]) — C([0,T]) is defined simply by the mapping w — w + h. What happens to the Wiener
measure under translations?

More generally, we can define the translation operator 7j, on any Banach space B, with h € 8.
If B = R? and y is the Lebesgue measure, then we know that y is invariant under translations, in
the sense that (T,),u = p for all & € R9, and that the Lebesgue measure is the unique measure
with this property up to rescaling. However, as soon as we move to infinite dimensions, a classical
result of analysis states that there is no non-trivial measure y which is invariant under translations,
i.e., infinite-dimensional Lebesgue measure does not exist. This makes it difficult to decide upon a
“canonical” reference measure for infinite-dimensional analysis.

Although invariance is impossible, we can at least ask for quasi-invariance: does there exist y such
that (7},)4u < u for all h € B? For example, the standard Gaussian measure is quasi-invariant on R?.
In infinite dimensions, the answer is still no; in particular, there is no infinite-dimensional standard
Gaussian. To understand this point more concretely, suppose that 8 = HH is actually a Hilbert space,
and let (ey) ;< be an orthonormal basis. An obvious attempt to build “the standard Gaussian measure
on H” is to take an i.i.d. sequence (&), of standard Gaussians on R, and to take u to be the law of
Dken €xex. However, since ||Zf:'=0 el = chvzo fi, standard probability theory tells us that almost
surely, this is not a convergent sum in H.

Despite this obstruction, we will now see that the Wiener measure behaves in some sense like a
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standard Gaussian measure on a Hilbert space! The theorem below begins by precisely characterizing
the set of & for which (73,),W < W.

Theorem 3.2.1 (Cameron—Martin). Let W be the Wiener measure on C([0,T]). Then, (T),),W <
W if and only if

T
heH = {h e c([0,T]) | h(0) = 0, / i(0)|1? dt < oo} . (3.2.2)
0

If this holds, then

AW () = exp / o). dor) - & / Vh(o)IP ar) (3:2.3)

Here, H is called the Cameron—Martin space associated with Brownian motion.

The Cameron—Martin theorem will be subsumed by Girsanov’s theorem, so we will not prove it
here. Instead, we will focus on its interpretation.

Interpretation of the Cameron—Martin theorem.

To interpret (3.2.3), let y denote the standard Gaussian measure on R? and let 4 € R¢. Then, on R¢,
we have the formula

d(Th)#y

() = exp(¢h, ) = 3 141

This bears a striking resemblance to (3.2.3). Namely, for iy, hy € H, let us define the inner product
(ho, hy)Yg = /()T(ho(t), hyi (1)) dt. If we interpret the stochastic integral /OT(h(t),da),> as (h, w)g,
then the density ratio in (3.2.3) behaves as if

1
AW (w) “oc” exp(—z ||w||3,) dw. (3.2.4)

The charming part about (3.2.4) is that not a single aspect of it makes any sense. We know that W-a.s.
w € Q does not even belong to H, since Brownian paths are non-differentiable (in fact, they are
Hélder continuous of any exponent less than 1/2, but no better, whereas we would require Lipschitz
continuity to have a.e. differentiability). Also, (3.2.4) tries to express the density of W, but with
respect to what measure? We have just stated that there is no “Lebesgue measure” on H.

Despite these objections, Theorem 3.2.1 is a perfectly rigorous manifestation of the intuition
that W is a standard Gaussian measure on 9. To reconcile this, it will turn out that a “standard
9H-Gaussian measure” can exist, but the catch is that it no longer “fits” in H (indeed, W is supported
on C([0,T]) 2 H). Indeed, the fact that W is usually defined on C([0,T]) is somewhat of a red
herring, and many of the deeper properties of Brownian motion (e.g., Schilder’s theorem in large
deviations) are best understood via H.

Abstract Wiener space.

More generally, let H be an infinite-dimensional Hilbert space and let us try to construct the standard
Gaussian measure on H. We tried earlier to use the sum ;. ek, but this does not converge in the
norm of H. To proceed forward, the idea is rather simple: we can just use another norm. Namely,
if we can find a Banach space 8 2 H with corresponding norm ||-|| g, such that the sum ;o Exex
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converges in ||-|| g, then X', oy €xex makes sense as a random element of B, and we can take u to be its
law. Note that u is supported on B rather than on . It turns out that a suitable orthonormal basis
(€x) ey and a norm ||-|| g can always be found to make this procedure work.

For Brownian motion, we take ||-|| g to be the supremum norm (i.e., the norm of C([0,T])) and
the orthonormal basis can be chosen as a certain (integrated) wavelet basis. In fact, the abstract
construction described above is implicit in Lévy’s usual construction of Brownian motion.

It is also possible to flip this process around. Namely, suppose that y is a Gaussian measure on a
Banach space B, which means that for any linear functionals €1, ...,{, € 8" and X ~ u, the vector
(61 (X), ..., 6,(X)) is jointly Gaussian. Then, one can find a Hilbert space H associated to (8B, u),
which is called the Cameron—Martin space, and an appropriate analogue of the Cameron—Martin
theorem (Theorem 3.2.1) holds. In fact, one has ||x||4 := sup{|f(w)| | £ € B*, ||€|l;2n) < 1} and
H = {x € B | ||x||lor < oo}. The triple (B, H, w) is known as an abstract Wiener space.

3.2.2 Girsanov’s Theorem

The Cameron—Martin theorem (Theorem 3.2.1) provides a formula for the density ratio of the laws of
two diffusions that differ by a deterministic drift. Girsanov’s theorem generalizes this to diffusions
which differ by a random drift.

Why do we only consider a change of drift? The answer is that two diffusions

dX, = bX dt + oX dB,,
dy, = bY dt + o) dB,,

with X ()" # oY (¢¥)", have mutually singular laws, as a consequence of the existence of the
quadratic variation (Theorem 3.1.1). Indeed, the laws of X and Y are concentrated on the disjoint
events that the quadratic variation equals /0' X (X" or /0' o¥ (o¥)" respectively. Nevertheless,
Girsanov’s theorem will show that a change of drift is enough to obtain any other path measure which
is absolutely continuous w.r.t. the original one.

To understand the intuition behind Girsanov’s theorem, consider the diffusion

t
dX, =b,dt +dB, = X,=/ b,ds+ B, , 3.2.5)
0

where (b,),5, is an adapted process. If (b,), is in fact deterministic, then the law of X, is a centered
Gaussian with covariance ( fot by ds)®? +t1,, and is therefore fully explicit. In general, however, the
law of X; is not easily describable. Nevertheless, it is possible to understand the joint law of (X;),c[0.71
which is a measure P on path space.

To see why this is the case, consider a discrete-time analogue of (3.2.5):

Xy = F(X,) +&, n=01,2,...,

where F : RY — R? is a deterministic map and (&,), . is a sequence of i.i.d. Gaussian variables.
Again, due to the non-linear mapping F, the law of X,, is hard to describe exactly, yet once we
condition on X,,, the law of X,,, is an explicit Gaussian. This observation makes it straightforward to
write down an explicit and simple expression for the joint law of (X, X1, ..., Xy). See Exercise 3.3
for further elaboration on this discrete-time approach.

Returning to (3.2.5), we can think of it in the same way: namely, conditioned on the past, the
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conditional law of the diffusion in the next instant is a Gaussian with some mean and covariance.
Moreover, by using the formula for the density ratio of two Gaussians, one can guess the formula

dpP g |
ﬁ—exp(/o <bs,st>—§/0 1155 ds). (3.2.6)

Note that this exactly mirrors Theorem 3.2.1, except that now we allow for adapted processes (b;),s-

Let us now discuss how we would establish (3.2.6) carefully. Actually, we will proceed in the
opposite order from our informal discussion: we will first define P via the formula (3.2.6), and then
investigate the effect of the change of measure from W to P on our stochastic processes. This requires a
change of perspective: instead of considering two processes (B;), (.7 and (X;),¢[o.r}> We instead think
of a single process (B;),¢[o.r; defined on our canonical filtered space (2 = C([0,T]), F, (F:),e[0.17)-
Recall that (B;),c(o 7 is just the coordinate process B;(w) = w,;. When we endow our space with
the Wiener measure W, then (B;),[o r; becomes a standard Brownian motion. On the other hand, if
we instead endow our space with the measure P, we will show that (B;),c( 7] 18, in some sense, a
Brownian motion with drift.

To carry out our plan, the first step is to show that (3.2.6) defines a valid probability measure P. In
other words, we need the W-expectation of the right-hand side of (3.2.6) to equal 1. Actually, for any
t € [0,T1], let us write W, to be the restriction of W to &, (and similarly write P,). In order for our
putative P, to be a probability measure for each ¢ € [0, T], we would require

ap, (/, 1/’ )
¢ 2 b..dBY —= | b, d)
~ g 2o [ Guan -3 [Inras

to have constant W-expectation, equal to 1 for all # € [0, T]. This would follow if we knew that this
defined a W-martingale.

Assume that EV /OT||bS||2ds < oo. Then, the process ¢ /Ot(bs,dBQ is a W-martingale, and
t - /Ol |lbs % ds is its quadratic variation. We will simply write M := /0' (b,dB) for the martingale
and [M, M] for its quadratic variation. Then,

E(M) = exp(M - % (M, M)) (3.2.7)

is called the exponential martingale associated with M. Is it actually a martingale? Applying It6’s
formula in the form (3.1.6),

d&(M), = E(M), (dM, - %d[M, M, + % d[M, M],) - &(M), dM,

so &(M) is a stochastic integral. From Proposition 1.1.16, this tells us that &(M) is a continuous local
W-martingale. In other words, it is possible for &(M) to fail to be a martingale if some integrability
conditions are violated. For now, we will assume that &(M) is an honest® martingale, treating this
point as a technical issue, although later we will see that there is a clear understanding of what happens
when this assumption fails.

Under this assumption, the measure P defined via (3.2.6) is a probability measure on path space. We
now claim that under P, the process t — B, := B, — [B,M ], =B; - fot b, ds is a standard Brownian
motion. Actually, this is not too hard to check using (3.2.6) and characteristic functions; we leave it
as Exercise 3.2. It leads to the following theorem.

3We borrow the terminology from Steele (2001).
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Theorem 3.2.8 (Girsanov). Let (B;),c[or) be a standard Brownian motion under the Wiener

measure W and let (b;),c(o 1) be a progressive process with EVY f0T||bS I>ds < co. Let M, :=

/Ot(bs, dBy) fort € [0,T] and let [M,M] = /O'||bs||2 ds denote the quadratic variation. Define
the exponential martingale

E(M) = exp(M - % (M, M]).

Assume that E(M) is a W-martingale and define the measure P on path space via

dp
T = EM)r

Then, under P,

t
t— B, =B, -[B,M], =B, - / by ds is a standard Brownian motion .
0

At present, Girsanov’s theorem may seem rather abstract, and perhaps the best way to learn its
meaning is to see it in action. We will put it to work in Section 4.4.

When is the exponential martingale an honest martingale?

Since £(M) is a non-negative local martingale, then it is a supermartingale, i.e., we always have
EWY &(M), < 1. The only situation in which we encounter difficulties is when EW &(M), < 1, which
would lead P defined via (3.2.6) to be a sub-probability measure. One might suspect that this is related
to some probability mass “running off to co”, and indeed one can show that 1 —EWY &(M), is precisely
the probability that the diffusion has exploded by time 7', in the sense discussed in Section 1.1.3.
Therefore, the following criteria for &(M) to be a martingale are really criteria for non-explosion.

The standard sufficient condition for &(M) to be a martingale is Novikov’s condition, which reads
EY exp(% [M,M];) < oo. An even weaker condition, known as Kazamaki’s condition, requires only
that sup, ¢ 7 EY exp(% M;) < oo. In principle, one of these conditions should be checked before
applying Girsanov’s theorem. However, if one is only interested in bounding a quantity such as the
KL divergence or a Rényi divergence, one can often use the technique of localization, mentioned in
Section 1.1.1, together with lower semicontinuity, to avoid these conditions altogether. In this book,
we omit discussion of these technical arguments.

3.3 Doob’s Transform

In this section, we will introduce a more sophisticated use of change of measure on path space, known
as Doob’s transform. Some applications include obtaining SDEs for processes conditioned on an
endpoint and deriving the Follmer process in the next section.

Suppose that Q is a reference measure on path space, describing the law of the SDE

dXt = bt(Xt) dt+0-t(Xt) dBt, X(] ~ Ty . (3.3.1)

Let P, . denote the transition operator from time s to time ¢ (note that our reference process is
time-inhomogeneous). The question we address in this section is the following: suppose that P is
another probability measure on path space such that its Radon—Nikodym derivative w.r.t. Q only
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depends on X7, the path at time 7

dPr

— = hy(X7) .

10, r(X7)
Since Py < Qr, we know from the previous section that the process X under P corresponds to the
original process under Q with a change of drift. Can we solve for this drift?

The Radon-Nikodym process ¢ +— % must be a martingale, and we make the ansatz that at time ¢,

it only depends on the path at time ¢: jg‘t = h,(X;). Applying Itd’s formula to (%, (X,)), (0.1}
dh,(X;) = (0;h; + Zih,) (X)) dt + (VA (X;), 07(X,) dB,), (3.3.2)

and we deduce that this is a martingale if and only if
Ohy + Zhy =0,

where &%, f = % (ov0 [, V2 )+ (b;, Vf) is the generator at time . This is the backward heat equation
(indeed, if X is a Brownian motion, then the equation reads 9,4, + % Ah, = 0), which makes sense
since we have a terminal time condition for /7. In the case when the process is time-homogeneous
(i.e., the coeflicients do not depend on ?), setting h;~ := hy_,, we see that 1~ satisfies the forward heat
equation d,h;” = Zh;~, which has the solution h;~ = Py, h;. Switching back to &, we deduce that
h; = PO,T—thT~

Now that we have a formula for %, let us solve for the change of drift. On one hand, we know that
if B= B — B, M] is a standard Brownian motion under P, where M := fo (A, dB), then Girsanov’s

theorem (Theorem 3.2.8) yields

dP, 1 )
d(l =(A;,dB;) — = ||A/||" dt .
(Og th) (A ) 7 1Al

On the other hand, It6’s formula and (3.3.2) yield
1

dh,(X,) - h(X)

d(log h,(X,)) d[7.(X), h.(X)],

T (X,

_ - B 1 T 5
= ety (VX0 01 (X0 dB) = S (X)X de

and we quickly deduce that
A =0, (X,)" Viegh,(X,) .
Finally, we have obtained
dX, = (b:(X,) + 0:(X,) A,) dt + 0 (X,) dB,
= (b/(X,) + 0 (X,) 0y (X,)" Viog h,(X,)) dt + o7 (X,) dB, .

This is our expression for the SDE under Pr. We recall that in the time-homogeneous case, we actually
have l’l, = PO,T—thT-

3.3.1 Conditioning on an Endpoint

As a first application, we will show how the Doob transform allows us to condition on X7 = x7,
for some fixed x; € R?. To see what this means, let t < T and let i, be a bounded %,-measurable
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random variable; let us try to compute EQ[7, | X7]. By the definition of the conditional expectation,

we wish to compute EQ[5, f(X7)] for any bounded measurable f : R — R. Using the transition

operator P, 7 (which, in an abuse of notation, we identify with the transition kernel itself), and writing
— Q

= law™ (X,),

B, £ (X)) = B[, 201 () | X1] =20 [ ) P (i)

d t ts°
=E? [Th / fxr) %(XT) ﬂT(de)]

_ / £ Cer) B, dP’T(TX”')(xT)] mr(dxr) .

We conclude that if /2,7 (x) = M’(‘f—ﬂ(:") (x7), then
E? [7: | Xp =x7] = E? [m: B" (X))

Since this holds for every 7, it says that if P denotes the measure Q conditioned on Xy = xr, then

dP,
dQ;

We are now in the setting of Doob’s transform. In particular, under P,

=7 (X;) forall0 <r<T.

dX; = (b,(X;) + 0:(X;) o7 (X,)" Vlog Y (X)) dt + 04 (X,) dB, , 0<t<T. (3.3.3)

Example 3.3.4 (Brownian bridge). Suppose that B = X is a standard Brownian motion under Q.
Then, P, = normal(0, (r — s) ;) and 7, = Py ,. If we condition B to hit x7 at time 7, then this
process is known as a Brownian bridge.
We can calculate
[l = xrl?

Y7 (x) oc exp(—m) —  Viegh"(x)=-

Hence, we arrive at the SDE representation for Brownian bridge,
XT — X

dx, = Ldr+dB, .
Tt

X —Xr
T-t°

Note that the drift is singular as # ,* T'. Of course, it must be, in order to drive the process to hit
a single point x7 at time 7.

3.3.2 Reversing the SDE

Next, we describe how to construct the time reversal of the SDE (X;),c[o ;- Namely, suppose that
n, = law(X;) is the marginal law of X at time 7. We will construct another SDE X such that
law(X,”) = my_, for all € [0, T]. This construction will play an important role in the study of the
proximal sampler in Chapter 8.

Perhaps the most straightforward approach is to start with the Fokker—Planck equation for X. Let
X denote the general SDE (3.3.1), but for the sake of simplifying calculations we shall assume that
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the diffusion matrix o does not depend on the spatial variable, for all r € [0, T']. Then, we have the
Fokker—Planck equation

o, = % (0’,0':, V2r,) —div(z,b,) .
Therefore, the time reversal nr;~ = mp_, satisfies
om; = —% (or_ 0, V) +div(nbr,) .
Next, we note that
(o707, VP77 )y = div(or—,0q_, Va7 ) = div(n} (or-,07_, Viogny)),

and hence we can write

omy = % (or—107_, Va7 )y +div(n (br—y — o0, Viogny)) . (3.3.5)
We can therefore read off the SDE

dX; = {~br_(X;") +or_,07_, Viogr, (X))} dt + or_, dB, . (3.3.6)

If we initialize this SDE with X~ ~ 77, then X;~ ~ n;” = 7y, forall t € [0,T].

If we initialize this SDE at X~ = x7, does it then follow that X;~ ~ 7o 7(- | x7), where o7 denotes
the conditional distribution of X, given X7? This would follow if we knew that (X, X;~) has the
same joint distribution as (Xr, X;), but this is not clear from the above derivation, which produced
the process X~ by matching only the marginal laws. To see that this statement indeed holds, we will
instead apply the conditioning argument from the previous section.

In the previous section, recalling that P is the measure Q conditioned on X = xr, we know
that law® (X,) = 7.7 (- | x7). Therefore, from (3.3.3) and writing 7,7 := 7,7 (- | x7) to lighten the
notation, we deduce that

1 . dp
Omr = = (ova], Virr) - dlv(ﬂ',|T (b, + 00 Vlog —tT)) )
2 dﬂT
The time reversal ﬂ;TT ‘= mr_ 7 satisfies
— _ 1 T 2 : — T dPT_t’T
dir = =3 (or_107_, Vomy ) + le(ﬂ'tlT (br—¢ + or—107_, Vlog O )) : (3.3.7)
T
As an application of the Bayes rule,
dPr_;r(x,-) arir-(xr | x)  #Ar_qr(x | x7)
— () = =
drr nr(xr) 7 (x)
and
ﬂT—tlT(' | x7) - -
Vlog ———— =Vlogn,; - Vlogn,”.
TT—¢
Substituting this into (3.3.7) and applying the logarithmic derivative trick,
o, —1<a s V) +div(n, (br, — _, Viogn;)) (3.3.8)
T = 5 T-197—¢> 1T 1)1 \OT-1 = 011074 gnr, ). 9.

Observe that this is the same Fokker—Planck equation as (3.3.5), except that it is now satisfied by
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t— n;‘_T rather than ¢ +— ;. Therefore, the SDE corresponding to (3.3.8) is the same SDE (3.3.6)
above. Since 71 - = dx,, this confirms that initializing (3.3.6) with X~ = x7 yields X~ ~

Note that the time reversal of the SDE depends on the initial distribution.

—

o

3.4 Follmer Drift

As an application of the Doob transform, we now introduce a process attributed to Follmer (1985).
Under Q, let (X;),¢[o,1) be a standard Brownian motion started at 0. Then, the law of X; is standard
Gaussian, y := normal(0, 1;). Next, we take P to be a path measure under which X; ~ u, for some
other probability measure y with u < .

To achieve this, we can use the construction in Section 3.3, namely, we take P _ p, (X;) where

dQ
hy = $. This yields &, = P1_,$*, and
du -
dX, =VlogPi——(X)dr+dB,, X, =0,
%

where B is the P-Brownian motion. This process is known as the Follmer process, and the added
drift term is known as the Follmer drift. The fundamental property enjoyed by this process (or more
specifically, by P) is that

d d
KL(P 1| Q) = B log (X)) =By log 3 =KLk [17). (3.4.1)

On the other hand, if P is any other path measure under which X; ~ yu, then by the data-processing
inequality (Theorem 1.5.6) we have KL(P || Q) > KL(u || v). This reflects a certain entropy optimality
property for the Follmer process. Moreover, if B is a P-Brownian motion and under P,

dXt = gl‘(Xt) d[ + dét .

then by Girsanov’s theorem (Theorem 3.2.8), this entropy optimality property becomes

1 ' d L op (1o .
KL(P || Q) = 5 EF / [Viog P (X[ ar < 5B / 16 (XDIP dr =KLP(| Q).  (342)
0 0

Thus, among all drifts that drive the process to satisfy X; ~ u, the Follmer drift has minimal “energy”.
Moreover, by the chain rule for the KL divergence,

KL(P || Q) = KL(u [ ¥) +/ KL(PI= || Q™17) pu(dx) ,

where PX1=% = lawp((X,)-,<; | X1 = x) and similarly for Q"*=*. The optimality property (3.4.1)
for the Follmer process entails that the second term above vanishes, which means that under P, the
conditional law of the path given X; = x is the same as the corresponding conditional law under Q.
The latter corresponds to the Brownian bridge (see Example 3.3.4).

3.4.1 Application to Functional Inequalities

The use of the Follmer drift as a potent tool for establishing functional inequalities was perhaps
pioneered by Lehec (2013), although he attributes the idea earlier, e.g., to Borell (2000). Here, we
demonstrate its power to establish the Gaussian log-Sobolev and T, inequalities, and refer to Lehec
(2013) and subsequent literature for further applications.
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Transport inequality.

Under P, we know that X; ~ u and B, ~ . Hence,
2 P 5112 P : du 2
W3 (n,y) <EPLIX = B =] [ Viog P xp a |
0

1
d 2
<2 [ Viog P, L 00| ar = 2KLGu ).
0 dy
where we used (3.4.1) and (3.4.2) in the last line.

Log-Sobolev inequality.
Let h, = Pl_,g—’; and recall from the construction of the Doob transform that (%;(X;)),cjo,1) is a
Q-martingale. We claim that (V1og /;(X;)),c|o.1) is @ P-martingale. To prove this, let s < 7 and let
Ag € F. Then,
P, P, Vhl (XI) Q Q
EP [Vlogh,(X,) 1] = E™ [W ILAS] =E%[Vh,(X,) 14, ] =E¥[VP_ h(X,) La,]
t t

=E¥ [P, Vi (X)) 1a,] = E® [E[P1_, Vi (X)) | F] 14,

=E®[P_ VA (X,) 14,].
Applying this equality for s = ¢ yields E* [V 1og h,(X,) 14.] = E*[Vlog hy(X,) 14 ], or

E"[Vlog h(X,) | F] = Vlog hy(X,).

In particular, ¢ +— ||V log h,(X,)||* is a P-submartingale.
Now, using the equality for the KL divergence and the submartingale property,

1 ! du 1 du 1
KL(ll7) = 5 E° /0 [V10g Pro (X0l dr < SEP (V1o - (XDI] = 5 Fitu Il ).

3.4.2 Connection to Stochastic Localization

In this section, we relate the Follmer process to Eldan’s stochastic localization scheme (introduced
in Eldan (2013)), which by now has solidified its status as a core tool in high-dimensional probability.
Although we do not have space in this book to describe its many applications, we present some basic
ideas here to help the reader understand the connections with the extant literature; see Klartag and
Putterman (2021); EI Alaoui et al. (2022) for more details.

Stochastic localization is a method of understanding a probability measure u by decomposing it
into simpler parts, with the goal of, e.g., establishing functional inequalities or other useful properties
for . It was inspired by earlier work on deterministic localization schemes (Kannan et al., 1995), but
instead seeks to produce a random measure-valued process (p;),s,. This process is such that py = y,
P = 0x for some random variable X, and (p,),s, is a martingale. The last property implies that
X ~ u, and indeed, E p, = p for all ¢+ > 0. This is the decomposition of u into “simpler parts” as
alluded to earlier.

How might we build such a process? We motivate the process via a Bayesian interpretation. Consider
the process 6, := tX + B,, where as usual (B;),,, is a Brownian motion, independent of X. At time
t ~ 0, the Brownian motion dominates, so 6, contains almost no information about X. At time t — oo,
the linear term #X dominates and 8, contains nearly perfect information about X. Therefore, if we set
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p. to be the conditional law of X given the observation 6,, then we expect py = ¢ and p., = dx. One
can check that (p,),, is indeed a martingale.

We can relate this process to the usual heat flow via rescaling: let g, = 6,/t, so that 6, = X + B, /.
The time inversion property of Brownian motion implies that (I;’,),>0 is also a Brownian motion, where
B, s = B, /t. Hence, g, =X + B, s« 1s the output of the heat flow, started at X, after time 1/¢ (note the
time inversion). If we let pg ; denote the joint distribution of the heat flow, started at y, at times O and
s, and denote conditional distributions accordingly, we can write p, = law(X | §,) = po-1 (- | 6, /1).
Thus, we have the explicit expression

tllx - et/tllz)
—).

We now want to take logarithms in this expression and apply Itd’s formula to derive a stochastic
evolution equation. Before doing so, note that the equation 6, = X + B,, which seems to give
df, = X dr + dB,, does not express 6 as a Markov process (since X is not adapted to the filtration
at time ¢t < oo0). However, one can replace this equation by the equivalent Markov evolution
d9, = E[X | #]dt +dB; = a, dt + dB,, where we set a, = /xp,(dx); see Klartag and Putterman
(2021). Then, a calculation starting from

dlogp,(x) = —d(w) - dlog/ exp(—w) u(dy)

P (x) o< p(x) exp( -

eventually yields (Exercise 3.6)
dpi(x) = p:(x) (x —a,,dBy), (3.4.3)

which was the form in which stochastic localization was originally introduced.

To see the connection with the Follmer process (F;),¢(o,1) With F| ~ u, recall that given Fy, the law
of (F;)o<,< is a Brownian bridge. In other words, F; = tF; + BB, where (BB;),¢[o 1) is the Brownian
bridge process starting and ending at 0. We can identify F; = X, in which case this expression for F
nearly resembles the expression for the tilt process 8 in stochastic localization. To make this precise,
we claim that the Brownian bridge can be constructed as BB, = (1 —1) B,/(1-,). With this identification,
then F;, = (1 —1) 8,/(1-1), i.e., the Follmer process is a rescaled time compression of the tilt process 6
from R, to the interval [0, 1]; see Exercise 3.7 for details.

This discussion also shows that these concepts are related to the idea of running the heat flow
backward in time (e.g., we consider the conditional distribution pg|,-+ above). These ideas will reappear
in Chapter 8 as the proximal sampler.

3.5 Schrodinger Bridge

In this section, we consider a generalization of the Follmer process. The setup arises from a hot
gas Gedankenexperiment due to Schrodinger. Let u and v be two probability measures over R9,
representing the observed distribution of a cloud of particles at times 0 and 1 respectively. In the
absence of the observation of v, we may have modelled the evolution of the gas particles as a scaled
Brownian motion: X, = Xy ++/edB, for 7 € [0, 1], where X, ~ p and (B;), o) are independent, and
£ > 0 represents the noise level of the process. However, if the observed distribution v differs from
the law u = normal(0, 1) of X; in our model, what then is our best guess for the law of the trajectory
(X1)1e10.17? The law of the trajectory is said to bridge the distributions uo and ;.
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Schrodinger formulated this as a K. minimization problem:

o & _ -
Plé‘l;)l{lg{l[lolf]e)) KL(P || W*#) such that (X0)sP=p, (X).,P=v.
Here, the minimization takes place over the set of path measures (probability measures over C([0, 1])),
and W#¢ denotes the path measure corresponding to Brownian motion, rescaled by /€ and started at
4. The choice of KL divergence as our criterion can be motivated by large deviations theory.
We can solve this problem as follows. If we condition on the endpoints X, and X; and apply the KL
chain rule, we end up with

KL(P || W¥#) = KL(lawp(Xo, X1) || lawwe. (Xo, X1)) + EF KL(PXo-X1 || W lXo-Xi)

where P1Xo-Xi ' W#-21X0.Xi denote the path measures P, W*¢ conditioned on (Xy, X,) respectively.
Also, WH-¢1X0:X1 js a Brownian bridge (rescaled by /&), and the second term above can be made zero
by setting PIXo-X1 = Wk &lXo=Xi

Thus far, the development has closely mirrored our discussion of the Follmer process, which is the
special case of the Schrodinger bridge when u = §,. The interesting new features of this more general
setting arise, however, when we consider minimizing the first term in the KL chain rule, which is a
minimization over joint distributions for (X, X;) with Xy ~ p and X, ~ v, i.e., a coupling of y and v.
In the Follmer case, this minimization problem was trivial, essentially because the space of couplings
of a Dirac measure d, and any other measure v is also trivial (consisting solely of dy ® v). Our goal
now is to understand this minimization problem when the space of couplings is non-trivial.

3.5.1 Entropically Regularized Optimal Transport

Our first step is to note that for r7 := lawwu.- (X, X1),

lly — x|?
7(dx,dy) o< p(dv) exp( -2 ) dy.
Therefore, we can explicitly write, for y = lawp (X, X;),
1 y(x,y)
KL/l = 5z [Tl =51 y(axan) + [ tog 20220y av.ay) + const
2e u(x)

1
=% / llx = ylI> y(dx, dy) + KL(y || # ® v) + const.

where we used the fact that f log v(y) y(dx,dy) = f log v dv does not depend on ¥y, allowing us to
absorb it into the constant term. Hence, the problem of finding the optimal coupling y between u and
v for the Schrodinger bridge problem is an entropically regularized variant of the optimal transport
problem from Section 1.3. More generally, we have:

Definition 3.5.1. Let X and Y be complete separable metric spaces, let € > 0, and let
c:XxY — [0,00] be a cost function. The entropically regularized optimal transport
cost from u € P(X) to v € P(Y) with cost c is

Te.e(u,v) == inf V)[/ c(x,y)y(dx,dy) + eKL(y || u ® v)] .

veC(u,
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Entropic optimal transport was introduced to speed up computation of optimal transport costs
in Cuturi (2013); see the bibliographical notes for further discussion. One can show that if ¢ is
lower semicontinuous, then there always exists a unique entropic optimal transport plan. Note that
unlike Theorem 1.3.8, which required u to have a density in order for uniqueness of the optimal
transport plan with quadratic cost, here uniqueness always holds as a consequence of the strict
convexity of the KL divergence.

To summarize our observations thus far, we have argued that the solution to the Schrodinger bridge
problem is to first draw (Xj, X;) from the entropic optimal transport plan between u and v with cost
c(x,y) = 3 |lx — y|I%, and then to join X, and X; by a Brownian bridge (rescaled by y&). Although in
principle this completes the description of the Schrodinger bridge, we can go further by characterizing
the entropic optimal transport plan via a duality principle.

Duality works here similarly as Kantorovich duality did for unregularized optimal transport, and
we simply quote the main theorem here.

Theorem 3.5.2 (Duality for entropic optimal transport). There exist maximizers f,, g, to the
dual problem

sup {/fd,u+/gdv—s//exp(w)d(u®v)+s}
(f.8) €L (XL () €

which are unique up to adding a constant to f. and subtracting that same constant from g .. The
optimal value of the dual problem equals the entropic optimal transport cost from u to 7y, and the
entropic optimal transport plan vy . is of the form

() +8:(y) —cx,y)
£

ye(dr,dy) = exp( 2 ) () v(dy). (353)

The expression (3.5.3) characterizes the optimal solution in the following sense. If v, is any
coupling of u and v of the form (3.5.3) for some f., g, then vy is the entropic optimal transport
plan, and (f,, g.) is a pair of optimal dual potentials.

Note that compared to the dual problem for Kantorovich duality in (1.3.7), we have replaced the
“hard” constraint of f @ g < ¢ with the “soft” constraint of adding the Lagrangian penalty term
ffexp((f ® g —¢)/e)d(u ® v) into the objective.

Let us now specialize to the case of quadratic cost, c(x,y) = % |lx = y||?. In this case, it is natural to
work with ¢, = % IlI?> = fe and ¢, = % Il = g, since then (provided that we fix a normalization
for the potentials, e.g., f pedu = f ¥ . dv) we have the convergence ¢, — ¢ and . — ¢ of the
entropic potentials to their unregularized counterparts as € \, 0 (see Nutz and Wiesel, 2022). The
condition that y. has marginals y and v yields the coupled equations

oo0) = tog [ exp( 2Ly ay),

b (3.5.4)
Ve(y) = elog / exp( =220 .

From these expressions, one can prove the following lemma (see Exercise 3.10).
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Lemma 3.5.5. The following relations hold:
Vo (x) =E) [Y | X=x], V.(y)=E,[X|Y=y].
Also,
1 1
VzQOE(X) =~ COVyS(Y | X =x), Vzdle(y) =~ COVyg(X Y =y).
e e

Since covariance matrices are always positive semidefinite, these expressions witness the convexity
of ¢, and ., and provide another explanation for Brenier’s theorem (Theorem 1.3.8).

3.5.2 Caffarelli’s Contraction Theorem

We now provide an application of the theory of entropic optimal transport to functional inequalities.
We will establish bounds on the Hessian of entropic potential which, as & \, 0, furnish bounds on
the Brenier potential for the unregularized optimal transport problem. This will yield a proof of
Caffarelli’s contraction theorem.

Theorem 3.5.6 (Chewi and Pooladian (2023)). Suppose that u is 3-log-smooth and that v is
a-strongly log-concave, i.e., V*log(1/u) < Bl and V*1og(1/v) > al,. Then, the entropic
Brenier potential ¢ from u to v satisfies

Vi, < % (VaB/a + 282 —B) I .

Letting € ™\ 0, one readily obtains (see Chewi and Pooladian, 2023):

Corollary 3.5.7 (Caffarelli’s contraction theorem, Caffarelli (2000)). Suppose that u is 5-log-
smooth and that v is a-strongly log-concave, i.e., V*log(1/u) < pl; and V?log(1/v) > aly.
Then, the Brenier map V¢ from u to v is \/3/ a-Lipschitz.

The proof of Theorem 3.5.6 will exploit the representation of the Hessians of the entropic Brenier
potentials as covariance matrices (Lemma 3.5.5), together with a pair of covariance inequalities.

Theorem 3.5.8 (Cramér—Rao inequality). Let r o exp(=V) be a probability measure over R<.
For any well-behaved function f : R? — R, it holds that

vary f 2 (Ex f, (Bx V?V) " E, f) .

Proof Integration by parts and E, VV = 0 yield

1
E,,sz/Vfdﬂ=/(fVlog;)dﬂ=E,,[(f—E,,f)VV].
Therefore,

(Bx Vf, (Ex VZV) ' Ex V) = Ex[(f —Ex f)(VV, (Bx V?V) ' E, V)]

< \(vary ) B (B V1. (B V2V) (V)P (B, V2V) B, V).
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Another integration by parts shows that B, [(VV) ®2] = E, V2V, so the result follows by rearranging
the above expression. O

Corollary 3.5.9 (Covariance bounds). Let 7 o« exp(=V) be a probability measure over R? and
let cov; denote its covariance matrix. Then,

(B, V2V)7! < cov, <E.[(V*V)'],

where the second bound holds if m is strictly log-concave.

Proof The lower and upper bounds follow respectively from the Cramér—Rao inequality (Theo-
rem 3.5.8) and the Brascamp-Lieb inequality (Theorem 2.2.9) by taking test functions f = (e, -) for
unit vectors e € R, m

Proof of Theorem 3.5.6 In the proof, we write u o« exp(-=V) and v o exp(—W). For any point
x € R, from Lemma 3.5.5 and the upper bound in Corollary 3.5.9, we obtain

Vi (x) =g COV_yixx < g! E yix [(e' Vi, + VW) 1] < E yixs (V2. +eal)7'].
For any y € R?, from Lemma 3.5.5 and the lower bound in Corollary 3.5.9,

Vi (y) =g COV_xir=y = ! (B, xv=s [ Vo, + VZV])_l = (E xr- [V, + 3,81])_] .
Let L, = sup, cpa Amax (V2@ (x)). From the two inequalities above, we can conclude that

Amax (Ve (x)) < (Lo +€B) " + 8(1’)_1
and hence
L.<((Ly+eB) " +sa)™".
Solving the quadratic inequality yields the upper bound on L in the theorem. O

As discussed in Section 2.3, if we apply Caffarelli’s contraction theorem taking u as the standard
Gaussian measure (so 5 = 1), we deduce that the optimal transport map from the standard Gaussian to
any a-strongly log-concave measure is a~'/2-Lipschitz. Together with the preservation of functional
inequalities under Lipschitz mappings (Proposition 2.3.3), it allows us to transfer functional inequalities
satisfied by the standard Gaussian measure to all strongly log-concave measures. In this way, Caffarelli’s
contraction theorem is a “universal blueprint” for proving such inequalities. This point was already
made in Caffarelli’s original paper (Caffarelli, 2000).

For example, one can use it to transfer the functional inequalities established for the standard
Gaussian in Section 3.4 to strongly log-concave measures. As another example, one can prove
the Gaussian isoperimetric inequality in Theorem 2.4.29 by first establishing it for Gaussians and
appealing to Caffarelli contraction. Another approach to constructing Lipschitz transport maps is
explored in Exercise 3.8.
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in Le Gall (2016). The study of functions of bounded variation and the relationship with absolute
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Cameron—Martin space, which leads to the concept of the Malliavin derivative.

Girsanov’s theorem is also used heavily in mathematical finance, and for this purpose the book Steele
(2001) is warmly recommended.

The proof of Exercise 3.4 was first given in Arnaudon et al. (2006). See Altschuler and Chewi
(2024b) for further discussion.

The time reversal of SDEs was formulated rigorously under a finite entropy condition in Follmer
(1985). See Cattiaux et al. (2023) for an extended discussion. The proof of Exercise 3.5 is taken
from Conforti et al. (2025).

Stochastic localization was introduced by R. Eldan in Eldan (2013), and he and other researchers
have subsequently used the Follmer process and stochastic localization to great effect for various
applications; see, e.g., Eldan (2015, 2016); Lee and Vempala (2017); Eldan (2018); Eldan and Lee
(2018); Klartag (2018); Eldan (2020); Eldan et al. (2020); Klartag and Putterman (2021); Eldan
et al. (2022); Eldan and Shamir (2022); Eldan (2023); Klartag (2023). Algorithmic applications
were developed in El Alaoui et al. (2022); Montanari (2023) and are closely related to the proximal
sampler in Chapter 8. These ideas can be placed in the more general framework of localization
schemes (Chen and Eldan, 2022), and can be interpreted in terms of renormalization and the Polchinski
flow (Bauerschmidt et al., 2024).

The Kim—Milman map from Exercise 3.8 was introduced in Kim and Milman (2012). It has been
used to establish functional inequalities in subsequent works, e.g., Mikulincer and Shenfeld (2023);
Brigati and Pedrotti (2024); Chewi et al. (2024b); Fathi et al. (2024). See Exercise 3.9 and the closely
related approach of the Brownian transport map (Mikulincer and Shenfeld, 2024).

See Chewi (2024, Chapter 4) for background on entropic optimal transport, and Chen et al.
(2021b) for an introduction to the Schrodinger bridge problem. An entropic optimal transport
approach to Caffarelli’s contraction theorem was first given in Fathi et al. (2020), and the proof in
Section 3.5.2 was generalized in Gozlan and Sylvestre (2025). Entropic optimal transport was also
used to prove other functional inequalities in Ledoux (2018); Gentil et al. (2020). The entropic optimal
transport cost between Gaussians was computed in Janati et al. (2020); Mallasto et al. (2022), which
generalizes Exercise 3.11.

Exercises

Change of Measure in Path Space
> Exercise 3.1 (Sobolev embedding)
Let h € H, where H is the Cameron—Martin space defined in (3.2.2). Prove that A is 1/2-Holder
continuous. Hint: Use the fundamental theorem of calculus and Cauchy—Schwarz.
This is quite suggestive, since Brownian paths are s-Holder continuous for every s < 1/2.

> Exercise 3.2 (Proof of Girsanov’s theorem)
LetO=ty<t; <---<t,<Tand@,,...,0, € R Let b, B, and B be as in Theorem 3.2.8. Using
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the formula for the Radon-Nikodym derivative of P w.r.t. W, compute E* exp(i X, (6;, B, — B,,_,)),
where i := V-1, and deduce that B is a P-Brownian motion.

> Exercise 3.3 (Girsanov’s theorem in discrete time)
To gain intuition for Girsanov’s theorem, consider the following discrete approximations to two SDEs:

Xort = X, — h 0¥ (X,) + Vhé,,
Yn+1 = Yn - th(Yn) +\/Z§na

where X, = Yy = x and (&,,),,cy is @ sequence of i.i.d. normal(0, /;) variables. Let P, Q denote the
joint distributions of (X, X1, ..., Xy) and (¥y, Y], ..., Yy) respectively.

1 Write down an expression for the Radon—-Nikodym derivative %. Let 2 N\, 0 and N — oo such that
Nh — T, and compare the result with Girsanov’s theorem (Theorem 3.2.8).

2 Write down an expression for KL(P || Q). Ensure that it makes sense (i.e., it should be manifestly
non-negative).

> Exercise 3.4 (Harnack inequalities via shifted Girsanov)
In this exercise, we give another proof of the Harnack inequalities established in Exercise 2.16. Let V
be a-convex for some @ € R, and let (P,),, denote the Langevin semigroup with potential V.

1 Let P’ be the path measure under which (B;),.,, is a standard Brownian motion, and consider the
coupled system of SDEs

dX, = {-VV(X,) + 7, (Y, - X,)} d + V2dB, Xo=x,
dy, = -VV(Y,)dt + V2dB,, Yo=y,
where (17;),¢[0.7) 18 @ deterministic non-negative process to be chosen later. Assume that we can

choose (77),¢(o.r1 such that X7 = Y7. Finally, let P be the path measure under which (B;),, is a
standard Brownian motion, where

dX, = -VV(X,)dt + V2 dB,,

that is, dB, = dB] + % (X; = Y;)dt. Use the data-processing inequality (Theorem 1.5.6) and
Girsanov’s theorem (Theorem 3.2.8) to justify the inequality

1 p [T
KL, Py 1l 6.Pr) < KLY [ P) = 32 [ 02 1, - v, P ar.
0

2 Use It6’s formula to show that
t
1%, = %P < exp(-201 -2 [ o s) v -1
0

In particular, X7 = Y7 provided foT 1, d = co. Substitute this into the inequality above and optimize
over the choice of (1;),¢[o 7 in order to establish (2.E.8).

3 Can you extend the argument above in order to establish (2.E.10) as well? Hint: Use the fact that
the exponential martingale (3.2.7) is a supermartingale.
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Doob’s Transform

> Exercise 3.5 (Fisher information bound via time reversal)
Let (X;), denote the Langevin diffusion, let i, := law(X;), and let (X,”), .|, s denote the time
reversal on [0, T].

1 Show that
dX~ = {VV(X) +2Vlog ur_ (X))} dr + V2dB, .
2 Using It&’s formula and the Fokker—Planck equation, show that

dVlog X120 (x7) = V2V(X7) Viog B2 (X ) dr + V2 V2 log 221 (X7) dB, .

-t
T T /e

Note that while we would naively expect It6’s formula to produce a third derivative, there is a
miraculous cancellation, due to the time reversal, which removes this term!
3 Using It&’s formula again, show that if V2V > al, for some a € R, then

FIi(ur || 7) < exp(=2aT) Fl(uo || ) .

Note that this provides a stochastic calculus proof of (2.2.16).

Follmer Drift

> Exercise 3.6 (Derivation of stochastic localization)
Derive the evolution equation (3.4.3) for stochastic localization.

> Exercise 3.7 (Follmer and stochastic localization)
Let BB, := (1 —1) B,;(1—)- By solving the SDE that we derived for Brownian bridge in Example 3.3.4
(with x; = 0), show that BB is indeed a Brownian bridge. Then, verify that F, = (1 —¢) 6,,(1_).

> Exercise 3.8 (Kim—Milman map)

In this exercise and the next, we construct a Lipschitz transport map from the standard Gaussian
v = normal(0, I;) to u, under appropriate conditions on u. By Proposition 2.3.3, this implies
functional inequalities for p.

1 Fort > 0, let i, denote the law of the Ornstein—Uhlenbeck process at time ¢, started at yo = u. Let
F, : R?Y — R4 denote the flow map at time ¢, corresponding to the following ODE:

8,F,(x) = —V log %(F,(x)), Fo=id.
Argue that (F,),u = u,. Hint: Recall the ODE interpretation of the Wasserstein gradient flow,
e.g., Exercise 1.13.

2 LetT; := F7',sothat (T,)up, = p. Show that 7, is Lipschitz with constant fot Amax (V2 1og (g /y)) ds.
Thus, we expect that (7 )4y = u, with Lipschitz constant bounded by /000 Amax (V2 1og (1 /) dt.
(This requires justification, but we accept it as a fact here.)

3 Suppose that u is a-strongly log-concave, @ > 1. (We may assume that the strong log-concavity
parameter is sufficiently large, since we can rescale the measure.) Use the explicit expression for the
marginal law of the OU process, together with Exercise 2.10, to compute the integral, and conclude
that there exists a Lipschitz transport map from y to u with constant at most &~ '/2,
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> Exercise 3.9 (Kim—Milman map II)
Here, we obtain further conditions for the existence of a Lipschitz transport map from vy to p.

1 Establish the identity

,ut 1 COVVlfexp(—?.t)vexp(—t) y
st | 1)
©8 0% ) exp(2t) =1\ 1 —exp(-2¢) 4
where for each 7 > 0 and y € R we define the probability measure v, via

llx = yIP lxll?
vT,y(dx) oc exp(—z—T + T) /l(d)C) .

2 Show that if diam supp u < R, then

V2 log 2 < exp( 2z)( R ! )1 GE.D)

og — < exp(— - d- .E.
Y (1 —exp(=21))> 1 —exp(=21)

3 Suppose that diamsupp u < R and V?log(1/u) > al,, where @ < 0. Using a similar estimate
as the preceding exercise, write down another bound for V2 log(u,/y) which makes use of the
assumption V?log(1/u) > al,. By taking the minimum of this estimate and (3.E.1), show that
there exists a Lipschitz transport map from y to u with constant at most R exp((1 — @R?)/2). In
particular, conclude that if @ = 0, then yu satisfies a log-Sobolev inequality with constant eR>.

4 Next, suppose that 4 = p * 7y, where diam supp p < R. Prove that

V2 log K < R¥exp(-21) I,
Y
and deduce that there is a Lipschitz transport map from y to u with constant exp(R?/2). Compare

this with Example 2.3.15.
5 Next, suppose that u o< exp(=V — W), where V is a-strongly convex (a > 1), and W is L-Lipschitz.

Argue that
[ - 2
”COVV.,,y ||0p < ( ”COVf/T_y Hop + WZ(Vt,ya V‘r,y)) s
where
. e = yII> [P
T - A~ + - V ) b
ey (@) o exp 52+ L~ V()

i.e., ¥, , omits the Lipschitz perturbation W. Use Corollary 3.5.9 to control the first term,
and the log-Sobolev and T, inequalities to control the second term, in order to deduce that
llcovy, llop < (W1/(@+1/7)+L/(a+1/ 7))2. Use this to prove that there exists a Lipschitz transport
map from 7y to u with constant & ~'/? exp(2L/+/a + L?/(2«)), and thereby deduce Proposition 2.3.4.

Schrodinger Bridge

> Exercise 3.10 (Entropic potentials)
Derive (3.5.4) and use it to prove Lemma 3.5.5 for the entropic potentials.

> Exercise 3.11 (Entropic optimal transport between Gaussians)
Compute the entropic optimal transport cost between normal(0, 1) and normal(0, @) by making a
suitable ansatz for the entropic Brenier potentials.
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CHAPTER 4

Analysis of Langevin Monte Carlo

In this chapter, we will provide several analyses of the Langevin Monte Carlo (LMC) algorithm, i.e.,
the iteration

Xopsiyn = X — hVV(Xop) + V2 (Bnstyn — Bnn) - (LMC)

This is known as the Euler-Maruyama discretization of the Langevin diffusion.

Although LMC does not achieve state-of-the-art complexity bounds, it is one of the most fundamental
sampling algorithms. Through the quantitative convergence analysis of LMC, we will develop
techniques for discretization analysis that are broadly useful for studying more complex algorithms.
To emphasize the kinship of optimization and sampling as the core theme of this book, we also
include “optimization boxes” which provide background and context for the corresponding results in
optimization theory. Finally, x always denotes the ratio 8/ a.

Before proceeding, we state the following fundamental lemma, which will be used repeatedly.

Lemma 4.0.1 (Basic lemma). Let 7 o< exp(=V).

1 IfV?V > al; > 0 and V is minimized at x,, then Ex[||- — x,|1*] < d/a.
2 IfV?V < By, then B, [||VV]*] < Bd.

Proof We use the fact that for the generator & = A—(VV, V-) of the Langevin diffusion, E, £ f =0
for all test functions f : RY — R.

1 Take f = % II- — x4||>. By strong convexity,
0=E,Zf=d-E(VV, - —x,) <d—aBE[|l - x.|I’] .
2 Take f = V. Since V2V < BI,, then AV < fd, whence
0=E, LV =E,[AV ~ |[VV|’] < Bd - E,[|IVV|]. O

A stronger sub-Gaussian concentration bound for VV is given as Lemma 6.2.7.
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4.1 Proof via Wasserstein Coupling

Perhaps the most straightforward analysis of LMC is based on coupling together the discrete-time
algorithm with the continuous-time diffusion, and using this coupling to bound the discretization error
in Wasserstein distance. The underlying continuous-time result we use here is the fact that strong
log-concavity implies contraction in the Wasserstein metric for the Langevin diffusion. On one hand,
this proof is robust and can be applied to more complicated processes; on the other hand, its reliance
on contractivity means it is not applicable under weaker assumptions such as an LSI.

Before proceeding, we review the corresponding result for gradient descent.

Optimization Box 4.1.1. Let V : RY — R be strongly convex and smooth, i.e., al; <
V2V < Bl,. The gradient descent (GD) algorithm with fixed step size & > 0 is the iteration
Xn+1 = X, — h VV(x,,). Using strong convexity, we can show that GD converges exponentially fast
to the minimizer x, of V. First, note that for any y € R?, by expanding the square and applying
strong convexity,
[Xne1 = YIIP = [lxn = R YV (xa) = ylI?
= [bew = ¥II* = 22 (VV (x), %0 = ¥) + B2 | YV (x,) |2
< (1=ah) e, = yI* =20 {V(x,) =V} + K [V (x)1%.

Using the smoothness of V,

h
Vo) = V() € (V) kit = 50) + 5 vy =3l = =0 (1 = 52 19V G|

For any 7 < /g, it yields ||[VV (x,)|> < % {V(x,) = V(x.41)}, and hence
et = Y17 < (1= @h) 6 = yII* = 20 {V (xr1) = V(»)} .

In particular, for y = x,, it yields [|x,41 — x«||*> < (1 = ah) ||x, — x4]|*. Choosing h = /s, one
obtains |[xy — x| < €in N = O(k log(llx-x«ll/¢)) iterations, where « = B/a.

We now consider the corresponding result for LMC.

Theorem 4.1.2 (Coupling analysis of LMC). Forn € N, let fi,,;, denote the law of the n-th iterate
of LMC with step size h > 0. Assume that the target nt oc exp(=V) satisfies 0 < aly < V*V < Bl,.
Then, provided h < /«, for all N € N,

1/271/2
ﬂd—h) . (4.1.3)

. aNh
Wa(fing, ) < exp(—T) W (o, ) + O( "

If we set h < €*/«a, then for any & € [0, Vd] we obtain \Ja W (fixn, 1) < € after

sz a’sz(,U(), ﬂ) g 0
—> iterations .

N = 0(? IOg 82

Remark 4.1.4. We pause to make a few comments about the assumptions and result.

1 Typically we assume that we have access to the mode x, of 7, since the complexity of finding the
minimizer of V via convex optimization is typically less than the complexity of sampling. In this
case, we can initialize at yy = d,,, which satisfies an (uo, ) < d by Lemma 4.0.1.
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2 It is convenient to use the metric va W, instead of W, because it is scale-invariant. Namely, for
A > 0, if we define the scaling map s, : x — Ax, then information divergences such as KL satisfy
KL((s2)ap || (s2)um) = KL(u || 7r), by the data-processing inequality (Theorem 1.5.6). On the other
hand, W, is not invariant, W ((s.) s, (51)47) = A Wa(u, ), but v/ W, is (because the distribution
(s2)4m is @/ A%-strongly convex).

Recall also that the T, transport inequality, implied by a-strong log-concavity, asserts that
Va W,(-, ) < +/2KL(- || 7). Therefore, v/a W, is a more natural metric.

3 The result in (4.1.3) is not sharp; in Section 4.3, via a more sophisticated analysis and averaging,
we will improve the iteration complexity to O (xd/&?).

4 The inequality (4.1.3) has the following interpretation: for fixed 4 > 0, the first term tends to zero
exponentially fast, which reflects the fact that LMC converges to its stationary distribution p.
However, the stationary distribution is biased, pt, # n, and the second term provides an upper
bound on the bias W, (., ). Note the contrast with Optimization Box 4.1.1, in which there is no
bias; this will be discussed further in Section 4.3.

Proof of Theorem 4.1.2 1. One-step discretization bound. Suppose that the Langevin diffusion
and the LMC algorithm are both initialized at the same measure [i,. We will first bound the
discretization error W} (fi,, 7r;) in one step.

We couple the two processes by taking X, = X, and using the same Brownian motion:

Xh =Xy — hVV(XQ) + \/iBh ,

h
X, = XO—/ VV(X,)dt + V2 B,,.
0

Then,

. h 2

Wi m) < B1% - X <] [ wvon - nvveo)| |
0
h
< h/ E[IVV(X,) — VV(Xo)|I*] dt .
0

Therefore, we just have to bound the movement || X, — Xy|| = ||- /Ot VV(X,)ds + V2 B,|| of the

Langevin diffusion in time ¢. Roughly, we expect || fot VV(X,)ds|| = O(Vd 1) if the size of the gradient

is O(Vd), and || B;|| = O(Vdt). For small ¢, it is the Brownian motion term which is dominant, which
is a common intuition for discretization proofs.

To rigorously bound this term, we appeal to stochastic calculus, see Lemma 4.1.8. For t < /3, it
yields the bound

E[11X; — XolI’] < 82 E[[IVV(Xo)|I*] + 84t
and hence

h
W3 (fan, 7n) < ﬂzh/ E[IIX; — Xoll’] dr < 38°h* E[IIVV(Xo)|I°] +4B°dh’.
0

2. Multi-step discretization bound. We produce a coupling of (1), and 7 as follows. First, let




124 Analysis of Langevin Monte Carlo

A

Xun ~ fun and X, ~  be optimally coupled. Using the same Brownian motion, we set
Xosiyn = Xun = hVV(Xp) + V2 (Bstyh — Bun) »

t
X, =X, —/ VV(X,)ds + V2 (B, — Bu), fort € [nh,(n+ 1)h].
nh

Clearly )?(,,H)h ~ [(n+1)n; also, since 7 is stationary for the Langevin diffusion, then X ,,41), ~ 7. We
also introduce an auxiliary process: let
t
X =X - / VV(X,)ds+V2(B, — By,)  fort € [nh, (n+ 1)h]
nh

denote the Langevin diffusion started at Xin. We bound

Wo(fi(netyn, ) < \/E[”)A((nﬂ)h — X(nsynll?]

< NEUZ o = XowenlP1 + B R et = Xwsal]

Now we examine the two terms. In the first term, both X and X evolve via the Langevin diffusion
for an @-strongly convex potential, so we have the following contraction (which is established by a
direct coupling argument, see Theorem 1.4.11):

E[IX(me1yn — XeusynlI*] < exp(—=2ah) E[||Xn — Xinll*] = exp(=2ah) W5 (fun, ) -

For the second term, X is the LMC algorithm and X is the continuous-time Langevin diffusion, both
initialized at the same distribution fi,,,. Hence, we can apply our one-step discretization bound from
before and deduce that

E[lXosiyn — Xowennll*] < 382R* E[IVV (X)) |I7] + 45°dR°
S B EN X — Xanl*] + R EL[IIVVIP] + g2di’
< BH Wi (fign, 7) + Bdh* + B2dl?

where we used the basic lemma (Lemma 4.0.1). Note that the second term can be dropped since we
are assuming h < 1/g.
Combining everything and using yx +y < vx ++/y forx,y > 0,

Wa ([ (nsiyns ©) < exp(—ah) Wa(fun, ©) + O (820> Wa(fin, ) + Bd' 2 H*12) .

Provided h < 1/g«, we can ensure that exp(—ah) + O(>h?) < exp(—ah/2), therefore absorbing the
extra Wasserstein error term. It yields

. ah .
Wa(fnaryn, ) < CXP(—T) Wa(fin, 1) + O(Bd'*H*?) .

After iterating this recursion, it implies

Nh

Wa(fawns m) < exp( =25 ) Waljao. m) + O(W) .

This finishes the proof. O
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Remark 4.1.5. By inspecting the proof, one can see that that the following stronger inequality holds.
Let us denote by P*MC the transition kernel for one step of LMC, and P the transition kernel for the
Langevin diffusion run for time 4. Then, under the assumptions of Theorem 4.1.2, for any x, y € R4,

Wa(PMC(x, ), P(y,-)) < exp(—%h) llx = yll + O (BR* WV ()l + Bd"*H*) . (4.1.6)

If we square this inequality and apply Young’s inequality, it implies

WR(P(x, ), P(y. ) < exp(-ah) [~ yIP + OB [VV ()P + )
+ 0l =yl BRIV (p)ll + pd'1*1%))

B2 |IVV(y)II? . ﬁzdhz)
a a

ah
<e><p(—7) ||x—y||2+0( 4.1.7)

Iterating either (4.1.6) or (4.1.7), together with a coupling argument, implies back the guarantee
of Theorem 4.1.2.

We finish by presenting the lemma we used in the proof of Theorem 4.1.2. The following proof is
very typical of stochastic calculus arguments, so it is worth internalizing.

Lemma 4.1.8 (Langevin movement bound). Let (X,),,, denote the Langevin diffusion and let
(71;),50 denote its law. Assume that VV is B-Lipschitz. Then, provided that t < /3,

E[I1X: = XolI*] < 82 E[|IVV (Xo)||*] + 8dz .

Proof By definition,

E[||IX, - Xo|"] = E[”— /Ol VV(X,)ds + V2 B,

2 t
| <2 [ BTV ds +4ELIBIFY.
0
Using the B-Lipschitzness of VV, ||[VV(X,)|| < |[VV(Xo)|| + B || Xs — Xol|. Thus,
t
LI, - XolP] < 4% | LI, - XolP]ds + 42 BLIVY (X0 +4di.
0

Applying Gronwall’s inequality (Lemma 1.2.20), it implies
E[IIX; ~ Xoll’] < {42 E[IIVV(X0)|I’] +4d1} exp(45°1%).

Finally, use the assumption ¢ < 1/3g to conclude. m]

4.2 Proof via Interpolation Argument

We now give a guarantee for LMC that holds even when V is possibly non-convex.
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Optimization Box 4.2.1. Suppose V : R — R is 8-smooth but non-convex. Recall from Opti-
mization Box 4.1.1 that along the iterates of GD,

h
V(xnt) = Vxa) < =7 IVV ()%,

provided that # < !/p (we only used smoothness to derive this inequality). This is known as the
descent lemma. We now combine this with an assumption that V satisfies a Polyak—-Lojasiewicz
(PL) inequality

IVVO)|? = 2 {V(x) - V(x,)}  forallx € RY.

The PL inequality is implied by a-strong convexity (see Section 1.4.2), but it is weaker and
allows for non-convex V. We then obtain

V(xne1) = V(xe) = V(xp) = V(xa) +V(xn) = V(xy)
< —g IVV I +V(x0) = V() < (1= ah) {V(x,) = V(x0)}

Setting h = 1/, we can achieve V(xy) — V(x,) < &2 in O (k log(V(x0)-V(x:)/2)) iterations under
PL and smoothness.

Recall from Section 1.4.2 that the sampling analogue of the PL inequality is the log-Sobolev
inequality (LSI), which naturally raises the question of whether the LSI is enough to obtain sampling
guarantees. The next proof we give is from Vempala and Wibisono (2019) (slightly refined using a
lemma from Chewi et al., 2024a). Here, we mimic the continuous-time convergence proof in KL
divergence by first defining a continuous-time interpolation of the LMC iterates. Upon differentiating
the KL divergence along this interpolation, we discover two terms: the first is the Fisher information,
and the second is a discretization error term. By controlling the latter, we prove a convergence result
for LMC assuming only that 7 satisfies LSI and that VV is Lipschitz.

The interpolation of LMC is defined as follows: we set

X, =X —(t-1)VW(& )+V2(B,-B,), (4.2.2)

where we have introduced the notation 7_ := [t/h] h.

Proposition 4.2.3. Let (i), be the law of the interpolated process (4.2.2). Then,

A L BIVV(R) - WV(E) | R, = ])] .

8., = div [ﬁt (v log %
T

Proof Let fi,; denote the law of X, conditioned on X, at time 7_. Then, (Aeye) satisfies

the Fokker—Planck equation

telt_,t_+h]

Oife (1 X)) = Mgy (-1 X, ) +div(ag, (-1 X ) VV(X,)) .
Next, we take the expectation of the above equation; since E |, (- | X)) =4,

Oifiy = Afy + divE[ g, (- | Xt,) VV(XL)] .
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NOtC that /jtlt_ (x, | x,_) ﬁt- (dx,_) = ﬁt (.xt) ﬁt_|,(dx,_ | X,). SO,
Bl (v 1 20 TVRON = [ o 5) TV () (2, )
= fi; (x;) / VV(xt,)ﬁt,h(dxt, | x;)
= ﬁt(xt)E[VV()?t_) | Xt =x].
Therefore,
8fis = Ay +div(a, E[VV(X,) | X, =)

- div(ﬁ, ¥ log &) +div(a E[VV(X,) - VW(R) | X =) 0
T

Corollary 4.2.4. Along the law (fi;),s, of the interpolated process (4.2.2),

R 3 R R
O KL(4, || m) < ~1 FI(a, | 7) + E[IVV(X,) - VV(X)IP] -

Recall that the Fisher information is FI(4 || ) := Eﬁ[HVlog(/}/n)llz] if (4 has a smooth density
with respect to 7.

Proof Using Proposition 4.2.3,
8, KL(4, || 7) = —Ej, <Vlog B 9log B v BIVV(R, ) - VV(R) | X, = -]>
T T
= —FI(a, | m) + Bz, (Vlog £, BIVV(£) - WV(X) | %, = ).

Using Young’s inequality,
B, (V log % BIVV(X) - V(%) | % = 1)
< %Fl(ﬁz | =) +E[IE[VV(X,) - V(X ) | X1
< }1 FI(a, | 7) + E[[IVV(X,) = VV(X,)IP] - O

In the convergence proof for LMC, we will use the following lemma. It can be seen as an extension
of the second part of the basic lemma (Lemma 4.0.1).

Lemma 4.2.5 (Chewi et al. (2024a, Lemma 16)). Suppose that  « exp(=V) where V*V < BI,.
Then, for any probability measure u < m,

E,[IIVVI*] < Fl(u || 7) +28d .

Proof For the generator & of the Langevin diffusion (with potential V), we can calculate £V =
AV — ||VV||%. Also, since V>V < Bl , then AV < Bd. Thus, using the fundamental integration by
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parts identity (Theorem 1.2.14),
2 du du
E,[IVVIP] =B [AV —ZV] < Bd+ [ (-ZV) = dr=pd+ [ (VV, Vd—) dn
T T
du
=pBd VV,Vlog —)d
pd+ [ (7. 910 ) d
1 1
Spd+3 E.[IVVIP] + 7 Fi(u [l 7).

Rearranging the inequality yields the result. ]

. . . C
Finally, recall that an LSI implies KL(- || 7) < S FI(- || 7).

Theorem 4.2.6 (Vempala and Wibisono (2019)). Forn € N, let fi,;, denote the law of the n-th
iterate of LMC with step size h > 0. Assume that the target & o< exp(=V) satisfies C s(7) < 1/a
and that VV is B-Lipschitz. Then, for all h < /g, for all N € N,
2dh
KL | 7) < exp(-aNI) KL || ) + O£
In particular, if k = BJa, for all & € [0,kVd] and for h = /g«a, we obtain the guarantee
VKL(finn || ) < € after
*d KL I ﬂ))

N = O(K—log

iterations .
&? g2

Proof 1In light of Corollary 4.2.4, we focus our attention on the discretization error term
E[IIVV(X,) - VV(X)IP] < BE[IIX: - X, %]
=R E[IVV(X)IP] +28°E[lIB, - B, |I] .

In order to apply Lemma 4.2.5, it is more convenient to have E[||VV (X,)]|?] instead of E[||VV (X, )|*].
So, we use

E[IVV(X)IP] < 2E[IVV(X)IP]T + 2E[IVV(X) - VV(X)II*] .

If h < 1/28, we can combine this inequality with the previous one and rearrange to obtain
E[IIVV(X:) = VV(X)IP] < 487 E[IIVV(X)II°] + 48 E[I|B; - B._|°]
=4p° P E[||IVV(X)|I’] +4B°dh .
For the first term, we apply Lemma 4.2.5, yielding for & < /48
42 E[||IVV(X)II?] < 482> FI(4, || ) + 88°dh* < % FI(a, || 7) +28%dh .
Combining with our differential inequality from Corollary 4.2.4 and LSI,

A, KL(4, || 7) < —% FI(a, || 7) + 68%°dh < —a KL(g, || 7) + 68°dh.

This implies that
d;[exp(at) KL(f, || 7)] < 6B%dhexp(at),
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and upon integration,

KL(Aw || 7) < exp(~aNh) KL(do || 7) + O () | 0

B*dh
o
Recall from Theorem 2.2.25 that an LSI implies exponential decay in every Rényi divergence, not
just the KL divergence. Working with Rényi divergences of order ¢ > 1 introduces substantial new
difficulties for the discretization analysis, which is why it is remarkable that the above proof can be
adapted to the Rényi case with the introduction of some additional tricks; see Chapter 6.

4.3 Proof via Convex Optimization

Next, we turn towards an astonishing proof, due to Durmus et al. (2019), which is inspired by convex
optimization. This proof yields the state-of-the-art dependence of LMC on the condition number « of
the target 7, and in Chapter 10, we will also use it to analyze a “mirror” variant of LMC.

Let the target be 7 = exp(—V) (for this proof, we assume that V is normalized so that f exp(-V) =1;
this just simplifies the notation but changes neither the algorithm nor the analysis). We now view
sampling as the composite optimization problem of minimizing the objective

KL(u || 7) 2=/Vdﬂ+/ﬂ10gu,

—_——— —

=&(pn) =3 (p)
where the two terms are the energy and the (negative) entropy. Accordingly, we break up the iterates
of LMC into the steps

X = Xn = hVV(X)
Xopiyn = X5 + V2 (B(n+1yh — Bun) -

The first step is simply a deterministic gradient descent update on the function V. If we write 4, for
the law of )A(:;h, then in the space of measures one can show that /i, is obtained from fi,, by taking
a gradient step for the energy functional € w.r.t. the Wasserstein geometry.! On the other hand, the
second step applies the heat flow; in the space of measures, this is a Wasserstein gradient flow for
the entropy functional J{. Since the gradient descent algorithm is sometimes known as the “forward”
method in optimization (as opposed to a proximal step which is the “backward” method), this has led
to LMC being dubbed the “forward—flow” algorithm.

We refer to Wibisono (2018) for more on this perspective. In particular, it suggests why the
LMC scheme is biased: the “forward—flow” discretization scheme is biased for optimization as well
(Exercise 4.7)! Generally speaking, when we split dynamics into its constituent parts and apply a
discretization method to each part, this is known as a splitting scheme, and it is the cornerstone of
numerical integration. Not all splitting schemes are born equal, however—it requires care to design
one that is asymptotically unbiased. Recall from Exercise 1.15 that € is smooth if V is smooth, but J{
is non-smooth. Wisdom from optimization theory tells us that the appropriate scheme to use here is the
“forward—backward” or “proximal gradient” method (see Optimization Box 8.0.1), but unfortunately
the “backward” step for the entropy cannot be easily implemented.

ITechnically this is only true if the step size & is chosen so that ||V2V||Op < 1. This is because on any Riemannian
manifold in which geodesics cannot be extended indefinitely, the gradient descent steps must be short enough to ensure that
the iterates are still travelling along geodesics.
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This can be viewed as the blessing and curse of sampling. It is a blessing because for the non-smooth
term in sampling—namely, the entropy H{—although we can implement neither the forward nor the
backward discretizations, we can implement the exact gradient flow, by sampling a Gaussian, and the
gradient flow thankfully succeeds even in the presence of non-smoothness. On the other hand, it is
a curse because the “mismatch” of the forward and flow operations as a splitting scheme leads to
asymptotic bias. We will revisit this issue of bias in Chapter 8§ via the proximal sampler.

Nevertheless, we will leverage this splitting perspective to provide another analysis of LMC. The
strategy of the proof is to show that the forward step of LMC dissipates the energy while not increasing
the entropy too much, and that the flow step of LMC dissipates the entropy while not increasing the
energy too much.

Optimization Box 4.3.1. Let V : R? — R satisfy al; < V?V < 1, and recall from Optimiza-
tion Box 4.1.1 that along GD,

[ne1 = YII° < (1= @h) llx, = yII> = 20 {V(x,) = V(»)} + B> [VV (x| (4.3.2)
Moreover, for i < 1/,
et = YII* < (1 = @h) |Ix, = YII* = 20 {V (xp1) = V() } . (4.3.3)

Inspired by Ambrosio et al. (2008), we refer to this as an evolution variational inequality
(EVI). It is quite a flexible tool for optimization. For example, we can set y = x,, and if @ > 0,
use the fact that V(x,) — V(x,) > 0 to conclude that ||x,.; — x4 |I> < (1 — ah) ||x, — x4]1,
recovering Optimization Box 4.1.1. However, even when @ = 0, we can set y = x,, h = 1/, and
telescope this inequality to conclude that

Bllxo = x>

N-1
Vi) - V) < ;{vwl) V(e < B EL

where the first inequality follows from the descent lemma.

Smooth case.

In analogy, we aim to prove the following key lemma.

Lemma 4.3.4 (EVI with error for LMC). Let m = exp(-V) be the target and assume that
0 < aly; < V*V < Bl,. Let (finy) ey be the marginal laws of LMC with step size h < !/p. Then,

2hKL(fignstyn | 1) < (1 = @h) W3 (fnn, ) = W3 (Agnetyns ) + 2BdN° . (4.3.5)

From this, we deduce the following results.
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Theorem 4.3.6 (Durmus et al. (2019)). Suppose that n = exp(=V) is the target distribution and
that V satisfies 0 < aly < V?V < Bl,. Let (fiun), ey denote the marginal laws of LMC.

1 (Weakly convex case) Suppose that a = 0. For any ¢ € [0, \/Z], if we take step size h = €’/pa,
then for the mixture distribution finy, == N~' Y| i it holds that \JKL(fny, || 7) < & after

Bd W3 (fio, ﬂ))

N=0< gt

iterations .

2 (Strongly convex case) Suppose that @ > 0 and let k := B/« denote the condition number.
Then, for any € € [0,Vd], with step size h < £/ga we obtain \Ja W(fixn, 7) < € and
VKL(@nn,2nn | 7) < € after

2/ A
kd CYW2 ('U(),Tl') g g
e — iterations ,

N=0(§10g p

— — -1 V2N N
where finn,onn = N7 X2yt Ank:

Proof We use Lemma 4.3.4.

1 By summing the inequality (4.3.5) and using the convexity of the KL divergence,

sz(/j()’ ﬂ-)

1 N
KL(a <= ) KL(4, <
(Awn 1) < 5 > KL | m) < =52

n=1

+ Bdh .

The result follows from our choice of 4 and N.

2 First, we prove the W, guarantee. Using the fact that KL({Z(u41)5 || 7) > O and iterating the
inequality (4.3.5) we obtain

N-1

W3 (fiwns 7) < (1= ah)N W3 (g, 7) +2BdR* " (1 = ah)”
n=0
< exp(—aNh) Wi (fi, 7) + O («dh) .

With our choice of & and N, we obtain vVa W»(dyn, 1) < &.

Next, forget about the previous N iterations of LMC and consider iy, to be the new initialization to
LMC. Applying the weakly convex result now yields the KL guarantee \/ KL(@nponn |l T) <e. O

‘We next turn toward the proof of Lemma 4.3.4.

Proof of Lemma 4.3.4 We break the proof into three steps.
1. The forward step dissipates the energy. First, let Z ~ 7 be optimally coupled to X,,,. Then,

Ear,)—&E(n) = E[V(X;h) —V(Z)]. However, since }A(;h is obtained from X,,;, via a gradient descent
step on V, we can apply the EVI (4.3.3) to argue that

" 1 . ..
E(ftyy) = E(m) < 5 B = ah) | Xon — ZIP = 1%, - ZI%]

1 . .
< 55 (0= @) W3 (fun, ) = W3 (i 7)}- (4.3.7)
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2. The flow step does not substantially increase the energy. Next, using the 8-smoothness of V,
Efinenyn) = E(fny) = BIV(Xiuenyn) — V(X))

< B[OV, Ko~ ) + 5 %)~ £3,1P)

=E[V2(VV(X},), Boustyn = Bun) + BI1Bnsyn — Bunll*]
= Bdh. (4.3.8)

3. The flow step dissipates the entropy. Let (Q,),, denote the heat semigroup, i.e., Q, f(x) =

E f(x + V2 B,), so that Amsyn = A}, Qn. Then, since the heat flow is the Wasserstein gradient flow of
I, and the Wasserstein gradient of 3 is Vy, I () = Vlog u, one can show that

atwg(ﬁ;th ”) < 2E<V 1Ogﬂ:1—h t(‘)?;h+[)? Z - X;h+t>

where )A(;h w ~ 1,0 and Z ~ 7 are optimally coupled. This follows from the formula for the gradient

of the squared Wasserstein distance (Theorem 1.4.5); it may be justified more rigorously using,
e.g., Ambrosio et al. (2008, Theorem 10.2.2).
On the other hand, we showed that I is geodesically convex in (1.4.3), so
H(m) = H(4,, Q1) > E(Vlog fi, Z(X;hﬂ‘)’ Z - X;h+t> .

Using the fact that r — H (47, Q,) is decreasing (which also follows because ¢ — /7, O, is the
gradient flow of J{), we then have

W3 (Ausiyne 1) = W3 (A% 1) < 20 {FC(x) = H(Aguein)} - (4.3.9)
Concluding the proof. Combine (4.3.7), (4.3.8), and (4.3.9) to obtain (4.3.5). O

Non-smooth case.

The proof via convex optimization can also handle the non-smooth case in which we only assume that
V is convex and Lipschitz. As before, we deduce the convergence result from a key one-step inequality.

Lemma 4.3.10 (EVI with error for LMC, non-smooth case). Let m = exp(=V) be the target and
assume that V is convex and L-Lipschitz. Let (fiup),cn denote the marginal laws of LMC with
step size h > 0. Then,

20 KL(Busiyn || 7) < W3 (@ps 1) = W2 (Rfpsrye ) + L2H2.

Theorem 4.3.11 (Durmus et al. (2019)). Suppose that n = exp(=V) is the target distribution
and that V is convex and L-Lipschitz. Let ({inp), e denote the marginal laws of LMC. For any
£ > 0, if we take step size h < £°[1?, then for the mixture distribution fiy; = N~ ZnN:1 [ it

holds that \JKL(gny, || ) < & after

N=0|

2 2(h
L* W3 (ag, nr) L
_— iterations .

&t

Proof This follows from Lemma 4.3.10 in exactly the same way that the weakly convex case
of Theorem 4.3.6 follows from Lemma 4.3.4. O
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Proof of Lemma 4.3.10  The main task here is to obtain dissipation of the energy functional € under
our new assumptions. Let Z ~ & be optimally coupled to )A((,m) . From (4.3.2),

20 {€(Amrnn) = EM} < E[Xenyn = ZIP = 1Ky = ZIP + B IVV (R ey ) I

We no longer have the descent lemma (which requires smoothness) at our disposal, but we can instead
bound the last term by L?h? using the Lipschitz assumption. Hence,

2h {E(ﬂ(nﬂ)h) -&(m} < sz(ﬂ(nﬂ)h, m) — sz(/jzrnﬂ)h, m) + L*h*. (4.3.12)
On the other hand, recall from (4.3.9) that

2h {}C(ﬁ(nﬂ)h) -H(m)} < sz(ﬁ;h, m) - sz(/j(nﬂ)hvﬂ) .

Together with (4.3.12), this completes the proof. O

4.4 Proof via Girsanov’s Theorem

The idea behind the next proof is to control the discretization error KL(fyy, || wx1), Where fiyy, is the
law of the LMC iterate Xy, and 7y, is the law of the Langevin diffusion Xy, initialized at fg. This is
accomplished using Girsanov’s theorem (see Section 3.2.2).

Unlike the previous proofs, which assumed strong log-concavity or LSI for m, controlling this
discretization error will only require mild assumptions, namely the smoothness of V. The point,
however, is that control of KL(fiy}, || 7n1,) does not immediately yield quantitative convergence of
fAnn — m; indeed, this also requires quantitative convergence of 7y, — m, which does require some
kind of assumption such as strong log-concavity or a functional inequality.

Another remark is that the preceding proofs all had the following structure: for a fixed step size
h > 0, as the number of iterations N — oo, the error of LMC is at most a quantity depending on #,
and which can be made as small as we like by taking 4 small. In particular, to achieve a desired error
it suffices that the step size be sufficiently small and that the number of iterations be sufficiently large.
In contrast, for the following proof we will only be able to establish a bound on KL(fin, || 7x1) which
grows with the iteration number N. Consequently, in our final sampling guarantee, we will not be able
to take N too large; our guarantee will only imply that the error of LMC is small if N lies in some
range. Conceptually, this is unsatisfying because “running the Markov chain too long” should not be a
problem, and it only arises as an artefact of the proof. Nonetheless, it is worthwhile learning the proof
because it is broadly applicable. We remark that this shortcoming can be removed in the strongly
log-concave setting using a “shifted Girsanov”” approach, similar to Exercise 3.4; see Altschuler and
Chewi (2024c¢) for details.

Historically, the Girsanov method was one of the first discretization techniques utilized in the
modern quantitative study of sampling (see Dalalyan and Tsybakov, 2012). The argument we present
here is similar in spirit to Dalalyan and Tsybakov (2012), although we have made a few refinements.

Theorem 4.4.1 (LMC discretization bound). Let 7w o< exp(—V) be the target and assume that VV
is B-Lipschitz. Let (fiyn),cn denote the marginal laws of LMC, and let (n1;),s, denote the law of
the Langevin diffusion initialized at [iy. Then, for h < /g and T = Nh,

N-1

KL(gr Il m7) $ B0 ) By, [IVVIP] + B°dhT .
0

n=l
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Proof Let (B;),c[o.r) be our standard Brownian motion and consider the SDE
dX, = -VV(X,)dr+V2dB,,  Xo~ fio.

Let Wy denote the Wiener measure on our path space, under which (X;),[o 7} becomes the Langevin
diffusion started at Xy ~ po. We would like to write

dX, = -VV(X, )dt + V2dB,,

and to find a path measure P under which (E‘t),e[oﬂ is a Pr-Brownian motion. If so, then under
P, we see that (X;),c(o 7 is the interpolated LMC process. Noting that dB, = dB, — d[B, M], where
dM, = \/LE (VV(X;) — VV(X,_),dB,), consider the exponential martingale &(M) associated with M.

By the data-processing inequality (Theorem 1.5.6), KL(fir || 77) < KL(Pr || Wr), so it suffices to
bound the latter. By Girsanov’s theorem (Theorem 3.2.8),>

dp
KL(Pr || Wr) = E™ log <o = EF log (M)
T

I Lt
_ P [@/0 (VV(X,) - VV(X, ),dB,) — Z‘/o IVV(X,) = VV(X)II? dt] :

However, we must be cautious! Here, (B;),c( ) is @ Wr-standard Brownian. As a sanity check, if
(B:)ef0.7) Were a Pr-standard Brownian motion, then the first term would vanish (since stochastic
integrals have zero mean) and the KL divergence would be negative, which is absurd. Instead, we
rewrite the above expression in terms of B, obtaining

1 T 2 T
KLy [ W) = 5 [ BP9V - TV P ar < 5 [ B - x Py ar
0 0

2 T
-£ / (=) B [|VV(X, )] +2d (= 1)} dt

Bh3 N-1
12

2dh*N
B IV () 7]+ 25 :

<
n=0

What sampling guarantee does Theorem 4.4.1 imply? Unfortunately, neither KL nor VKL satisfy
the triangle inequality, which poses a difficulty for bounding the distance of fiy, from the target .
One way to skirt this difficulty is to simply use the fact that VKL 2 ||-||rv (Pinsker’s inequality) and
the fact that the total variation distance satisfies the triangle inequality.

Corollary 4.4.2. Let n < exp(=V) be the target, assume that C s(n) < 1/a and that VV
is B-Lipschitz, and let k = /a. Let (finn),en denote the marginal laws of LMC. Then, for
all sufficiently small € > 0 and for an appropriate choice of h, we obtain the guarantee
ldnn — 7llTv < € provided that

2d KL(z
X e M) iterations .

N=®(?10g 82

2 Actually, as noted in the discussion in Section 3.2.2, to obtain the first equality one should check Novikov’s condition.
However, since all we desire is an upper bound on the KL divergence, this can be avoided with a localization argument. We
omit the details.
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For the Pinsker approach, we can leverage the fact that we can bound ||fiy, — ﬂNh||%V either
by KL(gnn || mvn) or KL(myg || Ann), depending on which is easier. The latter KL divergence is
controlled in exactly the same way as in Theorem 4.4.1, except that in the resulting bound we replace
Ep,, LIVVI?] with Ex,, [[IVVI].

Proof of Corollary 4.4.2 The LSI implies exponential convergence of the Langevin diffusion to its
target in KL divergence (Theorem 1.2.26 and Theorem 1.2.30), and we obtain \/KL(7x, || 7) < &/v2
with the choice T = Nh < a~! log(KL(flln)/2),

Next, if we simply apply the discretization bound for KL(fiy, || 7np) in Theorem 4.4.1, it becomes
tricky to bound E,, [||VV/||?] without further assumptions. Instead, as discussed above, we use a bound
for KL(mrwp || fivn). We apply Talagrand’s T, inequality, which is implied by the LSI (Exercise 1.16),
and the data-processing inequality® (Theorem 1.5.6):

2 2
B, [IVVIP] S B [IVVIP] + 8 Wi ran, ) < B+ - KLt 1) < g+ - kL I

Similarly to Theorem 4.4.1, we then obtain
4T
KLt | i) < BT + 2L KLGag || ) + BT
@
We now choose h to make this at most &2 /2. To simplify the calculation, we assume that ¢ is sufficiently
small so that the third term is dominant, as is typically the case in applications. This leads to the
choice h = O(&*/prdlog(KL (ol 7)/%)).
By the triangle inequality and Pinsker’s inequality,

R R 1 R 1
lane = xllrv < lAvn — winnlley + lmve — #llry < \/E KL(mnn |l Ang) + \/5 KL(mnn | ) < €.
Finally, plugging in the choice of 4 into Nh < ' log(KL(al7)/2) yields the result. O

Although the quantitative dependence in Corollary 4.4.2 matches prior results (e.g., via the
interpolation method in Theorem 4.2.6), the final result is unsatisfying because we have moved to a
weaker metric (TV rather than KL) for a seemingly silly reason (the failure of the triangle inequality
for the KL divergence). Indeed, we have a convergence result for the Langevin diffusion in KL, and
our discretization bound is in KL, yet our final result is in TV. Can we remedy this?

To address this, we can introduce the Rényi divergences, defined in (2.2.24); recall that KL = R;.
We have a continuous-time result for the Langevin diffusion in Rényi divergence (Theorem 2.2.25),
and it turns out that with some additional tricks it is possible to extend the Girsanov discretization
argument to any Rényi divergence. Moreover, the Rényi divergences satisty a weak triangle inequality
(see Lemma 6.2.5). This allows us to combine a continuous-time Rényi result with a Rényi discretization
argument to yield a Rényi sampling guarantee. We provide the details for this approach in Chapter 6.

Bibliographical Notes

Historically, the LMC algorithm, which is called unadjusted because of the lack of a Metropolis—
Hastings filter, was only studied relatively recently in non-asymptotic settings. Before the work
of Dalalyan and Tsybakov (2012), it was more common to study MALA (which we introduce and

3The data-processing inequality is not available to us if we bound the KL divergence with the opposite order of arguments.
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study in Chapter 7). The ideas which go into the basic W, coupling proof for Theorem 4.1.2 were
developed in a series of works on strongly log-concave sampling: Dalalyan and Tsybakov (2012);
Dalalyan (2017a,b); Durmus and Moulines (2017, 2019). The Girsanov argument of Theorem 4.4.1 is
also due to Dalalyan and Tsybakov (2012).

The coupling analysis of Section 4.1 will be generalized into a local error framework in Section 5.1.1.
Using this framework, Exercise 5.1 will show that the rate for LMC can be improved under higher-order
smoothness assumptions on V. Guarantees in KL divergence under higher-order smoothness were
also obtained via the interpolation method of Section 4.2 in Mou et al. (2022).

The proof of Exercise 4.6 is taken from Altschuler and Chewi (2024b), and the examples
of Exercise 4.7 and Exercise 4.8 are from Wibisono (2018).

Another notable proof technique that we have omitted from this chapter is reflection cou-
pling (Eberle, 2011, 2016). Reflection coupling uses a carefully chosen coupling of the Brownian
motions rather than just taking the two Brownian motions to be the same as we have done (the latter
coupling is called the synchronous coupling).

Exercises

Proof via Wasserstein Coupling

> Exercise 4.1 (Explicit computations for a Gaussian target)
Suppose that the target distribution is a Gaussian, 7 = normal(0, £), and that LMC is initialized at
a Gaussian. Can you write down the iterates and stationary distribution of LMC explicitly? What
happens when X = [,;?

Perform some explicit computations for this example and compare them to the general results for
LMC that we derived in this chapter. In particular, for £ = I;, show that the step size can be taken to
be h < ¢/4' to control the bias.

> Exercise 4.2 (Second moment bounds for LMC)

Assume that 8I; > V2V > al; > 0 and VV(0) = 0. Prove that if 4 < 1/, then the LMC iterates
initialized at ¢, with step size 4 > 0 have uniformly bounded second moment: sup,, .y E[1 %]
d/a. (Write a recursion for E[||X(n+])h 1] in terms of E[||X,.»|*]. In order to prove the result for all
step sizes h < 1/, you may need to appeal to coercivity of the gradient, Lemma 5.2.3.)

> Exercise 4.3 (LMC with decaying step size)
Consider LMC initialized at d,,, where x, is the mode of 7 and 7 satisfies 0 < al; < V*V < Sl,.
Show that by considering LMC with a decaying step size schedule 4, = !/cg«+can, where C, ¢ > 0 are
appropriately chosen universal constants, one can obtain an iteration complexity which removes the
logarithmic factor in Theorem 4.1.2 forall N > K2

Hint: The term CpBk in the choice of step size is so that the one-step bound in Remark 4.1.5 is valid.
However, the resulting computation is tedious, so here is a simpler exercise that still conveys the main
point. Take the step size schedule h,, = 1/can for ¢ > 0 sufficiently small and use the one-step bound
from Remark 4.1.5 (pretending that it is still valid) to obtain an iteration complexity bound without a
logarithmic term.



4.4 Proof via Girsanov’s Theorem 137

Proof via Interpolation Argument

> Exercise 4.4 (More general interpolations)
Let (X,),s be a stochastic process with C' sample paths, and let g, := law(X,). Prove that

Oy +div(u,by) =0,

where b, := E[X; | X, = -]. Note that this Fokker—Planck equation also describes the marginal laws
of the process Y; = b, (Y;), which is Markovian.

More generally, for any y > 0, show that d,u, + div(u,; b)) =y Au,, where b} := b, +y Vlog u;.
This corresponds to the SDE dY; = b (Y;) dt + \/ﬂ dB,;.

> Exercise 4.5 (Fokker—Planck vs. Girsanov’s theorem)
Consider the Fokker—Planck equations for two SDE:s:

Orps + div(u:by) =y Apy O, + diV(/jzl_’t) =y Ad, .

By differentiating ¢ +— KL(y, || &,) (similarly to the calculation in Corollary 4.2.4) show that

KL(ur || gr) < ﬁ /OT E,, [lb; — b.||*] dt. Compare this with what can be obtained from Girsanov’s
theorem (Theorem 3.2.8).

> Exercise 4.6 (Harnack inequalities via Fokker—Planck)

In this exercise, we provide yet another proof of the Harnack inequalities from Exercise 2.16
and Exercise 3.4. Consider Fokker—Planck equations for the Langevin diffusion and for an auxiliary
process, given as follows:

. : v L, ; .
A, = div(p, Vlog '%) . v, =div(v, Vlog ;’) . O, =div(y; (Vlog % =1t (Tyy—p, — 1d)))

with pg = vo and (1,),5, chosen so that u%. = ur. Here, Ty, _,,, is the optimal transport map from y;
to ;. Assuming that V2V > al, differentiate t — KL(y, || v;) as in the preceding exercise, and use
this to again establish (2.E.8). Can you also adapt this argument to Rényi divergences?

Proof via Convex Optimization

> Exercise 4.7 (Forward—flow discretization is biased)

Consider optimization of a composite objective f+g, where f(x) := % (x—1)*and g(x) = % (x+ 12
Write down the “forward—flow” splitting scheme for minimizing f + g, compute the limiting point of
the algorithm with step size &, and deduce that this scheme is biased.

> Exercise 4.8 (Proximal operator for the entropy)
As described further in Optimization Box 8.0.1, the sampling analogue of a “backward” discretization
step on the entropy would be to solve the following optimization problem:

) 1
prox,q(v) := arg min {J—C(,u) + 7 Wi (u, v)} .
HEP(RT)

In general, this is intractable. However, show that when v = normal(0, X), the solution u is also
Gaussian, and determine the mean and covariance of u.

> Exercise 4.9 (LMC without a two-phase analysis)
In Theorem 4.3.6, we deduced the rate for the strongly convex case via a two-phase analysis; in
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particular, we throw away the first N iterates and average the following N iterates, which can be
interpreted as a “burn-in” phase. Here, we show that this is unnecessary, provided that we use a
different averaging scheme. Starting with (4.3.5), multiply both sides by (1 — ah)_(””) and sum
across the iterations. Show that a suitable average fin, of the first iterates achieves the KL guarantee
in Theorem 4.3.6 for the strongly convex case.

Proof via Girsanov’s Theorem

> Exercise 4.10 (Convergence under PI)
Follow the proof of Corollary 4.4.2, but instead of assuming that Cis(7) < 1/a, assume instead that
Cpi(7) < 1/a. What is the final iteration complexity if log x* (o || 7) = O(d)? (See Lemma 1.5.2.)

> Exercise 4.11 (Diverging Girsanov bounds)

Consider the case where 7 = normal(0, /;) and show that for the path measures in the proof
of Theorem 4.4.1, KL(Pr || Wr) necessarily grows linearly with T'; thus, the diverging bound is a
fundamental limitation of the Girsanov-based approach. See, however, Altschuler and Chewi (2024c)
for how to circumvent this with the shifted Girsanov method. On the other hand, argue that KL(fr || 77)
remains bounded as 7 — oo, so the data-processing inequality is a bit loose here.

> Exercise 4.12 (Sharper Girsanov bound)
Show that in Theorem 4.4.1, the following sharper upper bound holds:

T
KLar llmn) < 5 [ EIBITV(RD) | £ - W[ ar.
0

Thus, Girsanov’s theorem can also capture some of the benefits of the interpolation method. Hint:
Similarly to Exercise 4.4, use Proposition 4.2.3 to argue that there is a Markov process which is
different from the interpolation of LMC, yet has the same marginal laws as LMC. Apply Girsanov’s
theorem to this process instead.



CHAPTER 5

Faster Low-Accuracy Samplers

We now move beyond the basic LMC algorithm and consider samplers with better dependence on the
dimension and inverse accuracy. There are two main sources of improvement that we explore in this
chapter. The first is to use a more sophisticated discretization method than the basic Euler—Maruyama
discretization. The second is to consider a different stochastic process, called the underdamped
Langevin diffusion. By combining these two ideas, we arrive at the state-of-the-art complexity bounds
for low-accuracy samplers.

5.1 Randomized Midpoint Discretization

In this section, we study the randomized midpoint discretization, which was introduced in Shen
and Lee (2019). The application to the Langevin diffusion was carried out in He et al. (2020).
Consider the continuous-time Langevin diffusion from time kh to (k + 1)h:

(k+1)h
Zigetyh = Zgn — / VV(Z;)dt + ‘/z(B(ku)h — Bi) .
kh

In the Euler discretization, we approximate the second term via —h VV(Z,,,). However, if we
want an unbiased estimator of the integral, then we can introduce an auxiliary random variable
uy ~ uniform([0, 1]) and use

Zisnyh = Zin — hVV(Z (kuyn) + V2 (Bx+1yn — Brn) -

To compute this approximation, however, we need to know Z .., ),. We have

(k+ug)h
Zkruyh = Zih — / VV(Z,)dr+ V2 (B (krugyh — Brn) -
kh

Note that we are in the same situation as before. In particular, if we desire, we can draw another
uniform random variable u) and approximate the second term above via —uyh VV(Z(kmku/k)h). In
principle, this procedure can be repeated indefinitely. However, we will see that just one step of this

139
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procedure suffices: further applications of this procedure do not improve the discretization error.
Instead, we will simply approximate Z .., ) via an Euler-Maruyama step:

Ziksuwyh = Zin — ugh VV(Ziy) + V2 (B (krueyh — Brn) -

To summarize, the randomized midpoint discretization of the Langevin diffusion, which we will
call RM-LMC, is the following update:

Xevyn = Xen = h VYV (X (kpugyn) + V2 (Bkstyn — Bin) ,
(RM-LMC)
X(krupyh = Xien — urh VV(Xip) + V2 (B (kugyn — Bin) »

where (1) oy 1S @ sequence of i.i.d. uniform([0, 1]) random variables which are independent of X,
and the Brownian motion. The algorithm uses two gradient evaluations per iteration. Also, when
implementing this recursion, it is important to note that the two Brownian increments are coupled. To
sample the Brownian increments, draw two i.i.d. standard Gaussians & and £/, and set

B (k+uyn — Ben = Vurh &y,
Bistyn — Bin = Nurch & + V(1 —up)h & .

We now state the complexity bound for (RM-LMC).

Theorem 5.1.1. For k € N, let u;y, denote the law of the k-th iterate of RM-LMC with step size
h > 0. Assume that the target n o« exp(=V) satisfies 0 < al; < V?V < Bl,. Then, provided
h< forall N € N,

,BKl/z’

2dh2 4dh3
W; (unn, ) < exp(—aNh) Wj (uo, ) + 0(’6 —+ Baz ) '

In particular, if we choose h appropriately, then for any € € [0, d"/?/k'/*] we obtain the guarantee
Va Ws(unp, ) < € after

N_5 Kd1/2 K4/3d1/3
B ( £ g23 )

iterations .

This result is a substantial improvement over the o (kd/&?) rate obtained for LMC in Theorem 4.3.6.
To establish the theorem, we now introduce a powerful framework known as local error analysis,
which streamlines the analysis of RM-LMC as well as other sophisticated discretizations of SDEs.

5.1.1 Local Error Analysis

The intuition behind randomized midpoint is that the gradient evaluated at a uniformly random chosen
time is an “unbiased” estimator of the stochastic integral. But what exactly does “bias” mean in this
context? Suppose that the “error” incurred by a discretization method at iteration k is denoted {, and
for the sake of argument, suppose that /i, ..., {y are i.i.d. with mean m and variance o->. Then, the
total error over N iterations, ZkN=1 k., has size roughly Nm + N0, where the first term represents
systematic bias that adds up over the iterations and the second term represents stochastic fluctuations
which cancel out and hence only add up as the square root of the number of iterations. Although this
model for the errors is clearly unrealistic, it motivates the development of a framework that separates



5.1 Randomized Midpoint Discretization 141

out the effects of “systematic bias” versus “stochastic fluctuations”, which in the sequel will be called
the “weak error” and the ““strong error”.

The following framework, known as local error analysis or mean-squared error analysis, is
classical in the literature on numerical methods for SDEs Milstein and Tretyakov (2021).

Lemma 5.1.2 (local error analysis). Let P, P be two Markov kernels over R? and let x,y € R,
Suppose that there are jointly defined random variables X ~ 6P, X ~ 6P, Y ~ 0, P satisfying
the following four conditions:

e (contractivity) || X =Y ||z < L||x = y|l.

o (coupling) [|[(X = x) = (Y = y)[l> < [lx = yll.
o (weak error) |[EX — EX|| € &year(X).
o (strong error) || X — X||12 < Etrong (X).

Then, the following one-step Wasserstein bound holds:
sz(éxﬁ, 5yP) < L2 ||)C - Y||2 +2 (%Weak(x) + ycgslrong(x)) ||X - )’|| + <gstrong(x)z . (513)

In particular, if the above conditions hold for all x,y € RY for some L < 1, then for any
probability measures g, vy,

_ _ , ,
b Eyeak + ¥ Estron Buron
W3 (1o PN, voPY) < LV sz(/lo,VO)+( ek + ¥ Bitrong) +( rone)

L(- L)2 1-L °
where we set

%weak = IDIEDS _1 “%weak”Lz(#op") K

%slrong = rlnax . ||%strong L2(upPm)

,,,,,,

Proof Expand out the square and apply Cauchy—Schwarz:

E[IX - Y[l = E[IIX - Y|P +2(X - X, X = ¥) + [|X - X|]
SLx=yIP+ER(K - X, x =) +2(X = X, (X —x) = (Y =) + [ X = X|’]
< L2 |lx = Y1 + 2 (Bueac (%) + ¥ Erong (%)) 1 = V1| + Eurong (x)° -

To iterate this bound, we apply Young’s inequality to the middle term to obtain

2 (%weak(x) + 7%strong ()C)) ||X - y“

SL(1-L)|x—y|*+ (Bueak (%) + Y Eurong ().

L(1-1L)
Hence,
W22(6x139 6yP) <L ||X - )’”2 + m (gweak(x) + ygstrong(x))z + %strong(x)z .
A coupling argument (c.f. Lemma 8.2.2) and iteration yields the result. O

In applications, P is taken to be an idealized process (e.g., the exact Langevin diffusion), whereas P
is a numerical discretization. The lemma adopts four assumptions, two of which are solely properties
of the kernel P. The remaining two assumptions, which quantify the accuracy of the numerical scheme,
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are purely local in that they only consider one step of the algorithm and idealized process started from
the same starting point, and are therefore typically easy to compute.

Note that the effective time horizon arising from a contraction factor L is Neg == 1/(1 — L). So, if
we disregard the term involving vy (which is often small), the final bound shows that the error over N
steps is bounded by N.g ek + N;f/fz %Stmng, in accordance with the intuition presented above.

Remark 5.1.4. It is often more convenient to have the weak and strong error terms depend on y rather
than x, because the expectations are then taken under the idealized process {voP"},,. To handle this,
itis frequently the case that &ycax, Estrong are¢ Luyeak-, Lsrong-Lipschitz respectively, in which case (5.1.3)
implies

sz(dxﬁ, 6yP) < L’z ”x - )’”2 +2 (%weak(y) + 7gstrong(y)) ||)C - y” + 2%strong(y)2 5

with L? = L? + 2 Lyeak + 2% Ltrong + 2L2 - If L’ < 1, this can be iterated to yield

strong*

= = 2 = 2
((gweak + y%slrong) + 2 ((gstrong)
L' (1-L")? 1-r

b}

W3 (0PN, voPN) < L'N W3 (1o, vo) +

where now we take

Eweak = max ||gweak”L2(v0P") >
n=0,1,..., N-1

%s rong —

SONE 0.1, N
Remark 5.1.5. If we do not wish to take advantage of the weak error, then we instead have the simpler
recursion W (6, P, 0yP) < L||x = y|| + Esrong (x). This is iterated to yield

maxy,=o,1,...,N-1 “gstrong”Lz(pOﬁ")

Wa (PN, voPN) < LN W (o, vo) + -1

If &grong 15 Lgrong-Lipschitz, then for L” := L + Lgyong,

max=o,1,....N-1 ”%strong”Lz(voP")
1-L ’

Wa (P, voPN) < L'™N W (o, vo) +

To conclude this section, we show that the Langevin diffusion satisfies the first two assumptions
of Lemma 5.1.2.

Lemma 5.1.6. Let (X,),5, (Y),s denote two copies of the Langevin diffusion with potential
V and started at x and y respectively. Assume that 0 < aly; < V*V < Bl,. Then, the following
statements hold.

11X = Yalle < exp(=ah) [|lx = y|l.
2 [|Xp =x = (Yn = Y)ll~ < Bhlx =yl

Proof The first statement is Exercise 1.17. For the second statement,

1 —x = == [ tovon - svoya < [N - v
< Bhllx =l :
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5.1.2 Analysis of Randomized Midpoint

To prove Theorem 5.1.1, we compute the weak and strong errors for RM-LMC.

Lemma 5.1.7 (local errors for RM-LMC). Let P, P denote the kernels for RM-LMC and for
the Langevin diffusion run for time h respectively. Assume that —1; < V*V < Bl,. There is a
coupling X, ~ 6P, X, ~ 6P such that the following hold.

1 (weak error) |EX, — EX,|| < B*H° ||VV (x)|| + B2d'* K2,
2 (strong error) || Xn — Xull2 < BR* ||V (x)|| + Bd'/*h3/2.

Proof We begin with the strong error.
h h
1% -l = | [ oveg - wvonyal < 1% - .
0 0
Next,

t
1%~ Xillz: = | f VV(X,) ds = uh YV (x) + V2 (B - B,)
0

s

t
< V)|l + / IVV(X,) 2 ds +d' 2R
0

1
S h[[VV ()] +,3/ X, = x[lz> ds +d'RY? < R ||VV ()| +d'*h'2,
0

where we applied Lemma 4.1.8. This yields the strong error estimate.
For the weak error, note that by taking the expectation over the uniform random variable, we obtain

h
B[R0 | (B)yejom] =% - / V(R dr + V3B .
0

This leads to substantial cancellations:

h h
E%-Exl <[ [ v - veoye| < s [ EI% - Xiar
0 0

h t h t
=,B/ E”/ {VV(XS)—VV(x)}ds||dt<B2/ / E||X, — x|| ds dr
0 0 o Jo
S B ARIVV ) +d'*h'y,
where we again applied Lemma 4.1.8. O

Proof of Theorem 5.1.1 We apply Lemma 5.1.2 via Remark 5.1.4 and Lemma 5.1.6. In particular, for
h < =L, we can take L’ = exp(—ah/2). By Lemma 4.0.1, we have the estimates &y < 82d'/*h/?

ﬁkl/z s

and Eyong < Bd"/*h*2. The result follows after some algebraic simplifications. ]

5.2 Hamiltonian Monte Carlo

The next algorithm we introduce, known as Hamiltonian Monte Carlo (HMC), was popularized in
the context of sampling by Neal Neal (2011). As the name suggests, it is inspired by Hamiltonian

ICheck this with paper and pen.
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mechanics. Although this algorithm is usually combined with a Metropolis—Hastings filter, we defer a
discussion of this until Chapter 7. In this section, we instead focus on an analysis of the ideal (i.e.,
continuous-time) dynamics.

5.2.1 Introduction to Ideal HMC

First, we augment the target distribution 7 to add a momentum variable p. Specifically, define the
distribution &r on phase space R? x R? via

r(x,p) o exp(~V() - 3 lpP).

The first marginal of 7 is & o« exp(—V), so if we obtain a sample from 7 then upon projecting to the
first coordinate we obtain a sample from 7.

The augmented target can also be written as & o exp(—H), where H is the Hamiltonian
H(x,p) =V(x)+ % || |I?>. In Hamiltonian mechanics, which is a reformulation of classical mechanics,
the laws of motion are governed by Hamilton’s equations, a system of coupled first-order ODEs:>

X =V,H(x:,pt) = pis
p: ==V H(x;, p;) ==-VV(x;).
Introducing the antisymmetric matrix

0 I

Hamilton’s equations can be written succinctly as
(%0, p1) = J VH(x1, po) -

Let F, : RY x RY — R4 x RY denote the flow map, i.e., F,(xo, po) is the solution (x,, p;) to
Hamilton’s equations started from (xo, pg). Then, we show that F; leaves the augmented target &
invariant: (F,),m = &r. Indeed, if f : R x R? — R is a function on phase space and (x;, p;),s evolve
via Hamilton’s equations started at (xg, po) ~ 7,

OB 1) = BT S h0 p). Ginepo) = [ (770 o). G o) dro o)
(P
N _/fd”([—vv x|

. P p V,lognm
- _/f{dw [—VV +< —VV} ’ [Vp 1ogn]>}d” =0.
Further properties of the Hamiltonian dynamics are explored in Exercise 5.3.

However, simply running Hamilton’s equations does not yield a convergent sampling algorithm.
For example, suppose that V(x) = % |lx||?; then, each flow map F, is actually a diffeomorphism. This
implies, for example, that KL((F; ), || (F;)4m) = KL(u || ) for any initial distribution g on phase
space. To get around this issue, we can “refresh” the momentum periodically. More specifically, we
pick an integration time 7 > 0, and every T units of time we draw a new momentum vector from the
standard Gaussian distribution (which is the distribution of the momentum under ).

2In contrast, Newton’s law %, = —VV (x;) is a second-order ODE.
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Ideal HMC: Pick an integration time 7 > 0 and draw (X, Py) ~ g,. For each iteration
k=0,1,2,...:

1 Refresh the velocity by drawing P, ~ normal(0, /).
2 Integrate Hamilton’s equations: set (X (x+1)7, Pks1)7) = Fr(Xir, Pir).

Since both steps of each iteration preserve r, the entire algorithm preserves xr. At this stage, though,
this algorithm is still idealized because it assumes the ability to exactly integrate Hamilton’s equations.
This may be possible for very special cases, but it is not in general, and certainly not within our oracle
model. Nevertheless, it is instructive to first analyze the ideal algorithm.

5.2.2 Analysis of Ideal HMC

Theorem 5.2.1 (ideal HMC, Chen and Vempala (2019)). Assume that the target © oc exp(—V)
satisfies aly; < V2V < Bl,. For k € N, let i denote the law of the k-th iterate Xir of ideal
HMC with integration time T > 0. Then, if we set T = #/’3 we obtain

N
W (unr, ) < eXP(_E) W; (o, 7) .

It is known that the convergence rate in this theorem is optimal, see Chen and Vempala (2019). We
now follow the proof, which is a purely deterministic analysis of Hamilton’s equations. First, we need
two lemmas.

Lemma 5.2.2 (a priori bound). Let (x;, p;);5 and (x;, p;}),, denote two solutions to Hamilton’s
equations of motion with py = p{, and a potential V satisfying ||V*V ||, < B. Then, for all

t € [0, #ﬁ]’ it holds that

1

5 Ilxo = xoll? < Il = x¢11% < 2 llxo = xg1%.

Proof  First, note that 0; || p; — p;|| < [|VV(x;) =VV(x)|| < B |lx; —x/]|. It follows that |0, ||x, —x]]|| <
’ t ’
e = pill < B [, llxs — x{|| ds and hence

t Ky
I, -]l < IIXO—X6||+/5'/ / e, — x|l dr ds.
0 0

Applying an ODE comparison lemma, one may deduce that |[x, — x}|| < V2 |Ixo - x,|l. The lower
bound is similar. O

Lemma 5.2.3 (coercivity). Suppose f : R¢ — R satisfies 0 < V2 f < Bl ;. Then, forallx,y € R,
it holds that

BVF(x) =V ), x=y) > IVF(x) = VLI

Proof See Exercise 5.4. O

We now prove the contraction result for the Hamiltonian dynamics.
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Proposition 5.2.4 (contraction of Hamilton’s equations). Consider any two solutions (x;, p;),so
and (x;, p}),s, to Hamilton’s equations of motion with p, = p; and a potential V satisfying
aly < V?V < Bl,. Then, forallt € [0, 2«F] it holds that

2

2 o 2
llxe = x7I” < exp(- 4)||xO—X6||-

Proof We compute

1 7112 ’ ’

> Orllxr = x;11° = e = X1, pr — Py)

1 7 ’ ’ 7 ’

3 O Nlxe = x;11” = llpe = pilI° = (xe = x,, VV(x,) = VV(x))) = =p; x, = x> + |Ipe = P17
where we define

_ (VV(x,) - VV(xD,xz _x;>

t

lle = x711?

To bound ||p; — p/||I%, we use |8;||p: — pilll < IVV(x;) — VV(x})]|. Also, by the coercivity lemma
(Lemma 5.2.3),

IVV(x:) = VVDI? < BAYV (x0) = V(). x; = x7) = Boy b = ;1P < 2Bp; [lxo = xpI?

where we used Lemma 5.2.2. Hence, by the Cauchy—Schwarz inequality,

t 2
[ V2ol - syl
0

t
Ip, =il <[ [ Joup. = il <
0 t
< 2Pt ||xo —x(’)||2/ psds.
0
From this and Lemma 5.2.2, we deduce

t

Rl = < (. =41 [ pods) o=yl

Integrating and using p > 0,

Bulle, -3, < (/ psds—4ﬁ/ /prdrds ) o — 5
<—(/ peds — 282 / pods) llo
0 0
d at
—=(1=287) ([ puds) = 51 < =5 o 531
0

Integrating again then yields

2 2

at at
[l = X117 < llxo = yoll* = — [xo —xl* < eXp(—T) llxo = xg117 - O
If we choose T' = then the contraction factor is exp(—m) < 1 -1/(32«). In particular, let

v
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P denote the transition kernel of one step of ideal HMC with integration time 7. We have the W,
contraction

Wi(P((x,p), "), P((x",p"),) < (1 - i) (x. p) = (", POII,

which, in the language of Section 2.6, says that the coarse Ricci curvature of P is bounded below by
k/32. Hence, by Theorem 2.6.6, we immediately obtain the following corollary.

Corollary 5.2.5. Assume that the target m o« exp(=V) satisfies al; < V*V < Bl,. Let P be
the Markov kernel for ideal HMC with integration time T = #ﬁ Then, P satisfies a Poincaré
inequality with constant at most 32«, where k = 3/a.

We conclude this section by observing that, since Hamilton’s equations are a deterministic system of
ODEs, we can approximately integrate them using any ODE solver; unlike for the Langevin diffusion,
there is no need to consider any SDE discretization here. By following this approach, Chen and
Vempala (2019) also provide the following sampling guarantee.

Theorem 5.2.6 (unadjusted HMC, Chen and Vempala (2019)). Assume that the target m o
exp(=V) satisfies aly; < V?V < Bl and VV(0) = 0. Then, there is a sampling algorithm based
on a discretization of ideal HMC which outputs u satisfying \NJa Wo(u, ) < € using

32 q12
K
O( ) gradient queries .

5.3 The Underdamped Langevin Diffusion

In ideal HMC, the momentum is refreshed periodically. We now consider a variant in which the
momentum is refreshed continuously. The underdamped Langevin diffusion is the solution to the
SDE

dX, = P, dr,
dP, = -VV(X,)dt — yP, dt + /2y dB, .

Here, y > 0 is a parameter known as the friction parameter; as the name suggests, the physical
interpretation is that the Hamiltonian system is damped by friction.

The underdamped Langevin diffusion is motivated by the acceleration phenomenon in optimization,
which we first recall in continuous time.
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Optimization Box 5.3.1. Consider the following ODE system with py = 0:

xt = pt D)
P =-VV(x))—vyp:.

This is the deterministic analogue of the underdamped Langevin diffusion. If we assume that V
is a-strongly convex, then one can show that with the choice y = 2va,

V(x) = V(xe) < 2exp(=var) {V(x) = V(x.)}, (5.3.2)

see Exercise 5.5. Moreover, the ODE system is stable for integration times of order ¢ < 1/+/,
where 3 is the smoothness of V, and hence one expects that the discretization of this system yields
an algorithm for optimization with a square root dependence on the condition number «. This is
indeed the case, but discretization is subtle; see, e.g., (Nesterov, 2018, §2.2) for an analysis of a
discrete-time scheme which achieves V(xy) — V(x,) < &2 in O(+/klog(x (V(xo) — V(x4))/€%))
iterations.

This phenomenon is known as acceleration in optimization. Historically, the development
happened in the opposite order: Nesterov put forth his algorithm, now known as Nesterov’s
accelerated gradient descent, in Nesterov (1983), and his algorithm is optimal amongst all first-
order algorithms Nemirovsky and Yudin (1983). The continuous-time formulation of acceleration
was introduced later, in Su et al. (2016).

Motivated by the acceleration phenomenon in optimization, we undertake a detailed study of the
underdamped Langevin diffusion to see if such a phenomenon also holds for log-concave sampling.
At present, however, our understanding is inconclusive.

Unlike the Langevin diffusion, the underdamped Langevin diffusion is not a reversible Markov
process. Moreover, it is an example of hypocoercive dynamics, which means that the Markov
semigroup approach based on Poincaré and log-Sobolev inequalities fails, necessitating the use of
more sophisticated PDE analysis (see Section 5.3.4).

5.3.1 Continuous-Time Considerations

It is illuminating to write the dynamics in the space of measures. By computing the generator of this
Markov process and writing down the corresponding Fokker—Planck equation, we arrive at the PDE

Oy = yApm, + div(n,

VV+vyp
for the evolution of the law (7,),5, of the underdamped Langevin diffusion. We can write this as the
continuity equation

om; = div(n',

V,logn )
-V logn —yV,logn +vyV,logn,

where 7 (x, p) « exp(—H(x, p)) = exp(-V(x) — % lp|I>). However, taking advantage of the fact that

. -V, logm, )_
d1v(7r, [ V, logm, ] =0,
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we have the more interpretable expression

V. log(m/m)

o,m, = le(ﬂ't Jy [Vp log (7, /)

0 -1
)’ J)/:=|:1 y:|®1d9

or
O, = div(m, J, [Vw, KL(: || m)] (7)) - (5.3.3)

This shows that the underdamped Langevin diffusion is not interpreted as a gradient flow of the KL
divergence, but rather a “damped Hamiltonian flow” for the KL divergence.

We begin with a contraction result for the continuous-time process based on Cheng et al. (2018).
Note that we use the same change of variables as in Exercise 5.5.

Theorem 5.3.4. Let (X?, P?)z>o and (X!, P,l)t>0 be two copies of the underdamped Langevin
diffusion, driven by the same Brownian motion. Assume that the potential satisfies 0 < al; <
V2V < Bl,. Then, defining the modified norm

e, p)IP = ||x+\/% | + lIxl?

and setting y = /23, we obtain the contraction

at

\/ﬁ

Proof Write 6X; = X! — X? and 6P, := P! — PY. Then, by 1t6’s formula (Theorem 1.1.19),
d(6X; +n6P,) = [6P, —n{VV(X]) = VV(X])} — yn 6P, dt

X!, P = (X2, PO < exp(——= ) (X3, PY) = (x5, PO

= [—(y}]— 1) 6P, -7 (/01 VAV ((1-s) X,‘)+sx;)ds) 5X,] dr

—H,
_ [—(7 - %) (6X, +16P,) + (y - % —nH,) 5X,] dt
as well as
d(6X,) = 6P, dr = [% (6X, +n6P,) — %5}(,] dr
so that
3 1%, + 1P, + 16X, )

y=ula 3 (H —yly)

B _<[6X, +n6P,]
|3 (nH, — y14) w1

0X;

6X, + 1 6P, >
§X, :

We now check that if y = % andnp = then the eigenvalues of the matrix above are lower bounded

2
B’

by an/2 = a/y2B. -

We check that the new norm we defined is equivalent to the Euclidean norm.
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Lemma 5.3.5. Forall x, p € R,

1

3 (1l +% 1pIP) < I pIP < 3 (IxIP +§ IpIP) .

Proof The upper bound follows from

e, I = [l + \/%pﬂz + el < 2 (I1xl1* + /—23 Ip1%) + 11X

%npnz < 2||x+\/gp||2+z||x||2. .

Consequently, the contraction result in Theorem 5.3.4 implies

V2 at
VB

Remark 5.3.6. If we compare Theorem 5.3.4 with Optimization Box 5.3.1, we see that we had
to choose a larger value for the friction (y < +/B rather than y < +/@) and this leads to a slower
exponential contraction with rate a/+/B (instead of v/a). Thus, Theorem 5.3.4 can be considered an
unaccelerated convergence rate.

The lower bound follows from

2 2
1! = XPIP + Z11P} = PP < 9exp(==—==) (1% = XG0P + 112 = PRIP)

5.3.2 Wasserstein Coupling Argument

We now discretize the underdamped Langevin diffusion. Of course, we could apply a simple Euler—
Maruyama discretization to the SDE, but there is a slightly better discretization here. We observe that
if we fix the value of the gradient term at time k /1, then the rest of the SDE is a linear SDE, and can be

integrated exactly. Namely, consider
X, =Fodr, for ¢ € [kh, (k + 1)h] (ULMC)

ort € ,(k+ .

dP, = —VV(X;y,) df — yP, dr + 2y dB, ,

Then, the solution to the SDE is given explicitly in the following lemma.

Lemma 5.3.7. Conditioned on (Xip, Piy), the law of (Xxs1yn, Pk+1yn) is explicitly given as
normal(M x+1yn, ) where

M _ | Xen+ vy (1 = exp(=yh)) P =y~ (h=y~" (1 = exp(=yh))) VV (Xin)
(e = Pinexp(—yh) =y~ (1= exp(=yh)) YV (Xin)
and
s |3 (=5 (L=exp(=yh)) + 57 (1 = exp(=2yh))} * "
- 2 {1 = 2exp(—yh) +exp(-2yh)} 1 —exp(—2yh)| = 4"

The = indicates that the entry is determined by symmetry.
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The lemma is an exercise in stochastic calculus (Exercise 5.6). The point is that the discretization
given as ULMC is implementable.

We now proceed to a discretization analysis which is a refinement of Cheng et al. (2018) (and
matches the guarantee obtained in Dalalyan and Riou-Durand (2020)).

Theorem 5.3.8. For k € N, let p,, denote the law of the k-th iterate of ULMC with step size
h = s/\//m friction parameter y = \/ﬁ and initialized at po ® normal(0, 1). Also, let uy,
denote the law of Xy, Assume that the target m < exp(=V) satisfies aly; < V*V < Bl,. Then, we
obtain the guarantee \Nla Wy (unn, ) < € after

K3/2d1/21 \/sz(#o,ﬂ))
og
€ £

iterations .

N=0(

Proof We apply Remark 5.1.5, in the norm |||-|||. Let (X;, P,),., denote ULMC and let (X,, P,),,
denote the continuous-time underdamped Langevin diffusion, both driven by the same Brownian
motion and started at (x, p). We want to bound the distance E[|[|(X;,, £,) — (Xn, P»)|lI*]. According
to Lemma 5.3.5, it suffices to bound E[||X;, — X,||*] and E[||P}, — P,||*] separately.

First,

E[[1%) - XulP] = E[H/Oh{ﬁ, - P,}dt”z] < h/OhE[nﬁ, — P dr.
Next,
EllA, - ) =5 [ (V0 + V() —y (B - P ||
< h/Ot(E[HVV(Xs) - VV@)I1P] + ¥ E[IIP, - P,|I*]) ds .
By Gronwall’s inequality, if & < % = \/;z_ﬁ’ then
E[I, - Pl < h/OIE[HVV(Xs) - VV@)IPlds < ﬁzh/OZE[HXs —x|I] dz.

Again, we need a movement bound for the underdamped Langevin diffusion, which is done

in Lemma 5.3.9. Substituting this in and assuming & < ﬁ,—l/z,

s A R 1 s
E[I(Xn, Pr) = (Xns PP < BLIIX, = Xall*] + 3 E[l12) — Pull’]
< Bt IpI* + B¥2ak° + B |IVV (1)

This is a bound on &yyone (X, p). We now apply Remark 5.1.5 with L = exp(—ah/ \/ﬁ) (by The-
orem 5.3.4) and Lgyone = O(Bh?), so that L’ < exp(—ah/(2VP)) for h < [{%ZK. Then, since

|1 Eswong |l 22y < BY2d'/*h?, we obtain

aNh Bd'?h
W ,T) < ex (——)"VV 7T +O( )
>(Hyps T0) p 2B > (Mo, 70) P
where ‘W, denotes the 2-Wasserstein distance in the |||-||| norm. Choosing the step size appropriately

completes the proof. O
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The next lemma provides the movement bound (Exercise 5.7).

Lemma 5.3.9. Let (X;, P,),5, denote the underdamped Langevin diffusion with potential V
satisfying V*V < Blg. If t < \/L/? A %, then

E[IIX: = Xl < 2E[IIPoll*] +yde® + * E[IVV(Xo)I1’] -

5.3.3 Randomized Midpoint Discretization

The randomized midpoint method of Section 5.1 can be applied to the underdamped Langevin
diffusion to yield an even better sampling guarantee. This was carried out in Shen and Lee (2019),
and we state the final result here.

Theorem 5.3.10. Assume that the target < exp(=V) satisfies aly < V?V < Bl; and VV(0) = 0.
Then, the randomized midpoint discretization of the underdamped Langevin diffusion outputs u
such that \Ja Wy (u, ) < € using

—/xd!/3 g1/3,1/6 _ )
( ) gradient queries .

£2/3 k d1/6

Since the proof is a combination of the proof techniques introduced for the randomized midpoint
discretization (Theorem 5.1.1) and the analysis of underdamped Langevin (Theorem 5.3.8), we leave
it as an exercise.

With respect to the dimension dependence, this is the current state-of-the-art guarantee for sampling
from strongly log-concave distributions.

5.3.4 Hypocoercivity

Our study of the underdamped Langevin diffusion has produced samplers with substantially improved
sampling complexity, culminating in Theorem 5.3.10, but we have not addressed the motivating
question in this section. Namely, is there an acceleration phenomenon for sampling, in the sense of an
algorithm with a square root dependence on the condition number? (See Optimization Box 5.3.1.)

Toward this question and others, such as whether we can obtain KL divergence guarantees under
functional inequality assumptions (as we did in Section 4.2), we must now enter into a discussion
of the hypocoercivity arguments which until this point we had deferred due to the higher level of
technical sophistication.

We start by noting that the generator of the underdamped Langevin diffusion can be written
(see Exercise 5.9) as & = yLou + Lham, Where Zoy is the generator of the Ornstein—Uhlenbeck
process (Exercise 1.3) acting on the momentum coordinate,

gOUf = Apf - <P’ fo) s

and $yam captures the Hamiltonian part of the dynamics,

gHamf = <p7 fo) - <VV’ fo> .
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If we write the Fokker—Planck equation for the underdamped Langevin diffusion in terms of the
relative density p, = %, we obtain the differential equation

8ip = ZLp . (5.3.11)

Now suppose that we wish to prove convergence in the chi-squared divergence. The first approach
to try is to simply differentiate ¢t +— ||p; — 1||i2 (x)» 35 W did for the Langevin diffusion. We find that

ar“Pr - 1||2Lz(ﬂ) =2y <pt -1, %o (pt - 1)>L2(7r) +2 <.0t -1, Zham (pt - 1)>L2(7r) .

Unfortunately, this naive calculation cannot succeed. To see why, note first that Fan, 1S anti-symmetric
in L?(m), i.e., Lliam = —Zham, s0 the second term above vanishes (Exercise 5.10). Moreover, the first
term is not coercive, in the sense that the putative inequality (o, —1, Zou (0;—1))12(xr) < —llp:—1 ”3_2(7:)
generally fails, because %oy has a large kernel: namely, all test functions which depend only on the
position coordinate.

However, there is a certain intuition that the underdamped Langevin diffusion ought to converge
anyway: the £ operator is coercive when restricted to the momentum coordinate, and the Hamiltonian
dynamics encoded in Zam causes the position and momentum coordinates to “mix”. Indeed, it is the
interaction of the two parts of the dynamics that drives the system to equilibrium.

We now give an exposition to the theory of hypocoercivity, as treated in Villani’s monograph Villani
(2009a), which places the above intuition into a mathematical framework. The theory has two key
ingredients. First, the “interaction” between the two parts of the dynamics is handled by studying the
commutator of the two operators. Second, in order to take advantage of the non-zero commutator,
we perform an analysis in a modified norm (similar in spirit to the twisted metric in the coupling
argument of Theorem 5.3.4). We will establish the following theorem.

Theorem 5.3.12 (hypocoercivity). Fort > 0, let f; = p, — 1 = % — 1 denote the centered
relative density along the underdamped Langevin diffusion with friction coefficient v = co\B,
co > 0. Assume that measure n o« exp(=V) on R? satisfies a Poincaré inequality with constant
a~ !, and that the potential V is 3-smooth. Then, there is a constant ¢’ > 0 depending only on c

such that

1
il 5 IV il 19 il

c’at
< exp(—

VB

1
) ol + 5 19 ol ) + 19 o)

To better appreciate the core of the argument, we follow Villani (2009a) and switch to more abstract
notation. Although we are only concerned here with the underdamped Langevin diffusion, some
of the following discussion will be phrased more generally to emphasize its broader applicability.
We observe that Zoy = =V, V,,, which makes apparent its symmetry and non-positivity, and hence
study an operator & of the form & = —yA*A + B, where A and B are linear operators and B is
anti-symmetric. Thus, we will take

A=VY,, B = %am C = [A,B].

Here, [A,B] := AB — BA is the commutator. As a preliminary step, we must compute these
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commutators, which we leave as an important exercise (Exercise 5.10):
[A,A%] =id, C=V,, [B,C]=V?VV,=VVA. (Com)

Here, [A, A*] is interpreted as ([0,,, V;], e [0p,, V;]). Also, C commutes with A and A*. Finally,
we let ||-|| denote a Hilbert norm, which is taken to be ||-||;2(,) for the application to underdamped
Langevin.

Already, the commutator calculation proves to be interesting. Indeed, due to the anti-symmetry
of B, the computation of the time derivative along the dynamics® induced by # yields 2 (f, Z f) =
-2y ||Af|%, and the problem is that the quantity ||Af]|| is not coercive, in the sense that it does not
control || f|| from above. In other words, AA* may not be strictly positive definite. For underdamped
Langevin, this corresponds to [[Af|| = ||V, f||.2(r) and so we are missing a term—namely, the norm
of the position gradient. But this position gradient shows up precisely as the commutator C.

Motivated by this observation, the plan is to instead consider || f||*> + ||Af]|* + ||Cf]|*>, which
corresponds to the usual squared Sobolev norm || f ||2L2 o T IVf ||2Lz(") for underdamped Langevin.
Importantly, this quantity is coercive, as a consequence of the Poincaré inequality for r (which follows
from the assumed Poincaré inequality for m, together with the Poincaré inequality for the standard
Gaussian). In other words, rather than requiring AA* to be positive definite, we now only require
AA* + CC™ to be positive definite. In general, this process can be repeated: if AA* + CC* is still not
positive definite, we can take another commutator C; = [C, B] and add C,C7, etc., and the number of
times this process must be repeated corresponds to the degeneracy of the equation. For underdamped
Langevin, just the addition of CC* is enough.

However, simply differentiating t — || £;||> + ||Af,||> + ||C£||* is still not enough to establish
convergence. The other crucial ingredient is to change the norm. Hence, we shall consider the
following Lyapunov functional

S ARCR L ICHIP.

We will choose a, b, ¢ > 0 to be universal constants such that ac > b2, which will ensure that the above

Lyapunov functional is equivalent up to universal constants to the norm || £]|> + [|Af|]> + B~ ||C f]I>.
As Villani writes, the key intuition is that the effect of %oy = —A*A is to dissipate the terms || f]|°,

IAf|I?, and ||C f||>, whereas the effect of B is to dissipate the mixed term —(A f, C f). To see this,

suppose that M is an operator which commutes with A. Then, if 9,g, = —A*Ag;,

L= AP +allAfill? -

OMgi|I* = =2(Mg,, MA*Ag,) = =2(Mg,, A"AMg,) = =2 ||AMg,|> < 0.
On the other hand, if 9,g, = Bg;, from anti-symmetry, the definition of C, and (Com),

—0,(Ag:,Cg,) = —(ABg,,Cg,) — (A&, CBg:)
= —(ABg;,Cg:) — (Ag:, BCg:) — (Ag:, [C, Blg:)
= —(ABg;,Cg;) + (BAg:, Cg:) + (Ag:, [B,Clg:)
= —lICgl* + (Ag,, V?V Ag.) .

Up to an error term, we have obtained decay in the missing “C direction”!
We now proceed to the full calculation.

3In the abstract setting, this refers to ¢ > exp(Zt) fp, i.e., the semigroup with generator Z.
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Proof of Theorem 5.3.12  If we differentiate £,, we obtain —D( f;), where we calculate

DU =2 I4fF 4 ()4 ()5 ).
I —_— ——

I 111

Our aim is to lower bound D( f;) by a multiple of L,. Following Villani’s notation, we divide each of
the terms I, II, and III with subscripts, 1,4, I, etc., to signify the part of the time derivative which
comes from —A*A or from B. We estimate each of these six terms. Based on the above intuition,
we expect I4, Ilz, and III4 to contribute terms that help us, whereas the other terms are error terms.
Throughout, we repeatedly use the commutator calculations in (Com).

We start with the first term.

Iy = 2ay (Af, AAA[) = 2ay ((Af, A" A’ f) +|IAfI?) = 2ay (1A FIP + ASIP)
Ip = -2a (Af.ABf) = —2a{Af.BAf) = 2a(Af.Cf) = -2a(Af.Cf)
> =2a|AfIHICAI

Next, for the second term, by the above calculations,

Iy = —2%/ ((AA™Af,Cf)Y+(Af,CA"AS))

- —2% (A*AF.Cf) +(Af.CF)+ (Af. A"CAS))
2by 2 2by 2
=——=2(A°f,AC Af,C >—-——=(2|A AC A C
S QULACH) +(AF.CH) > = L QIATIIACHI +IAFIICA)
2b 2b
Iz = == (||CFI>P = (AFf, VP2V AFY) = = (ICFI> = BIASIP) .
5= UCTP ~ ALV AD) > Z (I - BlASIP)
Finally, for the third term,
I, = 2% (Cf.CAAS) = 2;77 IACHIP.
1Ml = —%C (Cf.CBf) = —%C ((Cf.BCf)+(CS.[C.BIf)) = %C (CL.VPVAS)
> e JAFI I

Let D(f) == (||Af]], # IC£I, 1A% £, \/LB IAC£||). Now assume that y = ¢,/ for some constant
co > 0. We have established the inequality D (f) > (D(f),Z D(f)) where

2cog +2acy—2b —2a-—2c
2b
x= \/E 2ac, —4bcy
2ccy

Now we want to show that we can choose constants a, b, ¢ > 0 with ac > b?, depending only on ¢,
such that the symmetric part of X is positive definite. In this case, since X is block diagonal, this
just amounts to ac > b* as well as 4b (co + acy — b) — (a + ¢)? > 0. If we scale a, b, ¢ down so that
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max{a, b,c} < ¢y A 1 then the second condition is clearly satisfied. With this, we have obtained

oL, =-D(f;) < AfillF = —= |IC f;
(f) < —VBIALI VB” fil.

Applying the Poincaré inequality for 7 (in the norm given by || (x, p)||2 = |Ix]I? + || plI?/ @),

\F (AP + AL + = IICﬁII ) < —v% L.

In the last line, we used the fact that £, is equivalent up to constants to the Sobolev norm || f]|* +

IAfIP + 5 ICFIP. O

Remarkably, there is a variant of this theorem which holds for KL convergence, which proceeds via
a twisted version of the Fisher information.

a 1
0L s—— (IAfIP+=IICLIP) < -
(AL + L ICAIP)

Theorem 5.3.13 (entropic hypocoercivity). In the setting of Theorem 5.3.12, suppose instead
that r satisfies a log-Sobolev inequality with constant a~'. Then, there is a Lyapunov function

£, = KL(x, || 7) +Ex, <v1 og Xt ([b“/j_ b/‘/_]md Vlog—>

such that for all t > 0,
c’at

VB

L < exp(— )Lo.

This concludes our exposition to hypocoercivity. The study of hypocoercive dynamics is still an
active area of research, and there have been many developments since Villani’s original monograph;
see the bibliographical notes for a short discussion. However, Theorem 5.3.12 and Theorem 5.3.13
still only yield unaccelerated rates of convergence. Very recently, through different techniques (based
on a space-time Poincaré inequality), Cao, Lu, and Wang obtained the following remarkable result.

Theorem 5.3.14 (space-time Poincaré inequality, Cao et al. (2023)). Suppose that n is log-
concave and satisfies a Poincaré inequality with constant a~', and set y = \a. There is a
universal constant ¢ > 0 such that for all t > 0, for underdamped Langevin,

X (7, || 1) < exp(=cvat) x*(mo || 7).

Note that this is indeed the accelerated rate! Unfortunately, this is a “Poincaré-type” result, which
leads to a worse dependence on the dimension (see the discussion in Section 1.5). Currently, it is
not known how to prove a “log-Sobolev” version of this result. Moreover, the current discretization
methods are lossy, and have not yet translated Theorem 5.3.14 into an accelerated discrete-time
guarantee.

Bibliographical Notes

The local error framework is classical Milstein and Tretyakov (2021) and has been widely used for the
analysis of sampling algorithms Li et al. (2019); Sanz-Serna and Zygalakis (2021); Li et al. (2022a,b).
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The improved complexity for LMC in Exercise 5.1 was obtained in Li et al. (2022b), whereas the rate
when V2V is Lipschitz in the operator norm goes back to earlier works.

HMC and its variants are some of the most popular algorithms employed in practice, especially
the no-U-turn sampler (NUTS) Hoffman and Gelman (2014) which adaptively sets the integration
time. In terms of complexity analysis, the paper Chen and Vempala (2019) (whose proof we followed
in Theorem 5.2.1) provided the tight analysis of ideal HMC. Other complexity results obtained for
HMC under various assumptions include Mangoubi and Vishnoi (2018); Mangoubi and Smith (2019);
Bou-Rabee et al. (2020).

The underdamped Langevin diffusion has been studied quantitatively in Cheng et al. (2018); Eberle
et al. (2019); Dalalyan and Riou-Durand (2020); Ma et al. (2021); Zhang et al. (2023).

Besides randomized midpoint, the (idealized) shifted ODE algorithm Foster et al. (2021) also
achieves iteration complexity of O (kd'/®/s*?) when applied to the underdamped Langevin diffusion.
However, implementing the ODE requires the use of a numerical integrator, and it is currently not
known how to preserve the rate when fully discretized. Moreover, there is evidence that O (kd'/3 /&%)
is the optimal rate for discretization of underdamped Langevin Cao et al. (2021); see the Bibliographical
Details in Chapter 9.

The literature on hypocoercivity is large and we do not intend to comprehensively survey it here,
but we give a few pointers. Our treatment of hypocoercivity is inspired by the monograph Villani
(2009a), which was the first to develop the theory in a general framework. The illuminating work
of Baudoin (2017) relates the hypocoercive calculations to the Bakry—Emery calculus. The approach
to hypocoercivity taken here is sometimes called “H' hypocoercivity” because the constructed norm
is equivalent to the H'(xr) Sobolev norm, but there is another approach based on “L? hypocoercivity”.
The latter is called the “DMS framework” after Dolbeault et al. (2009); see Roussel and Stoltz (2018)
for the application to underdamped Langevin. Finally, we mention that the space-time Poincaré
approach of Cao et al. (2023) builds on the earlier work of Albritton et al. (2021).

Exercises

Randomized Midpoint Discretization

> Exercise 5.1 (LMC under higher-order smoothness)

Assume that the potential satisfies 0 < al; < V>V < BI,; and furthermore assume that ||[VAV|| <
Lo+ ¢1 ||VV]|. Define the scale-invariant quantities « = 8/a, K = {o/a’/?, and K, := {;/a. Use the
local error framework to show that LMC achieves iteration complexity 0 ((RKo + (k + k1) Vkd) /€) in
this case. In particular, if «, Ky, k; = O(1), then the iteration complexity becomes %) (d'? /&), which
should match what was obtained for the Gaussian case in Exercise 4.1. Note that if we have a Lipschitz
condition in the operator norm, ||[V2V(x) = V2V (y)lop < p [lx — y|I, then || VAV|| < pd'/?, so in this
case it implies the iteration complexity O((x*/2d'/? + k'2pd/a)/€).

Hence, if the Hessian is Lipschitz in the operator norm, the complexity of LMC improves from
0(d/&?) to O(d/e), and under a more stringent condition (satisfied by Gaussians), it further improves
to 0(d'?/s).

Hint: To bound the weak error, use It6’s formula.

Hamiltonian Monte Carlo

> Exercise 5.2 (Gaussian calculations for HMC)
Suppose that the target 7 is a standard Gaussian distribution. Compute the flow map F; for the
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Hamiltonian dynamics. Also, if we start at the initial distribution o = normal(0, 0'2Id), show that the
distribution g, over phase space at time ¢ of ideal HMC is a Gaussian distribution, normal(0, X,), and
compute X, € R?4x24,

> Exercise 5.3 (basic properties of Hamiltonian dynamics)
In this exercise, we explore some fundamental properties of the Hamiltonian dynamics.

1 (conservation of energy) Along the Hamiltonian dynamics, (X, p;),s. show that H(x,, p,) =
H (x9, po). In fact, for any function f : RY x R? — R whose Poisson bracket with H vanishes, i.e.,

{f’H} = <VXf’VpH> - <fo’VxH> :()9

it holds that f(x, p;) = f(xo, po)-
2 (conservation of volume) By differentiating ¢ — det VF, (x, p) and using the flow map equation

0,F,(x,p) = JVH(F,(x, p)), prove that det VF,(x, p) = 1 for all t > 0 and x, p € R¥. This shows
that F, : RY — R is a volume-preserving map.

3 (timereversibility) Suppose that (x;, p;),c (o) solve Hamilton’s equations. Show that (x7—;, =pr-+),¢[0.71]
also solve Hamilton’s equations. In other words, if R is the momentum reversal operator, i.e.,

0
k=i )

then F;' = Ro FroR.

> Exercise 5.4 (coercivity)
Prove Lemma 5.2.3.

Hint: Letz ==y — é {Vf(y) — Vf(x)}. Apply the convexity inequality to f(x) — f(z), and the
smoothness inequality to f(z) — f(y), in order to upper bound f(x) — f(y). Combine this with the
symmetric inequality for f(y) — f(x).

The Underdamped Langevin Diffusion

> Exercise 5.5 (Nesterov’s algorithm in continuous time)
Consider the continuous-time formulation of Nesterov’s algorithm, as given in Optimization Box 5.3.1.
Assume that V' is a-strongly convex and py = 0. Prove the rate (5.3.2).

Hint: Letz; == x; + % p.- Consider the Lyapunov functional

a
L, =V(x,) = Vixe) + E ||z _x*”2 .

Prove that £, < —+a £,. You may find the following identity to be helpful: (z — x,z — x*) =
3 Ulz = xIPP + 11z = x*[1> = [lx = x*[1%).

> Exercise 5.6 (derivation of the ULMC updates)
Solve the SDE for ULMC to prove Lemma 5.3.7.

> Exercise 5.7 (movement bound for the underdamped Langevin diffusion)
Prove the movement bound for underdamped Langevin (Lemma 5.3.9).

> Exercise 5.8 (analysis of RM-ULMC)
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Prove Theorem 5.3.10 (or at least write out enough of the analysis to convince yourself of the main
term kd'/? /&3 in the rate).

> Exercise 5.9 (Fokker—Planck equation for the underdamped Langevin diffusion)

Check the expression & = yZoy + ZLuam for the generator of the underdamped Langevin diffusion
given in Section 5.3.4. Then, check the various calculations leading up to the Fokker—Planck
equations (5.3.3) and (5.3.11).

> Exercise 5.10 (computations with adjoints and commutators)

Prove that £}, = —“ham and that Zoy = =V, V,,, where the adjoints are taken in L?(m). Moreover,
verify the commutator relations (Com).

> Exercise 5.11 (entropic hypocoercivity)
Adapt the proof of Theorem 5.3.12 to prove Theorem 5.3.13.



CHAPTER 6

Convergence in Rényi Divergence

In this chapter, we study sampling guarantees which hold in Rényi divergences. Recall from
Section 2.2.5 that the Rényi divergences are a family of information divergences, indexed by a
parameter ¢, such that the Rényi divergence of order ¢ = 1 is the KL divergence, and the Rényi
divergence of order 2 is related to the chi-squared divergence via R, = log(1 + y?). Rényi divergence
guarantees are stronger than W, or KL guarantees, and they have been of interest in their own right in
differential privacy Mironov (2017). The results from this chapter will also be used to be used in the
subsequent Chapter 7.

In Section 2.2.5, we studied the continuous-time convergence of the Langevin diffusion in Rényi
divergence under either a Poincaré inequality or a log-Sobolev inequality. We will build upon these
results in order to study the discretized LMC algorithm. Then, we will consider the underdamped
Langevin diffusion, which was introduced in Section 5.3.

6.1 Analysis of LMC via Interpolation Argument

In this section, we follow ?, which generalizes the argument of Theorem 4.2.6 and provides a clean
Rényi convergence proof for LMC under the assumption of a log-Sobolev inequality (LSI).

As in Section 4.2, we begin by writing a differential inequality for the Rényi divergence along
the interpolation (4.2.2) of LMC. The proof is a combination of the proofs of Theorem 2.2.25
and Corollary 4.2.4, so it is left as Exercise 6.1. Throughout this section, let g > 2 be fixed.

Proposition 6.1.1. Along the law (,),s, of the interpolated process (4.2.2),
3 ELIV(p!™)IP]
Ex(pf)

where p; = % and g, = p?~" JE,(p?).

O Rq (e || ) < = +q B[y (X) IVV(X) = V(X IP]

160



6.1 Analysis of LMC via Interpolation Argument 161
In analogy with the usual Fisher information, the quantity

q/2
Gl = AEAIVGPIP - d

Ex(p9) dr’

may be considered the “Rényi Fisher information”. As in the proof of Theorem 2.2.25, under a
log-Sobolev inequality, we have

Flg(u |l ) >

so the first term in Proposition 6.1.1 provides a decay in the Rényi divergence. In the discretization
analysis, our task is to control the second term.
Note that

g
Byi(X) =By b =Ealpi g ] = 1.
so ¥, (X;) acts as a change of measure. The main difficulty of the proof is that whereas we know how
to control the term ||[VV(X;) — VV(Xy,)||> under the original probability measure P (indeed, this
is precisely what we accomplished in Theorem 4.2.6), it is not straightforward to control this term
under the measure P defined by ‘;—g =, (X,). Towards this end, we shall employ change of measure
inequalities that allow us to relate expectations under P to expectations under P. Note that ¢, = 1
when g = 1, which is why these difficulties can be avoided when working with the KL divergence.
The main theorem that we wish to prove is as follows.

Theorem 6.1.2 (?). For k € N, let uy;, denote the law of the k-th iterate of LMC with step size
h > 0. Assume that the target m « exp(=V) satisfies LSI and that VV is B-Lipschitz. Also, for
simplicity, assume that C\g, B = 1. TODO: Check if this is necessary. Then, for all h
forall N > Ny, it holds that

1
< —1
= 192Cs829%’

N - No)h)

Ry 1) < exp(~ 00 Ra(n | ) + B Cisfdha)

where Ny = |'2CLSI log(g — 1)]. In particular, for all € € [0,+/d/q], if we choose the step size
h= @)(ﬁquc ), then we obtain the guarantee \|R,(tny || ) < € after

N = O(M log Ry (o || n)) iterations .
g?

For clarity of exposition, we begin with a discretization analysis that incurs a worse dependence on
q. Afterwards, we show how to improve the dependence on g via a hypercontractivity argument.

Proof of Theorem 6.1.2 with suboptimal dependence on q As in the proof of Theorem 4.2.6, our
aim is to control the error term B[y, (X,) ||[VV(X,) — VV(Xi)|I*], where from the 8-smoothness of
V and from i < 35 We have

IVV(X)) = VV(Xe) > < 9B (1 = kh)* IVV(X)I* + 687 (1 — ki) | B, = Biall* -

There are two terms to control. For the first term, applying the duality lemma for the Fisher
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information (Lemma 4.2.5) to the measure ¥, u,,

o [IVVIP] < PG || ) + 280 = B, [0, [V 1og v ) ] + 264
 Ealp? [V log(o")I1] 4En[uv<p"/2>u2]
ST EGh TPt T ey T

where we used the identity

dut I = E[IV(p!*)*]

6.1.3
B, (p7) ©13

E,, [ ||V log( (e

which follows from the chain rule from calculus.

For the second error term, we must control the term || B, — By;,||> under the measure P, where
= ,(X,). The difficulty is that under P, B is no longer a standard Brownian motion, so it is

dlﬁicult to control this term directly. Instead, we apply the Donsker—Varadhan variational principle

(Theorem 1.5.7) to relate the expectation under P (denoted E) with the expectation under P. For any

random variable ¢, it yields

dP

E{ < KL(P||P) +logEexp (.

Applying this to ¢ = ¢ (||B; — Bl — El|B, — Bil)? for a constant ¢ > 0 to be chosen later, we
obtain

2
E[|IB; - Bisll’] < 2E[|IB; — BulI’] + p EZ
2
<2d(t—kh)+ - {KL(P | P) + logEeXp(c (|1B; — Birll — E||B; — Bkh||)2)} .

Under P, B, — By, ~ normal(0, (t — kh) 1;). Applying concentration of measure for the Gaussian

distribution (see, e.g., Theorem 2.4.3), if ¢ < =, then

Eexp(c (|B; = Bunll = ElB: = Bul))?) <2

In fact, it suffices to take ¢ = Next, using the LSI for 7,

8(t—kh) kh)
q-1 q
P q-1 p
KL(P || P) = Ey,, logy; = By, log ———— = Ey, , log m
E,(pi") 4 E,, (p?™")
qg—1 o/ 1 -1
= — By, log - logE,, (/™)
g TR, () g1 }
>0
| 7)
(g—1)Cis du 2(q - 1) Cusi B [IV(0{) %]
< —UE%”t[\Vlog 1//, ! || ] LI ,

2q q Ex(pf)
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where we applied the identity (6.1.3). Hence,

E[y: (X)) 1B, = Binll’]
32Cisih (¢ = 1) E<[IIV(p!™) 1]
Ex(pf)
EA IV (of™)IP]
Ex(p)
All in all, applying Proposition 6.1.1 and collecting the error terms,

<2d(t - kh) +

+ (161og?2) (t — kh)

< 14d (t — kh) + 32C|_S|h

3ERV‘1/22 Vq/22
0, Ry s | ﬂ)<—q%+9ﬁzq (ko {22 ((’1,) W 2pd)
2
+6f%q {14 (1 - kh) + 32Ci51h M} ‘
Ex(pf)

From Cig,, 8 > 1 and i < W, we can absorb some of the error terms into the decay term and
apply the LSI for 7 (see Theorem 2.2.25), yielding

[||V<p"/2>||2]

E (o7) +0(Bdh*q + B*dhq)

R (e |l ) < —

1
- R +0(B*dhq) .
3ocs Rtk 1)+ 0(8dng)
This implies the differential inequality
—kh

at{exp(2 o) Rl I M)} 5 expl 2 )/3 dhg s BAdhg .

Integrating this over ¢ € [kh, (k + 1)h] yields
h
R (tiesnyn || 1) < exp(———) Ry (pn || 1) + O(B*dh*q) .
2qCs
Unrolling the recursion,
Nh
Ry 7)< exp(=50 ) Ry o | 1) + O(Cus g :

We pause to reflect upon the proof. As discussed above, the key steps are to use change of measure
inequalities in order to relate expectations under P to expectations under P. This is accomplished via
the Fisher information duality lemma (Lemma 4.2.5) and the Donsker—Varadhan variational principle
(Theorem 1.5.7). These inequalities yield an additional error term of the form FI(y, u; || ) (for the
latter, this error term appears after an application of the LSI). The magical part of the calculation is
that FI(y, u, || 7r) is precisely equal to the Rényi Fisher information (up to constants), and when the
step size # is sufficiently small it can be absorbed into the decay term of the differential inequality
in Proposition 6.1.1.

The proof above implies an iteration complexity whose dependence on ¢ scales as N = O(g%). In
order to improve the dependence on g, we modify the differential inequality of Proposition 6.1.1 by
making the parameter ¢ time-dependent, similarly to the hypercontractivity principle (Exercise 2.9).
The proof is left as Exercise 6.1.
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Proposition 6.1.4 (hypercontractivity). Suppose that © satisfies a log-Sobolev inequality.
Along the law (u,),s, of the interpolated process (4.2.2), if we define the parameter q(t) =
1+ (qo — 1) exp 35—, then

o 2(q() = 1) ELLIV({")I17]
0 1oz | 4147 < «0 Bl

+(q(0) = 1) E[¢ (X)) IVV(X,) = VV(Xin) 1P
where p, = d”’ and g, = pd 7 B (p? ™).

Proof of Theorem 6.1.2 with improved dependence on q Let g > 3.

Initial waiting phase. We apply hypercontractivity (Proposition 6.1.4) with g, = 2 and for ¢ < Nyh,
where Ny = f% log(g — 1)]. Note that g < g(Noh) < 2g. The bound on the error term from the
previous proof yields

( o / a(t) d7r) < Bdhq(r) .
Integrating this over ¢ € [kh, (k + 1) k] yields

1 1
- o q((k+1)h) g
a((k+ D)h) g/ Pleenn 0 G k)

Unrolling the recursion yields

log / P! dr < BRdR2g .

T log / pioh) dr - 5 log / ptdr < B2dh*GNy < O(Csf*dhg) .

Finishing the convergence analysis. Next, after shifting time indices and applying the previous
proof of Theorem 6.1.2 with g = 2,

1 4(Noh) 3 2 5 2 -
Ra(pn+ngn Il ) < q(No—h)IOg,/ Plnanon 47 < Zlog P A+ O(Cisif dhg)
<§ex< Nh )ﬂz( || 7) + O(Caf2dhd) -
S p 4Cly 2(Ho LSl q
This proves the desired result. O

The proof of Theorem 6.1.2 is rather specific to the LSI case because we use the LSI to bound the
KL term KL(y, u, || ) via the Rényi Fisher information, which is then absorbed into the differential
inequality of Proposition 6.1.1. However, it turns out that rather than assuming an LSI for 7, it suffices
to have an LSI for u, for all # > 0 (possibly with an LSI constant that grows with #). One situation in
which this holds is when we initialize LMC with a measure p that satisfies an LSI, and the potential
V is convex. Note that this situation is not included in the case when  satisfies an LSI, because V may
only have linear growth at infinity (whereas from Theorem 2.4.3, if 7 oc exp(—V) satisfies an LSI,
then V necessarily has quadratic growth at infinity). We explore this in Exercise 6.2.

6.2 Analysis of LMC via Girsanov’s Theorem

We now provide a Rényi analysis for LMC based on Girsanov’s theorem; see Sections 3.2.2 and 4.4
for background. The advantage of this approach is that it is more generalizable, as it is less reliant on
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seemingly miraculous calculations. The results of this section will also be used for the analysis of
MALA in Chapter 7.

Discretization error.

Following the proof of Theorem 4.4.1 in Section 4.4, let Py, Wy be path measures such that under
Pr, (X:),c[0.r) 18 the interpolated LMC process, and under Wr, (X;),c[o.r; is the Langevin diffusion.
Both processes are initialized at some measure uy. Our goal is to prove the following theorem.

Theorem 6.2.1. Assume that the potential V is 3-smooth and that h < 1/(8*q*T) where T = Nh.
Then, for all q > 2,

1
R,(Pr || Wr) < " L max log E" exp{O (B*h*¢°T |VV(Xwn)|I*) } + B*dhqT .

Proof From Girsanov’s theorem (Theorem 3.2.8; see also Section 4.4), we have'

dPr

EWT [(dWT

)‘J] = EWr exp(% ‘/0T<VV(Xt) - VV(X;), dBt>

g " 2
-4 [ v - weo P e).

Unlike the analysis in KL divergence, the stochastic integral is now inside the exponential. The first
step is to remove this term, which we accomplish as follows. First, by the Cauchy—Schwarz inequality
and for any A4 > 0,

T
{EWT[(%)"]}Z <EWr exp(xfiq/o (VV(X,) - VV(X,),dB,)

T
_ _ 2
A [ Vo) - v P a)
q T
waTexp<(/l—§)/o ||VV(X,_)—VV(X,)||2dt).

Next, recall from Section 3.2.2 that for any martingale M, the exponential martingale &(M) =
exp(M — % [M,M]) is a local martingale. We apply this to the martingale M given by M, :=

\/zq /OZ(VV(X&) - VV(X,),dBy) by taking 1 = ¢g>. Then, &(M) is a non-negative local martingale,
s0 it is a supermartingale, and EV” (M), < 1. Finally, noting that the expectation above is at least 1,
we can drop the square and we obtain

EWT[(&)"] < EWT ex ( 2 T||VV(X )—VV(X)||2dt)
aw,’ 1S P\ - ‘

T
< EWr exp(ﬁ2q2 / X, - X, |I? dt) .
0
Let us first consider a single iteration, over the time interval [0, 4], and suppose that the processes

lAgain, we ignore Novikov’s condition, which can be avoided via localization.
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are started at x € R?. Then,

t
1, 1 = |- / VV(X,) ds + V2 B,
0

t
< / IVV(X,)] ds + V2 1B,
0
t
< ﬂ/ 1X, - x|l ds + & [TV ()] + V2 B
0

By Gronwall’s inequality, if & < 1/, it yields, for all ¢ € [0, /],

X, — x|l <3h||VV(x)| +3V2 sup ||B,]l. 6.2.2)

s€[0,¢]
Therefore, for any n > 0,

EV" exp(n S[l(l)ph]||xt_x||2) < exp(187h* [[VV (x)[|*) EV" exp (367 S[l(l)r;] [ARE
tel0, te[0,

We require a tail bound for Brownian motion (Lemma 6.2.4 below), which yields

log V" exp(n sup 1%, = xI1*) < nh? [IVV(x)|> +ndh, (6.2.3)
te[0,h

provided that 5 < 1/h.
‘We must now iterate this bound. One approach is to condition on the process up until time (N — 1)k
and apply (6.2.3), which yields

Nh
BV exp(Ba [ 1% - X, P )
0
W 2 2 (V=D 2 213 2 2 2 2.2
<EVep(fe [ X - X P OB TV K- + )
0

but now the terms in the exponential are dependent and we cannot peel off the next term. To circumvent
this issue, we instead apply Jensen’s inequality (or equivalently, the AM—GM inequality):

T T
1
EVexp(Ba [ 1% - X, Par) < 1 [ BV exp(BT I, - X, P .
0 0

Applying (6.2.3) conditionally, it yields

dPr
dWr

T
)] < % / EWr exp(O(Bzhzqu||VV(XL)||2+ ,Bzdhqu))dt
0

B |

provided that 82¢°T < 1/h,i.e., h < 1/(B*q*T). The result follows. O

In the proof, we used the following lemma; see Exercise 6.3.

Lemma 6.2.4. Let (B,),., denote a standard Brownian motion in RY. Then, for A,t > 0 such

1
that 1 < 2%

]Eexp(/l sup ||B ||2) < (1+2/U)d
sepo] ) S \1=2a)
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Sampling guarantees.

We now show how to combine the continuous-time Rényi analysis (Theorem 2.2.25) with the
discretization bound (Theorem 6.2.1) to obtain sampling guarantees. The first ingredient we need is a
weak triangle inequality (Exercise 6.4).

Lemma 6.2.5 (weak triangle inequality). For any g > 1, 1 € (0, 1), and any probability
measures i, v, m:

-A
Ry |l m) < ZT Rasa( 11 V) + Rig-nja-p (v [l 7). (6.2.6)

In particular, for A = 1/2,

q-1/2

Ryl m) < =

Rag (| v) + Rag1 (v || 7).

Next, in order to apply Theorem 6.2.1, we also need a concentration inequality for || VV/|| under .
The following result is taken from Negrea (2022); Altschuler and Chewi (2023).

Lemma 6.2.7 (score concentration). Let o< exp(—V) and assume that VV is B-Lipschitz. Then,
VV is \/B-sub-Gaussian under n, in the sense that for any v € R,

BlIvI?
2 )-
In particular, for any 0 < § < 1/2, with probability at least 1 — 6 under n,

1
IVl < \/ﬁ_d+\/ﬁ10g5-

We also need to transfer this concentration to different measures, which is accomplished via the
following general principle.

E,exp(VV,v) < exp(

Lemma 6.2.8 (change of measure). Suppose that a test function ¢ satisfies

m{¢ =2n}t <y(n)), foralln > 0.

Then, for any measure u and any q > 1,

-1
ulo > m) <y exp(= Ryl )

Proof We note the following simple calculation:

d _ d 1/q
pto>mr= [ 1003 Lan<nto s metie | [ (L o™ o

We can now prove the following result.
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Theorem 6.2.9. For k € N, let ), denote the law of the k-th iterate of LMC with step size h > 0.
Assume that VV is B-Lipschitz, g > 2, and that € is sufficiently small.

1 If & satisfies a log-Sobolev inequality, then for an appropriate choice of h we obtain
Ry (unn || ) < &% with

C2. p*dq? Ra b
N = @( LS"B2 4 log2 24 1(50 1) ) iterations .
e &
2 If n satisfies a Poincaré inequality, then for an appropriate choice of h we obtain R, (unn || 7) <
&% with
C2 82da? 1
N = G(qu (Rag—1 (1o || 7)* +log? —)) iterations .

& &

Proof Let (m;),s, denote the Langevin diffusion started at uo. By the weak triangle inequality
(Lemma 6.2.5),

Ry(ur | 7) S Rag(ur || 77) + Rog1(7r || )

By Theorem 2.2.25, the second term is at most &* for 7 < gCig) log(Ra,—1 (1o || 7)/€?) in the LSI
case, and for T < gCpj (Rog-1(po || 7) +1og(1/¢)) in the PI case.
Next, Lemma 6.2.7 yields, for some universal C > 0,

m{||IVV]| > CyB(Vd +n)} < exp(-p?)  forally > 0.
By Lemma 6.2.8, for any ¢ € [0, T1],

7191 > CVB (Va4 1) < exp(~25— (17 = By o 11 ).

By the data-processing inequality (Theorem 1.5.6), Ry, (71, || 1) < Ry (o || 7). We can conclude that
with probability at least 1 — ¢ under 7,,

1
I9VIl 5 VB (d + Rag o | ) + | Blog 5 .

From Theorem 6.2.1, provided that & < 1/(8%¢*T) and h < 1/(B8*?qT'/?),
Rag(ur | 17) < BR*GT (d + Rog (1o || 7)) + B2dhqT .

For simplicity, we use the assumption that ¢ is sufficiently small in order to focus on the dominant
term (i.e., B>dhqT). The theorem follows by choosing h appropriately. O

If we assume that Ry, (o || ) = 5(d) (see ? for justification) and that B8C\s, BCp = O(1), then
the complexity reads O(dg?/&?) in the LSI case and O(d®¢®/&?) in the PI case. In the LSI case, this
is worse than the result in Theorem 6.1.2 in two ways: first, the dependence on ¢ (because here we did
not take advantage of hypercontractivity); and second, Theorem 6.2.9 does not allow for taking an
unbounded number of steps of LMC (it suggests that if we run LMC for too long, then we will start to
drift farther away from s, which is absurd).

As mentioned above, however, the benefit of the Girsanov approach is its flexibility, which allowed
us to tackle the Poincaré case. This flexibility will be important when we study the underdamped
Langevin diffusion in the next section. Finally, we remark that the sampling guarantee under a Poincaré
inequality will be considerably improved via the proximal sampler in Chapter 8.
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6.3 Analysis of ULMC via Girsanov’s Theorem

In this section, we apply the Girsanov approach to provide Rényi divergence guarantees for ULMC,
which was introduced in Section 5.3. This result provides a “warm start” for MALA, as discussed in
Chapter 7.
Let W7 be the path measure under which B is a standard Brownian motion that drives the

underdamped Langevin diffusion:

dXt = Pt d[ N

dP, = —yP,dt - VV(X;)dr + 2y dB, .
Then, let P7 be the path measure under which B is a standard Brownian motion, which drives the
interpolated ULMC algorithm:

dX, =P, dr,

dP, = —yP,dt — VV(X, ) dr + 2y dB, .

We will establish the following discretization bound.

Theorem 6 3.1. Assume that the potential V is B-smooth and that the step size satisfies

h < %ﬁ ALA FRERTT 2/371/3’ where T = Nh. Then, for all g > 2,

=Slbll5oc0g

Proof Since the argument is similar as the proof of Theorem 6.2.1, we omit some of the steps for
brevity. First, from Girsanov’s theorem (Theorem 3.2.8), we obtain

dPr

E™ [(m

q Wr q ’
1=l = [ v -wvix).as)

q ! 2
- L [Tivve) -waora).

By the same martingale and AM—GM argument as before, it implies

dPr
dWr

2 2 T
BV ()] < BV exp( 2L [ - x, 1P o)
Y Jo

1 T 2 2T
< —/ EWr exp('B 1
T Jo Y

Next, we need an almost- sure Version of the movement bound in Lemma 5.3.9; we leave it for the

reader to check thatif & < \F then

- X, |?)dt

I1X: = X, S RIP A+ R IVVXO) L+ 2k sup  |I1Bll-

selt_,t_+h]
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Using the Brownian tail bound from Lemma 6.2.4, it yields

,82qu . IBZq2T
exp(=— X, = X, ) < B exp(0( == (R 11P | + 1 [WV(X)IF))
x exp(0(B*dl’q*T))
provided that 2* < 1/(82¢*T). This completes the proof. O

As in the previous section, this discretization bound leads to sampling guarantees, which we leave
as an exercise.

Corollary 6.3.2. For k € N, let i, denote the law of Xy, in ULMC with step size h > 0. Assume
that VV is B-Lipschitz and for simplicity let us assume that R, (u || ©) < O(d). The following
guarantees hold with appropriate choices of h and vy.

1 If nt satisfies a log-Sobolev inequality, then ||uyy — 7|ty < € with

312 p3/2 41/2
Py CLSIﬁ/d/

N=0 iterations .

&

2 If r satisfies a Poincaré inequality, then we obtain Rz (uny, || ) < €2 with
3/2p3/2 72

Cal*pd

&

N = @( iterations .
3 If m satisfies a Poincaré inequality and is in addition log-concave, then we obtain Rz, (tny ||
n) < & with

iterations .

CobL)

v-o[

Despite the fact that Theorem 6.3.1 holds for all Rényi orders g > 2, Corollary 6.3.2 only provides
guarantees in TV and Rj/,. This is because the hypocoercivity results of Section 5.3.4 hold in KL
and y? (recalling that y* = exp(R;) — 1), and we need to further weaken the Rényi order when we
apply Pinsker’s inequality or the weak triangle inequality. At present, it is not known how to obtain an
analogue of the Rényi convergence in Theorem 2.2.25 for the underdamped Langevin diffusion.

Moreover, this means that even in the strongly log-concave case, in order to retain the expected
0 (d'?) dimension dependence, Corollary 6.3.2 only furnishes a result in total variation. With a bit
more work, Zhang et al. (2023) managed to obtain a result in KL. divergence, but we cannot hope for
better as long as we rely on the entropic hypocoercivity result (Theorem 5.3.13).

Fortunately, there is another approach: one can argue that the underdamped Langevin diffusion is
regularizing, in the sense of the following theorem (see the bibliographical notes). In Exercise 6.6, we
outline an alternative approach which replaces the theorem below with the discrete-time analogue for
one step of ULMC.
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Theorem 6.3.3 (hypocoercive regularization, Guillin and Wang (2012)). Let (p,),50, (11;),50
denote the marginal laws of two copies of the underdamped Langevin diffusion, started at (x, p)
and (X, p) respectively. Assume that the potential V is 5-smooth, and that t < «/LB A % Then, for
all g > 1, it holds that

_ g (llx=%I”  llp-pl?
iRQ(”t ” ﬂt) s ; ( 1‘3 + P ) .

This result then allows us to obtain convergence in Rényi divergence under strong log-concavity
via a coupling argument.

Theorem 6.3.4. Let (7,),, denote the law of the underdamped Langevin diffusion for a potential
V satisfying aly; < V?V < Bl; and with friction parameter y = +/23. Assume that the diffusion
is initialized at my ® normal(0, 1), where n satisfies

, Bllx - x1? _
< 3.
nf / exp( — )y(dx,dx) 2 (6.3.5)
for some o > 0. Then, for all ¢ > 2, we have R, (n, || w) < €* < 1/q for all
2
+ @ log =i | .
a

12
82

Sl-

Proof Write ;" for the law of the underdamped Langevin diffusion at time ¢, started from (x, p).
Let f,(-) := (-) = 1, and let D, denote the associated divergence. We take T < 1/ /B and invoke
the joint convexity of f-divergences (Theorem 1.5.6) as well as Theorem 6.3.3 as follows. For any
coupling ¥ of 7 and =,

exp((q = 1) Ry (Arsg, | 1)) = 1+ Dy, (7 || )

= 1+1)fq(/ ny” v (dx,dp, d¥, dp) /n?gpy(dx,dp,di,dﬁ))

<1+ / Dy, (75 | 77 7 (dx, dp. d. dp)
- / exp((g - 1) Ry (75 | 757)) y(dx., dp, d. dj)

< /exp{O(Q(qy_ b (“x;f”z o ;Oﬁllz))}y(dx,dp,di,dﬁ)
0

- / exp{O(¢? (Bl1x %I+ lIp - 5IP))} 7 (dv. dp. 4. dp)

This is a “sub-Gaussian” coupling cost between w7 and 7. However, recall from Theorem 5.3.4 that we
can find a coupling of two copies of the underdamped Langevin diffusion which yields an almost-sure



172 Convergence in Rényi Divergence

contraction in the |||-||| norm. Hence, if ¥, denotes the coupling that realizes the infimum in (6.3.5),
1 o o -
Ry (e | 7) < log / exp{O (B4* I(x. p) - (%. p)IIP)} ¥ (dx.dp. d<. dp)
1 aT - -
< < 1og [ exp{O(expl=) pi I = 17) | olc. )
q V2B

T _ =12
< azqexp(—f/%_ﬁ)log/eXP(ﬂ”xg—f”)yo(dx, dx),

where the last inequality follows from (reverse) Jensen’s inequality provided that the condition
o0%q? exp(—aT /+/2B) < 1 holds. The desired result follows. O

We are now in a position to obtain Rényi guarantees under strong log-concavity.

Theorem 6.3.6 (Altschuler and Chewi (2024a)). Fork € N, let ., denote the law of Xy, in ULMC
with friction parameter y = \/ﬁ and initialized at p, = normal(x,, 3~'1,;) ® normal(0, 1)),
where x, = argminV. Assume that the potential V satisfies al, < V*V < pl,. Then, for any
q > 2 and for step size h = ©(—=—), we obtain Ry (pnn || 7) < &% after

VBxdq
~(Ks/zdl/qu/z)

N=0

iterations .
&

Proof sketch  With this choice of initialization, we can check that (6.3.5) holds with 0> = «d
(see Theorem 2.4.3 and Lemma 4.0.1). From Theorem 6.3.4 we can run the diffusion for a total
time of T =< \/LE log(kdg/€*) to obtain Ry, (7 || w) < &%, where (m,),5, denotes the underdamped
Langevin diffusion initialized at u,. Next, we apply the discretization bound of Theorem 6.3.1 to
control Ry, (py || wr). Since Ry, (g || ) < % log « (Exercise 1.19), the concentration and change of
measure lemmas (Lemma 6.2.7 and Lemma 6.2.8) can be used to further simplify the bound, similarly
to the proof of Theorem 6.2.9, eventually yielding Ry, (7 || 77) < 8*>dh*qT. Choosing the step size
h appropriately and applying the weak triangle inequality (Lemma 6.2.5) concludes the proof. O

Bibliographical Notes

Rényi guarantees for LMC were first considered in Vempala and Wibisono (2019), which proved
convergence of LMC to its biased stationary distribution provided that the biased limit satisfies a
Poincaré or log-Sobolev inequality. However, this does not lead to a sampling guarantee unless the
size of the “Rényi bias” (the Rényi divergence between the biased stationary distribution and the true
target distribution) can be estimated.

Motivated by applications to differential privacy, Ganesh and Talwar (2020) provided the first
Rényi sampling guarantees for LMC under strong log-concavity by using a technique based on the
adaptive composition lemma for Rényi divergences. This result was refined in Erdogdu et al. (2022)
via a two-phase analysis, still relying on the adaptive composition lemma. Subsequently, building off
the earlier work of Chewi et al. (2021) (which essentially contains a one-step Rényi discretization
argument), it was realized in ? that the earlier arguments of Ganesh and Talwar (2020); Erdogdu et al.
(2022) can be streamlined by replacing the adaptive composition lemma entirely with Girsanov’s
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theorem. The proofs of Theorem 6.1.2 and Exercise 6.2 are also from ?. The proof of Theorem 6.2.9
given here is a further refinement of ?.

The use of Girsanov’s theorem to obtain Rényi discretization bounds for ULMC first appeared
in Zhang et al. (2023), which considered a variety of settings (including weakly smooth potentials). In
the strongly log-concave case, the argument was simplified in Altschuler and Chewi (2024a).

The hypocoercive regularization result (Theorem 6.3.3) is an example of a reverse transport
inequality, which is dual to a (dimension-free, parabolic) Harnack inequality. Such Harnack inequalities
were first introduced in Wang (1997), and have subsequently become the focal point of a large literature;
see Altschuler and Chewi (2024b) for a recent treatment and references. The result of Theorem 6.3.3
is simplified from (Guillin and Wang, 2012, Corollary 4.6).

The Rényi sampling guarantee for ULMC in Theorem 6.3.6 was established first in Altschuler and
Chewi (2024a) via the approach outlined in Exercise 6.6. The presentation of the arguments here is
inspired by the treatment in Altschuler and Chewi (2024b).

Exercises

Analysis of LMC via Interpolation Argument

> Exercise 6.1 (Rényi differential inequality)
Prove Proposition 6.1.1 and Proposition 6.1.4.

> Exercise 6.2 (Rényi discretization bound for log-concave targets)

Suppose that 7 o exp(—V) is log-concave, that VV(0) = 0, and that VV is 8-Lipschitz. Also, suppose
that we initialize LMC at go = normal(0, 37'1,). The goal of this exercise is to prove a Rényi
discretization bound for LMC under these assumptions.

1 First, show that u, satisfies an LSI for all ¢ > 0, and write down a bound for C\5(u,) (the bound
should grow linearly with ¢).

Hint: See Section 2.3.

2 Follow the proof of Theorem 6.1.2 (the first proof which incurs a suboptimal dependence on g).
Note that in Theorem 6.1.2, we bounded KL(P || P) < qT_l KL(¥, u; || ©) and we applied the LSI for
7. This time, use KL(P || P) = KL(, u; || 1;) and apply the LSI for y, instead.

Also, instead of using the decay of the Rényi divergence under a LSI, use the decay of the Rényi
divergence under a PI (Theorem 2.2.25). (Since r is log-concave, it necessarily satisfies a Poincaré
inequality with some constant Cpy, see the Bibliographical Notes to Chapter 2.)

Prove that if £ < \/m A A/Cpid/ B, then with an appropriate choice of step size & and with
N = O(C2B%d*q’ &%) iterations of LMC, we obtain \/R, (tinn || 7) < &. (Unlike the guarantee
of Theorem 6.1.2, here the guarantee does not allow N to be too large, due to the growing LSI
constant of the iterates.)

Analysis of LMC via Girsanov’s Theorem

> Exercise 6.3 (sub-Gaussian bound for Brownian motion)
Prove Lemma 6.2.4.

Hint: The reflection principle states that if (B,),, is a one-dimensional Brownian motion, then for
every > 0, P(sup, o, Bs > 1) = 2P(B; > ).

> Exercise 6.4 (weak triangle inequality)
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Prove the weak triangle inequality (Lemma 6.2.5). What happens if we take g = 1 + &, 4 =1 — &, and
send £ \, 07

Analysis of ULMC via Girsanov’s Theorem

> Exercise 6.5 (Rényi guarantees for ULMC)
This question fills some omitted details from the proofs.

1 Prove Corollary 6.3.2 by combining Theorem 6.3.1 with the hypocoercivity results from Sec-
tion 5.3.4.
2 Fill in the details in the proof of Theorem 6.3.6.

> Exercise 6.6 (discrete-time version of hypocoercive regularization)

In this exercise, we outline a simpler, discrete-time alternative to the hypocoercive regularization
result (Theorem 6.3.3) which suffices to prove Theorem 6.3.6. Let £ denote the covariance matrix for
a single step of ULMC, as given in Lemma 5.3.7. Recall, however, that for the contraction result we
work with the twisted coordinates (x,x + % p). Let M denote the matrix corresponding to the change

of coordinates (x, p) — (x,x + % p), so that the covariance matrix in this system of coordinates is
2 = MIM?T. Also, let P denote the Markov kernel corresponding to one iteration of ULMC.

1 Prove that for h < 1/, Apin(2) 2 yA>.
2 Using the explicit expression for the Rényi divergence between Gaussians, prove the following
regularization bound:

q - -
Rq(6x,pP,05,5P) < el e, p) = (& DI

3 Although we proved that the diffusion contracts in this coordinate system (Theorem 5.3.4),
our aim now is to work with the discrete-time algorithm. Adapt the proof of Theorem 5.3.4,
using Lemma 5.3.7, to show that if al; < V>V < Bl ; and h < [ﬁ, then P is an almost-sure
contraction:

ah o
Weo 11111 (8x.p P, 65,5 P) < (1 - 9(@)) ll(x, ) = (& DI,
where W, . denotes the W, metric with respect to |||-]||.
4 Similarly to the proof of Theorem 6.3.4, prove that R,(p,P" || xPY) < &%, where p, =

normal(x,, 8~'1;) ® normal(0, 1), provided that

VB, Bkdg
N> =1
~ ah g &gxh3

5 Combine this with Theorem 6.3.1 to give another proof of Theorem 6.3.6.




CHAPTER 7

High-Accuracy Samplers

So far, we have focused on discretizations of diffusions. Discretization of a continuous-time Markov
process yields a discrete-time Markov chain whose stationary distribution is no longer equal to the
target ; the algorithm is biased. Nevertheless, we showed that the size of the bias can be made smaller
than any desired accuracy & by choosing a small step size &, which then leads to quantitative sampling
guarantees.

However, the number of iterations of the algorithm is proportional to the inverse step size 1/, and
consequently the complexity of the algorithms scaled as poly(1/&). In this section, we address the
problem of designing high-accuracy samplers, i.e., samplers whose complexity scales as polylog(1/¢).
To accomplish this, we must fix the bias of the sampling algorithm, which is accomplished via the
Metropolis—Hastings filter.

7.1 Rejection Sampling

Before introducing the Metropolis—Hastings filter, we begin with a warm up and introduce the concept
of rejection via the rejection sampling algorithm.

Rejection Sampling: Let 7 be the target distribution and let 77 be an unnormalized version of 7,
i.e., T o« ;. Suppose we can sample from a distribution u and that an unnormalized version g of u
satisfies & > 7. Then, repeat until acceptance:

1 Draw X ~ pu.
2 Accept X with probability 7(X)/u(X).

Unlike the other sampling algorithms we have considered thus far, rejection sampling always
terminates with an exact sample from .

Theorem 7.1.1. The output of rejection sampling is a sample drawn exactly from n. Also, the
number of samples drawn from y until a sample is accepted follows a geometric distribution with
mean Z,,/Z, where Z,, = [ [iand Z, = [ .

175
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Proof The probability of acceptance is

n Zy Zy
P(acceptance) = / gd,u = —/ l du = —
M Zﬂ H le

and clearly the number of samples drawn until acceptance is geometrically distributed.
oo iid.

To show that the output X of rejection sampling is drawn exactly according to =, let (U;);2, ~
uniform[0, 1] and (X;)72, S u be independent. Then, for any event A,

ﬁ(Xt) . %(Xnﬂ)
Pl X, A, U >=—=YVY , Upyl < =
( 4 € > X)) i € [n] +1 M(Xn+1))
7 (Xns1) (X)\"
Pl X, A, U € = PlU —
( o ! ,U(Xn+1)) ( v ,U(Xl))

(/Agdﬂ)(‘/(l—g)du)HZ%H(A)g(l—%)n:n(lq). O

The rejection sampling algorithm requires the construction of the upper envelope . We now
demonstrate how to construct this envelope for our usual class of distributions. Namely, suppose
that © o exp(-V) satisfies 0 < al; < V>V < Bl , and that VV(0) = 0. We can assume that our
unnormalized version 7 = exp(—V) of x satisfies V(0) = 0 (if not, replace V by V — V(0)). Then,
by strong convexity of V, we see that 7 < exp(—% ||-||*), and we can take iz := exp(—% ||-||*), which
means that the normalized distribution is u = normal(0, @~'1;). To understand the efficiency of
rejection sampling, we need to bound the ratio Z,/Z, of normalizing constants. By smoothness of V,

P(X € A) =

M 1M 2D

Il
(=]

n

Z, _ e __ex’ _exeo® L,

Zi  [exp(-V)  [exp(=E|lI») ~ @n/p?

with « := 8/a. We summarize this result in the following proposition.

Proposition 7.1.2. Let the target n o« exp(=V) on R? satisfy 0 < al; < V?V < Bl V(0) =0,
and VV (0) = 0. Then, rejection sampling with the envelope j1 = exp(—5 I-II>) returns an exact
sample from m with a number of iterations that is a geometric random variable with mean at
most k%2, where k = 8/a.

The rejection sampling guarantee can be formulated in one of two ways. We can think of the
algorithm as returning an exact sample from 7, with a random number of iterations (the number of
iterations is geometrically distributed). Alternatively, if we place an upper bound N on the number
of iterations of the algorithm and output “FAIL” if we have not terminated by iteration N, then the
probability of “FAIL” is at most & := (1 — 1/k%/ 2)N, and if uy denotes the law of the output of the
algorithm, then ||uy — 7||tv < &. If we flip this around and fix the target accuracy &, we see that the
number of iterations required to achieve this guarantee is N > «%/*log(1/e).

Although this result is acceptable in low dimension, the complexity of this approach quickly
becomes intractable even for moderately high-dimensional problems. In the next section, we will
see that by combining the idea of rejection with local proposals, we can obtain tractable sampling
algorithms in high dimension.
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7.2 The Metropolis—Hastings Filter

A Metropolis—Hastings algorithm consists of proposing moves from a proposal kernel Q, and then
accepting or rejecting each move with a carefully chosen probability which ensures that the resulting
Markov chain has the desired stationary distribution 7.

In more detail, let Q be a kernel on RY x R¢, that is: for each x € R¢, Q(x,-) is a probability
measure on R¢. We will mostly consider proposals such that each Q(x, -) has a density with respect to
Lebesgue measure, and via an abuse of notation we will write Q (x, y) for this density evaluated at y
(an exception is when we consider MHMC below).

Starting from X € R?, we tentatively propose a new point ¥ ~ Q(X, -). We then accept the point ¥
with probability A(X,Y) (called the acceptance probability); otherwise, we stay at the old point X.
Iterate this process until convergence.

There are different possible choices for the acceptance probability A, but the choice we consider
here is the Metropolis—Hastings filter

7(y) Q(y,x)

A(x,y) =1A () 00y

(7.2.1)

The overall algorithm is summarized as follows.
Metropolis—Hastings algorithm (with proposal Q): initialize at a point X, € R?. Then, iterate the
following steps for k = 1,2,3,...:

1 Propose a new point Y, ~ Q(X;_1, ).
2 With probability A(X;_1, Yx), set X = Y; otherwise, set X; := X;_;. Here, A is the acceptance
probability defined via (7.2.1).

This algorithm defines a discrete-time Markov chain whose transition kernel P can be written
explicitly as

Px.dy) = 0 d) AG) + (1= [ Q) Ay) 6,(an). (1.22)

rejection probability
A discrete-time Markov chain with transition kernel P is called reversible with respect to r if it

holds that 77 (dx) P(x,dy) = n(dy) P(y, dx). Similarly to our discussion in Section 1.2, discrete-time
reversible Markov chains can be studied via spectral theory.

Theorem 7.2.3. The Metropolis—Hastings algorithm with proposal Q is reversible with respect
to 7.

Proof We want to check that 7(x) P(x,y) = n(y) P(y, x) for all x,y € R with x # y. We can write

) ) inf1, 70 Q0. %)
7(x) Px,y) = 7(0) Q(x,y) A, ) = 7(x) Q(x, y) min{l, ~25 55}

= min{r(x) Q(x,y),n(y) Q(y,x)}
and this expression is symmetric in x and y. O

Take note of the flexibility of the Metropolis—Hastings algorithm! Regardless of the choice of
proposal kernel Q, the filter always makes the algorithm unbiased. Of course, the choice of Q will be
crucial later in order to guarantee rapid convergence to stationarity.
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Implementability of the Metropolis—Hastings algorithm.

To implement the algorithm, the proposal Q must be simple enough such that (1) we can sample from
Q(x, ) easily, and (2) we can compute the density Q(x, y) easily (which is required to compute the
acceptance probability). Note that although the target density & appears in the expression (7.2.1) for
the acceptance probability, it only appears as a ratio, and in particular we do not need to know the
normalization constant of 7. Hence, the Metropolis—Hastings filter can be implemented using queries
to the density of 7 up to normalization, which are “zeroth-order queries” (unlike, e.g., LMC, which
uses first-order information through queries to the gradient VV)).

Metropolis—Hastings as a projection.

There is a nice geometric interpretation of the Metropolis—Hastings filter as a projection, due to Billera
and Diaconis (2001). Given a proposal kernel Q, let P(Q) denote the Metropolis—Hastings kernel
obtained from Q (see (7.2.2)). Then, the mapping Q +— P(Q) is a projection of the proposal kernel Q
onto the space of reversible Markov chains with stationary distribution 7 with respect to an L' notion
of distance.

The distance is defined as follows:

d(P,P') = / |P(x,y) — P'(x,y)| n(dx) dy (7.2.4)
(R4 xR4)\diag

where diag = {(x,x) | x € R} is the diagonal in R¢ x R<.

Theorem 7.2.5 (Billera and Diaconis (2001)). Let & (r) denote the space of kernels P which are
reversible with respect to nr, and such that for each x € R, P(x,-) admits a density with respect
to Lebesgue measure (except possibly having an atom at x). Then,

P(Q) € argmind(P, Q) .
PeZ(n)

Proof LetP € R(n),andlet S = {(x,y) € R x RY | m(x) Q(x,y) > n(y) Q(y,x)}. Then,
ar.0) - [ IP(x,3) = 0(x, )| 7(dx) dy
(R4 xR4)\diag

- / 1P(x,y) - Q(x.y)| x(dx) dy + / 1P(x,y) — Q(x,y)| x(dx) dy
s (R

dxR4)\(Sudiag)
= [1PG) = @l a0 dy+ [P = 0 x(dy) dr.
Using reversibility of P, the second term is
J1P620 = 0001 x@ dx = [15(0) PGx.3) = 7(3) Q30 drdy
> [1n(0 Q) =7 Q0 Ml drdy = [1PGxi) - QG a(ddy. (726
Putting this together, d(P, Q) > fslﬂ(x) Q(x,y) —n(y) Q(y,x)| dx dy, so we have obtained a lower

bound which does not depend on P. On the other hand, we can check that the only inequality (7.2.6)
that we used is an equality for P = P(Q). ]



7.3 An Overview of High-Accuracy Samplers 179

7.3 An Overview of High-Accuracy Samplers

As we already discussed, the Metropolis—Hastings framework is quite flexible: by instantiating it with
different choices for the proposal Q, we obtain several different algorithms.

Metropolized random walk (MRW).

Perhaps the simplest proposal is to simply take Q(x,-) = normal(x, hl;), which yields the
Metropolized random walk (MRW) algorithm. This corresponds to simply taking a random
walk around the state space, where some steps are occasionally rejected. Note that since the proposal
is independent of the target m, the overall algorithm only uses queries to the density of 7 up to
normalization (to implement the filter); thus, it is the only algorithm we have discussed so far (besides
rejection sampling) which uses only a zeroth-order oracle for the potential V.

Metropolis-adjusted Langevin algorithm (MALA).

A better choice of proposal is
O(x,-) =normal(x — h VV(x), 2h 1,)

which is simply one step of the LMC algorithm; this yields the Metropolis-adjusted Langevin
algorithm (MALA). We will carefully study the convergence guarantees for MALA in this chapter.

Metropolized Hamiltonian Monte Carlo (MHMC).

Recall the Hamiltonian Monte Carlo (HMC) algorithm that we introduced in Section 5.2. The ideal
HMC algorithm is not implementable because it requires the ability to exactly integrate Hamilton’s
equations, and this is generally not possible outside of a few special cases.

We now consider approximately implementing Hamilton’s equations through the use of a numerical
integrator. Although several choices are available, for Hamilton’s equations it is preferable to use a
symplectic integrator.! We will focus on the simplest and most well-known such integrator, called
the leapfrog integrator.

Leapfrog Integrator: Pick a step size 4 > 0 and a total number of iterations K, corresponding to
the total integration time via T = Kh. Let (xg, po) be the initial point. For k =0,1,2,...,K - 1:

1 Set p(gityn = Prkn — 2VV (xen).
2 Set X(k+1)h = Xkn + hp(k+%)h'
3 Set p+1yn = D+ yn — %VV(X(kH)h)-
Once we apply the leapfrog integrator to HMC, we obtain a discrete-time sampling algorithm

which is once again biased. We then correct the bias through the use of the Metropolis—Hastings filter.
Specifically, for an integration time 7 = Kh, let

Fieap(x, p) = output x7 of the leapfrog integrator with K steps,
started at (x, p) .

Remarkably, the acceptance probability can be computed in closed form, and this relies on specific
properties of the leapfrog integrator. The full algorithm is summarized as follows.

"When placed within the framework of geometry, Hamiltonian mechanics is encoded via symplectic geometry, which is
the study of manifolds equipped with a symplectic 2-form. The flow map for Hamilton’s equations preserves this symplectic
form, and is therefore known as a symplectomorphism. Symplectic integrators are special integrators which also preserve the
symplectic form. This property leads to stability, especially for long integration times.
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Metropolized Hamiltonian Monte Carlo (MHMC): Initialize at X, ~ po. For iterations k =
0,1,2,...:

1 Refresh the momentum: draw P, ~ normal(0, 1,).

2 Propose a trajectory: let (X}, P;) := Fieap(Xi, Pi).

3 Accept the trajectory with probability 1 Aexp{H (X, Px) — H(X, P;)}. If the trajectory is accepted,
set Xy = X ; otherwise, we set Xp, = X.

It turns out that when K = 1, the MHMC algorithm reduces to MALA (Exercise 7.1).

We next justify why the MHMC algorithm leaves 7 invariant. Actually, although we have written
down the MHMC algorithm in the form which is easiest to implement, it obscures the underlying
structure of the algorithm. The proof of the next theorem will clarify this point.

Theorem 7.3.1. The augmented target distribution & « exp(—H) is invariant for the MHMC
algorithm.

Proof First, we note that the step of refreshing the momentum leaves zr invariant, so it suffices to
study the proposal and acceptance steps.

For the moment, let us pretend that the proposal actually uses the true flow map F7 (which exactly
integrates Hamilton’s equations for time T') rather than the leapfrog integrator Fjc,,. Then, the proposal
kernel is deterministic, Q((x, p), ) = Spy(x.p)->

If we naively apply the Metropolis—Hastings filter, the probability of accepting a proposal (x’, p’)
starting from (x, p) involves a ratio Q ((x’, p’), (x, p))/OQ((x, p), (x’, p’)), but this ratio is ill-defined
in our setting. The problem is that if (x’, p’) = Fr(x, p), then it is not the case that (x, p) = Fr(x’, p’);
the proposal is not reversible. Hence, we would be led to reject every single trajectory.

To fix this, recall from Exercise 5.3 that we have the following time reversibility property: if R
denotes the momentum flip operator (x, p) — (x, —p), then it holds that F.! = R o Fr o R. It implies
that FroR=Ro F;' = (Fro R)™', so Fr o R is idempotent. In other words, if we use the proposal
FroR (i.e., first flip the momentum before integrating Hamilton’s equations), then the proposal would
be reversible and the above issue does not arise, as the ratio Q((x’, p’), (x, p))/Q((x, p), (x’, p"))
would equal 1. Observe also that using F7 o R instead of Fr does not change the algorithm since we
refresh the momentum at each step (and if P, ~ normal(0, 1), then —P; ~ normal(0, 1;) as well).

Once we use the proposal (x’,p’) = (Fr o R)(x,p) = Fr(x,—p), the Metropolis—Hastings
acceptance probability is calculated to be

a(x’, p’)

1A
n(x, p)

=1lAexp{H(x,p)—HX',p")}. (7.3.2)
When we use the exact flow map F7, then the Hamiltonian is conserved (Exercise 5.3) so the above
probability is one; every trajectory is accepted. However, the above expression is indeed meaningful if
we instead use the leapfrog integrator Fieyp.

So far, we have motivated the expression (7.3.2) based on the exact flow map Fr, but clearly the
above argument holds just as well for the leapfrog integrator Fi.,, as soon as we verify the property

Flgalp = R o Fiyp © R, and this is where we use the specific form of the leapfrog integrator. We leave
the verification as Exercise 7.2. ]

2Up until now, we have been assuming that the proposal kernel admits a density w.r.t. Lebesgue measure, which certainly
does not hold here, but we will brush over this technicality as it is not the key point here.
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Remark 7.3.3. The proof shows that the proposal of MHMC should really be thought of as Fie,p, © R,
instead of Fie,p. In fact, if we did not refresh the momentum, then repeatedly applying the idempotent
operator Fie,p © R would just cause the algorithm to jump back and forth between two points (x, p) and
(x’, p’), which is silly; hence one should also apply another momentum flip after the filter. In symbols,
if MH denotes the Metropolis—Hastings filter step, and Refresh denotes the momentum refreshment
step, we should think of MHMC as the composition

MHMC = R o MH(Fesp © R) o Refresh.
This is simplified to
MHMC = MH(Feyp © R) o Refresh.

because Refresh o R = Refresh.

Lazy chains.

Technically, many of the convergence results actually hold for lazy versions of the Markov chain.
Specifically, for € € [0, 1], the £-lazy version of a Markov chain replaces its transition kernel P with
the modified kernel P, given by

Pe(x,dy) = (1 =€) P(x,dy) + £5.(dy) .

The laziness condition is familiar from the study of discrete-time Markov chains on discrete state
spaces, in which laziness is useful for avoiding periodic behavior. For the remainder of this chapter,
we will generally be considering %-lazy versions of the Metropolis—Hastings chains without explicitly
mentioning this. In any case, this modification only multiplies the mixing time by a factor of 2, so it
does not significantly alter the results.

Feasible start vs. warm start.

When discussing Metropolis—Hastings algorithms, we must distinguish between convergence rates
when initialized at a feasible start, vs. a warm start. These terms are not precisely defined, but loosely
speaking a feasible start refers to an easily computable distribution which works well uniformly over
the class of target distributions under consideration. In this section, a feasible start usually refers to the
normal(0, 8~'1,) distribution, where 3 is the smoothness of V and we assume that the minimizer of V
is 0. On the other hand, a warm start is a distribution which is already somewhat close to the target m;
for this section, it can be taken to mean a distribution g such that y*(u || 7) = O(1). Unsurprisingly,
the rates are faster with a warm start.

One obvious benefit of a warm start is simply that we start closer to stationarity, so it takes less time
to approach . This aspect of the situation is similar to the discussion in Section 1.5. Basically, the
simplest way to study Markov chains is via spectral theory, which is related to Poincaré inequalities
and hence to the chi-squared divergence at initialization. Since the initial chi-squared divergence
tends to be quite large—of order exp(d)—the resulting analysis incurs slow mixing. This source of
slow mixing, however, is sometimes illusory, as it can be addressed via stronger methods such as
a log-Sobolev inequality. For example, in the case of LMC, the guarantee of Theorem 4.2.6 only
improves by a logarithmic factor if we assume the warm start condition KL(yg || 7) = O(1).

On the other hand, for Metropolis—Hastings algorithms, we will see another crucial benefit of a
warm start: it allows us to choose a larger step size while maintaining a decent acceptance probability.
The latter effect is more intrinsic and necessitates carefully delineating the two regimes (cold vs.
warm).
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State-of-the-art results.

We now give the current state-of-the-art convergence guarantees for the Metropolis—Hastings algorithms
that we have introduced.

Theorem 7.3.4 (feasible start case, Dwivedi et al. (2019); Chen et al. (2020); Lee et al. (2020);
Andrieu et al. (2024)). Suppose that the target © o exp(=V) satisfies 0 < al; < V2V <
Bly and VV(0) = 0. Consider the following Metropolis—Hastings algorithms initialized at
normal(0, B3~'1;) and with an appropriately tuned choice of parameters.

1 MRW outputs a measure uy satisfying \/m < & dafter
N = O («d polylog é) iterations .

2 MALA outputs a measure Uy satisfying m < € after
N = O(kd polylog é) iterations .

3 Assume in addition that V3V is bounded and that k < Vd. Then, MHMC outputs a measure
un satisfying A x*(un || ©) < € after

_ 1
N = O(x*/*d polylog —) gradient queries .
&

Note that the result for MHMC is not directly comparable because it makes a stronger higher-order
smoothness assumption.
Next, we present the results under a warm start.

Theorem 7.3.5 (warm start case, Chewi et al. (2021); Wu et al. (2021); Chen and Gatmiry
(2023a,b)). Suppose that n o< exp(=V) satisfies 0 < aly; < V?V < Bl,. Consider the following
Metropolis—Hastings algorithms initialized at a distribution satisfying x*(uo || 7) = O(1) and
with an appropriately tuned choice of parameters.

1 MALA outputs a measure py satisfying ||un — 7|ltv < € after
~ 1
N = O(xd""* polylog —) iterations .
£

2 Assume in addition that V3V is bounded. Then, MHMC outputs a measure [y satisfying
lun = 7lltv < € after

~ 1
N = O(xd""* polylog —) iterations .
&

In keeping with the theme of the rest of the book, we will focus on the results which do not assume
higher-order smoothness. As we shall see, the results for MALA in both the feasible and warm start
cases are sharp in a suitable sense. In other words, the improved guarantees under a warm start are
not a failure of the analysis technique, but are intrinsic to the problem. Hence, it is also important to
study how we can obtain a warm start, i.e., a measure satisfying x*(u || 7) = O(1). In Chapter 6,
or more specifically Corollary 6.3.2, we accomplished this goal via our analysis of ULMC in Rényi
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divergence. Critically, the cost of computing the warm start is not larger (at least with respect to
dimension dependence) than the cost of running MALA afterwards using the warm start, leading to
the following high-accuracy guarantee.

Corollary 7.3.6 (Altschuler and Chewi (2024a)). Suppose that t o< exp(—V) satisfies 0 < al; <
V2V < Bl; and VV(0) = 0. There is sampler which outputs u satisfying \JKL(u || 7) < & using

- 1
N = 0(«*?d"? + kd"* polylog =) first-order queries .
&

This result will be extended and refined in various ways through the use of the proximal sampler
in Chapter 8: we will relax the assumption of strong log-concavity to a log-Sobolev inequality; we
will eliminate the x3/?d'/? term from the rate; and we will show how to obtain this result using the
proximal sampler alone.

The goal for the rest of the chapter is to prove the convergence results for MALA.

7.4 Markov Chains in Discrete Time

As discussed in the introduction to this chapter, the key advantage of Metropolis—Hastings algorithms
is that they are unbiased and hence lead to high-accuracy algorithms. In order to prove complexity
bounds that scale as polylog(1/¢), where € is the target accuracy, it is important that we do not simply
bound the distance between MALA and, e.g., the continuous-time Langevin diffusion, as we did in
Chapter 4. This is not to say that tools from Chapter 4 are completely irrelevant, only that we must
first develop some new techniques for studying discrete-time Markov chains.

7.4.1 Markov Semigroup Theory

Let P be a Markov kernel. It generates a discrete-time semigroup (P*), ., and some of the ideas
from Markov semigroup theory (Section 1.2) can be adapted to the present context.

Generator.

We define the generator of the semigroup to be the operator & = P — id, acting on L?(x) via
Pf(x) = f f () P(x,dy) (where x is the stationary distribution for P). Note that since the operator
norm of P is at most 1, then P —id is always a negative operator (similarly to the infinitesimal generator
< from Section 1.2).

Reversibility.

We defined reversibility in Section 7.2 and showed that Metropolis—Hastings algorithms are reversible
w.r.t. the target distribution 7. For the rest of the section, we will focus on reversible Markov chains.

Spectral gap.
The spectral gap of P is the largest 1 > 0 such that for all f € L?(xr) withE, f =0,

fs L) Frezo = AN -
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Equivalently, if (X, X;) are two successive iterates of the chain started at stationarity, it is equivalent
to require

24 var f(Xo) < E[If (X)) - f(Xo)I']. (7.4.1)

In analogy with Section 1.2, we also say that P satisfies a Poincaré inequality with constant 1/1. We
already saw in Section 2.6 that a Poincaré inequality is implied by a lower bound on the coarse Ricci
curvature.

The right-hand side of (7.4.1) can be interpreted as a Dirichlet energy,

%(f’f) = <f7(_$) f>L2(7r) P

and the Markov chain can be viewed as an L*(r) gradient descent on the Dirichlet energy; see Exer-
cise 7.3. We have the following convergence result.

Theorem 7.4.2. Suppose that the spectral gap of P is A > 0. Then, for the law ({1 ) Of the
iterates of the %—lazy version of P, we have

X (un I 1) < exp(=AN) x* (o || 7).

Modified log-Sobolev inequality.

We say that P satisfies a modified log-Sobolev inequality (MLSI) with constant Cyyg if for all
f e L*(n) with f >0,

ent, f < %%(f,logf).
We have already encountered this inequality as Definition 1.2.25, although there we simply called it
the log-Sobolev inequality. In the context of discrete Markov processes, however, since the chain rule
fails and the different variants of the log-Sobolev inequality are no longer equivalent, it is worth being
careful about the terminology.

It is trickier to deduce entropy decay from the MLSI in discrete time, and to avoid this issue we shall
work in continuous time instead. The Markov kernel P gives rise to the generator & = P — id, which
in turn generates a continuous-time semigroup (P,),,, via P, := exp(tZ). Note that the generator of
(Py);s0 1s also Z and hence the Dirichlet energy for (P;),., coincides with the Dirichlet energy for
(P*)texr- Now, if we apply the calculation (1.2.24) to the semigroup (P;),-,, we find that under an
MLSI,

2t
KL(uP, || 7) < exp(—%) KL(u || 7).

see Theorem 1.2.26.

Moreover, the continuous-time semigroup (P;),., can be simulated. Namely, let (7y) ep-
exponential(1), T = Z’;zl 7;, and consider the following algorithm. Initialize at X, ~ o, and for
k=0,1,2,..., let Xr, ~ P(Xy,,-), so that (Xr, ),y are the iterates of the discrete-time Markov
chain with kernel P. Also, fort > 0,if T} <t < Ty4, thenset X, := Xy, . This yields a continuous-time
Markov process (X;),s,. and one can check that the associated Markov semigroup is exactly (P;),s¢.
Moreover, by concentration of i.i.d. sums, it holds that T; ~ k, so that if the semigroup (P, ), requires
time T,y in order to mix to a desired level of accuracy, then the algorithm which simulates (X;),,
requires =~ Ty, iterations to reach the same level of mixing.

iid.
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This argument can even be made rigorous, using concentration inequalities for the Poisson random
variable, in order to argue that a MLSI for P implies a mixing time bound (in total variation distance,
say) for the discrete-time chain (P*), .;;. We omit the details and content ourselves with the knowledge
that an MLSI for P at least leads to the existence of an implementable algorithm (simulating (X;),-,)
with good mixing.

We leave the converse implication (that entropy decay for the discrete-time Markov chain generated
by P implies an MLSI for P) as Exercise 7.4.

7.4.2 Conductance

Unfortunately, it is usually quite challenging to prove either a Poincaré inequality or a modified
log-Sobolev inequality for discrete-time Markov chains, which motivates the use of conductance.
The conductance of P is the greatest number ¢ > 0O such that for all events A C R4,

/P(x, A%) n(dx) = ¢n(A) n(A®).
A

A small conductance implies the presence of bottlenecks in the space: subsets A of the state space
from which it is difficult for the Markov chain to exit. On the other hand, it is a remarkable fact that
once the presence of these bottlenecks is eliminated, then there is a positive spectral gap. This is the
content of a celebrated result of Cheeger.

Theorem 7.4.3 (Cheeger’s inequality, Lawler and Sokal (1988)). The conductance ¢ and the
spectral gap A satisfy the inequalities

oo —

Both inequalities are sharp up to constants. The upper bound on A is fairly immediate (see Exer-
cise 7.3), so we focus on the lower bound. We begin by reformulating the conductance as a functional
inequality.

Lemma 7.4.4. Let the conductance of the chain be ¢ > 0. Then, for all f € L'(n),

E.lf - B /1 < < BIFCK) = F(X0)l, (7.4.5)

where (X, X1) are two successive iterates of the chain started at stationarity.

Proof Let X be an i.i.d. copy of Xj. Then,

Exlf —Ex f1 = Elf (Xp) —E f(Xo)| < E[f(Xp) - f(Xo)].
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On the other hand, by reversibility,

EIf (X)) — f(Xo)| = // £ Ge) = f(xo)] Pxor doy) m(dxo)
-2 // L{f () > (o)} LF (1) = £(xo)] Pxor dxy) 7(dxo)
—2 f// L{/(x1) > 1 > £(x0)} Pxordxy) w(dxo) di

=2/Klkﬂmm4f<ﬁ%nm%nm

> 2 [ a((s < alts > par

=2 [[] 1) > 1> s a(@) ateg)

=2 [ 107G > £ 000} 110 - £ m(a) ()

— ¢ [[1760) - ol m@xo) waxy) = cEIFCG - FO01. B

Compare this with the relationship between the Cheeger isoperimetric inequality and the L'-L!
Poincaré inequality in Theorem 2.4.18. Indeed, the trick above of passing to the level sets of f is the
discrete version of the coarea inequality (Theorem 2.4.16).

Recall also that an L'-L! Poincaré inequality implies an L?>~L? Poincaré inequality with C,, < C) 1,
see Proposition 2.4.21. On the other hand, C,, is the square root of the usual Poincaré constant,
Co,=1/ VA, where A is the spectral gap. To prove Cheeger’s inequality, we are going to follow the
same principle in discrete time. This is exactly the source of the square in the lower bound A 2 ¢? of
Cheeger’s inequality.

We need one more lemma (Exercise 7.5).

Lemma 7.4.6 (Lawler and Sokal (1988)). Let X, X’ be i.i.d. random variables with finite variance
2. Then, it holds that

EI(X+c?- X'+ _
su > = 0.
ceR E[(X +¢)?]

(7.4.7)

Proof of Cheeger’s inequality (Theorem 7.4.3) For f : R4 — R with mean zero, applying the
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lemma and Cauchy—Schwarz,

{EI(f(Xo) + ) = (f(Xp) + )’}

varn f <o EL(f(Xo) + )]
o B0 +0 - () + )’
< sup & (var, 7 + )
<y B = FOPIELF () + 7 (X) + 2P
= ceR (2 {var,,f+cz}
_28(40) | BISG0) + SO +4¢ 88 (F, ) _
T2 CE]E var, f + c2 I

A lower bound on the conductance via overlaps.

At this stage, it may not seem that we have gained anything by moving from the spectral gap to
the conductance. We now introduce a key lemma, which provides a tractable lower bound on the
conductance in terms of two geometric quantities: a Cheeger isoperimetric inequality for target  (we
introduced this inequality in Section 2.4.3), and overlap bounds on the Markov chain. Recall that an
a-strongly log-concave measure 7 satisfies the Cheeger isoperimetric inequality with Ch < 1/+/a
(Corollary 2.4.23).

Lemma 7.4.8. Assume the following:

1 The target m satisfies a Cheeger isoperimetric inequality with constant Ch > 0.
2 There exists r > 0 such that for any points x,y € RY with ||x — y|| < r, it holds that
||P()C, ) - P(y’ ')“TV < %

Then, ¢ > mm{g, T )

Proof Let Ay C RY; for symmetry of notation, write A; := Aj§. By reversibility,

[ peanman = [ poann@ =5 ([ Peapn@o+ [ P sa).

We want to lower bound this by a constant times 7 (Ag) 7(A;).
Define bad sets and a good set:

By :={x € Ay | P(x,A)) < Al,}’
1
B :={ye A |P(y A) < 4_1}

G =R?\(ByUB)).

We can assume that 7(By) > n(Ap)/2 and n(B;) > n(A;)/2. Indeed, if we have, e.g., 7(By) <
m(Ag)/2, then w(Ag \ By) = m(Ap)/2, and

/ P(x,A)) n(dx) > / P(x,A) n(dx) > l7'((A0 \ By) > l7r(A0).
Ay Ao\By 4 8

Next, suppose that x € By and y € By. Then, P(x, Ag) > whereas P(y, Ag) < 3. It follows that
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|P(x,) = P(y,)|ltv > % By our second assumption, ||x — y|| > r. This shows that B; C (B})®,
or BS 2 Bjj. On the other hand, G = B§ N B} 2 B \ By. Integrating the isoperimetric inequality
in (2.4.14) shows that

n(G) > n(By) — n(By) > 7T(Bo) n((Bp)°) = ”(Bo) n(By) > 7T(A0) n(Ay).

Hence,

0 / P(x. Ay) m(dy) + / P(y, Ao) n(dy))

Ag A
1

> 5 (/Am P(x, Ay) m(dx) + /Am P(y, Ao) n(dy))

> % (7(AgNG) + (A1 NG)) = %H(G) > ——n(Ay) m(A). o

32 Ch

From conductance to s-conductance.

Unfortunately, the framework that we have developed so far is not flexible enough to study MALA. In
particular, requiring that the second condition in Lemma 7.4.8 hold for all pairs of points x, y € R is
rather restrictive, especially because there are many points which we are unlikely to ever visit in the
course of running the sampling algorithm. To address these issues, many variants of conductance have
been proposed in the literature. Here we will introduce only one other variant, the s-conductance,
which seems reasonably flexible.

For s € [0, 1], the s-conductance of P is the largest ¢, > 0 such that for all events A C R, it holds
that

/P(x, A®) m(dx) > ¢ (7(A) = s5) (7(A°) —5) .
A

Observe that if 7(A) < s, then the above inequality holds trivially. Hence, this definition allows us to
restrict attention to events which are reasonably probable under .

For the conductance, we had Cheeger’s inequality which relates conductance to the spectral gap and
ultimately to convergence. For the s-conductance, the following theorem is an appropriate substitute.

Theorem 7.4.9 ((Lovdsz and Simonovits, 1993, Corollary 1.6)). For any 0 < s < 3, let
A = sup{|po(A) — m(A)| : A CR?, n(A) < s}.

Then, the law uy of the N-th iterate of a Markov chain with s-conductance ¢, and initialized at
Uo satisfies

A AN
lun — 7|ty <AS+Texp(— ‘2 )

In particular,

N
liew = 7l < Vs (o | 1) + 4/ 22T ('uo I 7) xp(—“T).

Proof The first statement is from (Lovdsz and Simonovits, 1993, Corollary 1.6) and the proof is
omitted, as the proof is not particularly straightforward. TODO
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The second statement follows from the first: indeed, for A € R? with n(A) < s,

0(4) = m(a)] = | [ L dao =) =] [ 14 (E2 = 1) cn| < VAT 2Cao 1)

dm

so that Ay < s x2 (o 11 7). °

This result says that if s = /(4 x*(uo || 7)), then we obtain ||uy — 7|ty < & after

2
T
M ) iterations .

1
N=0(5lo
2 g &2
Although this mixing time guarantee is stated in the TV metric, the guarantee can often be “boosted”
to stronger metrics, see Exercise 7.7.
The key advantage of the s-conductance is that it allows for a version of the key lemma with weaker
assumptions; the proof is left as Exercise 7.6.

Lemma 7.4.10. Assume the following:

1 The target m satisfies a Cheeger isoperimetric inequality with constant Ch > 0.

2 There exists r € [0,Ch] and an event E C R? with probability n(E) > 1 — e on Such that

N =

Vx,y € E, x =yl <r = |IP(x,)) = P(y,)llrv <

Then, ¢; 2 r/Ch.

7.5 Analysis of MALA for a Feasible Start

Using the tools we have developed, we now proceed to analyze the mixing time of MALA under the as-
sumptions of Theorem 7.3.4. However, we will not prove the full strength of the result in Theorem 7.3.4;
at the end of this section, we will indicate the extra steps needed to reach Theorem 7.3.4.

Basic decomposition.

The overall plan is to lower bound the s-conductance using the key lemma (Lemma 7.4.10), which then
upper bounds the mixing time via Theorem 7.4.9. By strong log-concavity of x, the first hypothesis
of Lemma 7.4.10 is verified, so it remains to bound the overlaps. For a kernel P, we use the shorthand
P, = P(x,-).

By the triangle inequality, we have the decomposition

I1Py — Pylltv < [Py = Qxllty + |Qx = Qylltv + [Py — Qylltv - (7.5.1)

The middle term ||Q, — O, |ltv measures the overlap for the proposal kernel, and we will shortly see
that this term is easy to bound. Then, controlling the first and third terms essentially amounts to lower
bounding the acceptance probability of MALA, since the only difference between P and Q is the
Metropolis—Hastings filter.

Overlap of the proposal kernel.
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Lemma 7.5.2. Forx € R?, let Q, := normal(x—h VV(x), 2h 1), and assume that ||V*V||o, < .
Then, provided h < é we have

[

V2h

”Qx - Qy”TV <

Proof By Pinsker’s inequality,
x—hVV) =y + R VVOIP _ llx =yl
8h S 2k
where the last inequality uses the fact that id — & VV is 2-Lipschitz. O

1
”Qx - Qy||”2rv < E KL(Qx ” Qy) =

Control of the acceptance probability.

Next, consider the term || P, — Q. |/rv. Computing this term is slightly tricky because P, has an atom
at x, but in the end we obtain

1P - Qe =5 1= [ 0an A+ [

IP(x,y) = O(x, )] dy |
RY\{x}

from the atom of P,

—5[1- [ emanacy+ [ owan (- o)

=1- / Q(x,dy) A(x,y). (7.5.3)

This has a very clear interpretation: it is the probability that the proposed move starting at x is rejected.
If we let & ~ normal(0,1,;) and Y = x — h VV(x) + V2h &, we want a lower bound on the quantity
E A(x,Y), which comes from Markov’s inequality:

EA(x.Y) = Emin{1, "D QWD o paM) O, )

m(x) Q(x,Y) m(x) Q(x,Y)
The approach now is to write out the ratio more explicitly, and then carefully group together and
bound the terms.
Explicitly, we have

>} forall0<A<1.

n(Y)O(Y,x) Ix =Y +hVV(Y)|? Y —x+hVV(x)|?
7(x) 0(x,Y) - exp(—V(Y) - ah +V(x)+ m ) .
After some careful algebra,
”(Y)Q(Y’x)_ 2 2
4log TO0GY) RANIVVI™ = IVV)II7} (7.5.4)
=2{V(Y)-V(x) = (VV(x),Y —x)} (7.5.5)
+2{V(x) -V(X)-(VV(Y),x-Y)}. (7.5.6)

Note that the terms are grouped to more easily apply the strong convexity and smoothness of V. It
yields

(755 > -Blx=Y|*> and (75.6)=a|x-Y|*>0.
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Also, for h < [13

(7.5.4) = h (VV(x) — VV(Y), VV(x) + VV(Y))
> —h||[VV(x) = VV()| IVV(x) + VV(V)|
> —Bhlx =Y 2IVV@)Il +Bllx = YI) = -pr* |[VV(x)|I> - 28 lx - Y|*.

Therefore,

() QY. x)
n(x) Q(x,Y) ~
At this stage, observe that we cannot lower bound this quantity (with high probability) uniformly
over x, since ||[VV(x)|| — oo as ||x|| — oo. This is why it is helpful to restrict to x belonging to some
high-probability event E, which is ultimately achieved by working with s-conductance rather than
conductance.

By standard concentration bounds, ||£]||> < 2d with probability at least 1 — exp(—d/ 2) Also, let
Ep = {x e R : ||[VV(x)|| < V/BB}. It follows that for all x € Ejg, if we take h < with a
sufficiently small constant, then

log 2 =B IVV@IP = Bllx = YI? 2 =Br* [VV()II* - BRIIEI.

ﬁ(dVB)

n(Y)Q(Y, x) 11 d

m(x) Q(x, Y) } g 12 (1 —exp(- ))
1

for sufficiently large d. Hence, for x € Ep, we have ||P, — Q«|ltv < .

]M(D/—{ 2

Completing the analysis.

We have shown: if the step size is 7 < then for all x,y € Ep with |[|x — y|| < r

S B (d\/B) ’

1P, = Pyllry < 1P = Qullny +11Qx = Qyllry + 1Py — Qylhry < = + —— 4+ < ~
™v S xliTv x ylitv ¥ vilty S 2 N

provided we take r = V2h/6. Applying Lemma 7.4.10 (assuming & < ﬁ), we deduce that ¢; > Vah
provided n(Eg) > 1 — cosVah, where ¢ > 0 is a universal constant. Since we want the step size & to
be as large as possible, we take h < ﬁ(d‘vB), where B is chosen to satisfy 7(E%) < s/4/k (d V B) and
s < &%/ x*(uo || 7). By the gradient concentration inequality in Lemma 6.2.7, 7(E$) < exp(—€(B)),

so we can choose B = 0(log %). The final mixing time bound implied by Theorem 7.4.9 is then
O (kdlog* (x* (o || 7) /%))

From warm start to feasible start.

The factor of log y?(uo || ) in the bound incurs additional dimension dependence under a feasible
start, since with a Gaussian initialization we can only show x*(uo || 7) < «*@. The problem is
that the conductance-based analysis relies upon Poincaré-type inequalities, instead of log-Sobolev
inequalities. To address this issue, we can replace the assumption of a Cheeger isoperimetric inequality
with a Gaussian isoperimetric inequality (see Section 2.4.5). The essential difference is that under a
Cheeger isoperimetric inequality, as p = w(A) Y\, 0 we have 7*(A) > p, whereas under a Gaussian

isoperimetric inequality we have 7*(A) > p./log %. Using this stronger assumption, Chen et al.

(2020) show that the dependence on the initialization can be improved to log log x*(u || 7). A similar
effect can be achieved via the blocking conductance Kannan et al. (2006), which was used in Lee et al.
(2020). We omit the details.
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Lower bound.

Finally, the analysis of MALA in Theorem 7.3.4 is tight, as shown in the following lower bound.

Theorem 7.5.7 (Lee et al. (2021a)). For every choice of step size h > 0, there exists a target
distribution m© « exp(=V) on RY with I; < V2V < «l,, as well as an initialization po with
x*(uo || ) < expd, such that the number of iterations required for MALA to reach total variation
at most i from 7 is at least Q(xd).

This theorem is a lower bound in the sense that all of the known proofs for MALA do not use any
property of the initialization uo except through y*(uo || 7). Thus, in order to improve the analysis of
MALA under a feasible start, one must use more specific properties of the initialization, or use some
other modification that bypasses the lower bound (e.g., random step sizes).

7.6 Analysis of MALA for a Warm Start

We next turn towards the warm start case (Theorem 7.3.5). The improvement under a warm start was
first shown in Chewi et al. (2021), with subsequent refinements in Wu et al. (2021); Chen and Gatmiry
(2023a) via completely different techniques. In this section, we follow Chewi et al. (2021) because the
proof is more conceptual and closer to the stochastic calculus arguments of Chapter 6.

We still follow the s-conductance framework of the previous section, including the basic de-
composition (7.5.1). The main difference lies in the control of ||P, — Q.||tv, which was previously
accomplished by lower bounding the acceptance probability. Surprisingly, the following proof never
works directly with the acceptance probability, despite the fact that ||P, — Q.||rv is precisely the
rejection probability at x (see (7.5.3)).

Using the projection property.
The key insight is to use projection characterization of the Metropolis—Hastings filter (Theorem 7.2.5):
the MALA kernel P is the closest kernel to the proposal Q (in an appropriate L' distance) among all
reversible Markov chains with stationary distribution 7. Concretely, for any other kernel Q which is
reversible w.r.t. T,

// P(x.y) - Q(x.y)| (dx) dy < // 10(x, ) — 0(x. y)| 7(dv) dy .
(R4 xR4)\diag (R4xR4)\diag

Now supposing that Q has no atoms, this inequality is the same as

/ 1Py = Q. llry 7(dx) < 2 / 10+ = O oy 7(dx) (7.6.1)

Thus, we can indirectly bound ||Q, — P.||tv, at least on average. Moreover, there is a very natural
choice of Q here: since Q is obtained from a discretization of the Langevin diffusion, we can take Q
to be the continuous-time Langevin diffusion run for time %, which is indeed reversible with respect to
m. The right-hand side of the above expression then simply measures the discretization error, which
we have already studied in detail.
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Pointwise projection property.
The projection property is not enough for our purposes, however, since it only bounds ||P, — Q. ||Tv
in average, whereas we really need high-probability bounds. Thankfully, we can extend the projection
property.

Theorem 7.6.2 (pointwise projection property, (Chewi et al., 2021, Theorem 6)). Let Q be an
atomless proposal kernel and let P be the corresponding Metropolis—Hastings kernel with target
. Then, for any atomless kernel Q which is reversible with respect to n, and for every x € R4,

7(y) Q(y,%) |Q(y,x) 14
m(x) O(y,x)

Consequently, for any convex increasing function ® : R, — R,

||Px - Qx”TV < 2 ||Qx - Qx”TV +

tféuwx—gmwwmw><1/?wﬁmx—émwwmw>

(1.6.3)
// 2|Q(x y) — 1)) O(x, dy) 7(dx) .

We will not need the inequality (7.6.3), so the proof is left as Exercise 7.9. The reason why (7.6.3)
is included in the theorem is because it makes it clear why we can expect the pointwise projection
property to imply high-probability bounds for || P, — Q,||Tv. Note that when we integrate the projection
property w.r.t. 7(dx), we recover (7.6.1) with a factor of 4 on the right-hand side instead of 2.

Proof We can write

1.~ =1~ [ 0tan atey) = [[1- (147020 o 4y
() Q0)
< [-E55E oway) _
<o [ 22 G e

Using reversibility of Q, the first term is

/| 7(y) O(y, x)
7(x) Q(x,y)

which completes the proof. O

T oy = [ 10ty) - Gl dy =210: - Gl

Applying the pointwise projection property.
Our goal is to bound ||P, — Q,||tv for all x which lies in an event E of very high probability under 7.
We proceed by controlling the two terms in the pointwise projection property separately.

The first term, ||Qx — O, |lv, is more straightforward. It is helpful to apply Pinsker’s inequality,
leaving us to control KL(Q, || Q). This is precisely the kind of discretization error that we
controlled via Girsanov’s theorem in Section 4.4. In particular, it follows from Theorem 4.4.1 that
10« = Oxllty < BH3?||VV(x)|| + Bd'/?h. By the gradient concentration bound in Lemma 6.2.7, for
h < 1/B, we have ||Qy — O«lltv < Bd?h + B*>h3/?\/log(1/5) with probability 1 — ¢ under . In
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particular, we expect a step size of & < 1/ (,8\/3) to suffice to control this term, which is certainly
encouraging.

To control the second term with high probability, it suffices to control the moments of this quantity
under w: for p > 1,

/ ‘/ n(y;?x()y,m gg:x; m(dv) < // |Q(y’x) 1" 0(y. dx) n(dy).

Let @, denote the measure on path space C([0, h]; R?) of the Langevin diffusion started at x. Similarly,
let O, denote the same for the interpolation of LMC. By the data-processing inequality, we obtain

0.9 _ v 5 21192 _
JEES -1 00aonan < [ B 152>

1)7] x(dx) .

We can again approach this term via stochastic calculus, although the arguments become more
involved. First, via Girsanov’s theorem (Theorem 3.2.8),

dQ, 1 [ 1t
@—exp(@ /O (V) =9V x).dB) ~ 1 [ 19V - TV P ),

=Ly

where (B,),, is the @ .-Brownian motion and (X, ), is the Langevin diffusion driven by (B;),
and started at x. By applying It6’s formula (Theorem 1.1.19),

h
exp(Ly) - 1= % /0 (exp Ly) (VV(X,) — YV (x),dB,).

We need to control the p-th moment of this stochastic integral; we can take p to be an even integer.
For p = 2, we can apply the It6 isometry (1.1.9). For larger values of p, the appropriate substitute is
the Burkholder—Davis—Gundy inequality with optimal constants.

Lemma 7.6.4 (Burkholder—Davis—Gundy, Burkholder (1973); Davis (1976)). There is a universal
constant C > 0 such that for any even integer p > 2,

"] < o8| [ o).

sup | [ tn.a,)

t€[0 T]

We have stated this inequality in a form that is convenient for our purposes, although it applies
more generally to local martingales. The growth of the optimal constants with p implies that the
stochastic integral has sub-Gaussian tails.
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Applying this to the problem at hand,

4.
dQ,
< (cpp)"" B

_ h
BO:| /0 exp(2L) IVV(X) V()P ar|” |

h play fh L
/exp(4Lt)dz) ’/ X, — x|l dt‘ ]
0 0

< (Cﬁzp)p/z\/EQx[ / hexp(4L,)dz)"/2] EQX[ / h||X,—x||4dt|p/2]
0 0

_ h _ h
<(Cﬁ2p)p/2h”/2‘l\/(ng / exp(2pL,)dt) (EQx / ||X,—x||2Pdt).
0 0

1I7] < (cp)»” EQX[

We bound each of the remaining expectation terms in turn. We start by observing that B2~ exp(2pL,) =
exp((2p = 1) Rop (Q . lj0,61 Il Qlio,r1)), s0 by Theorem 6.2.1 we obtain

) h
E2~ / exp(2pL,) dt < hexp O (B*I°p* |[VV (x)||* + B*dh*p?)
0
provided & < 1/(Bp). Next, by (6.2.2) and Lemma 6.2 .4,

— h —
EQX/ ||X,—x||2pdt<C”h(h2P IVV(x)|” + B2 sup ||B,||2P)
0 tel0,h]

< CPh (WP ||[VV(x)|I*P +dP kP pP) .

Therefore,

E2- [\% —1)7]
do,
< (CBR2 )" (WP WV (@)|1? + dPPpPl2) exp O (821 p* |V ()| + B2dh*p?) .

We integrate w.r.t. 7(dx) and apply Cauchy—Schwarz:

) d 14 2712 p 2 2 2
/ EQX[I% 1] x(dv) < (CBmp)"" (7! \/ / 19V @) x(dx) +aprr)

X / exp O (B*1°p* |VV (x)||* + B*dh*p*) n(dx) .

If we again apply the gradient concentration inequality (Lemma 6.2.7), we obtain
_ d 1/p
{ / E%: [|% ~ 1" 0} < php (VBdhp +dp) < phd'p

provided that 2 < 1/(B8d"/? p*/?). By Markov’s inequality, it implies that the second term arising from
the pointwise projection property is at most O(8d'/>hp/§'/P) with probability at least 1 — & under 7.
In particular, if we take p =< log(1/9), the bound reads O(Bd'/*h1og(1/6)).

Conductance argument.

We now finish with a conductance argument, similarly to Section 7.5. Namely, we must take ¢ so that
5 < sVah = Nah/x*(uo || 7) and h so that & < 1/(B8d"/?log(1/6)). This is satisfied by taking
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h = 1/{BVdlog(x*(uo/7)/€%)}. Then, Lemma 7.4.10 yields ¢, 2 Vah. Finally, Theorem 7.4.9
yields mixing in total variation in O (kVd log?(x?(uo/7)/&?)) iterations.

Lower bound.

Finally, we complement the analysis with a matching lower bound. Under a warm start, Chewi et al.
(2021) showed a lower bound of roughly Q(Vd), which was improved in Wu et al. (2021) to Q(kVd).
We state the result here.

Theorem 7.6.5 (Wu et al. (2021)). For every choice of step size h > 0, there exists a target
distribution m o« exp(=V) on RY with I; < V2V < «l,, as well as an initialization po with

Y (uo || m) < 1, such that the number of iterations required for MALA to reach total variation &
from 7 is at least Q(kVd log(1/¢)).

Bibliographical Notes

The Metropolis—Hastings algorithm dates back to the birth of MCMC itself Metropolis et al. (1953);
Hastings (1970), whereas rejection sampling can be traced back to Ulam and von Neumann von
Neumann (1951); Eckhardt (1987). Moreover, MALA and MHMC were introduced in Besag et al.
(1995) and Neal (2011) respectively. Traditionally, these algorithms were studied in an asymptotic
framework in which a scaling & « 1/d? is sought so that the algorithm admits a non-degenerate
diffusion limit as d — oo; see Roberts and Rosenthal (1998) for a particularly influential work in this
direction. Part of the appeal lies in the precise calculation of the limiting acceptance probabilities,
leading to an effective tuning strategy: set the step size of the algorithm so that the proportion of
accepted moves equals the limit value.

The quantity d? is interpreted as a proxy for the mixing time, and in this way the following
predictions were made for the complexities: @(d'/?) for MALA, and ©(d'/*) for MHMC. There
are notable limitations of the scaling limit approach, however: it imposes stringent assumptions,
such as higher-order smoothness or that the target is a product measure, and the analysis is often
conducted at stationarity. There are further works aimed at addressing these issues, but a precise
determination of the mixing time requires a non-asymptotic framework. The paper Chewi et al. (2021)
further emphasized this point by proving a El(d 1/2) lower bound for MALA (stated as Theorem 7.6.5),
which seemingly contradicts the ®(d'/?) dependence predicted by the scaling limit. Of course, the
contradiction is illusory; the scaling limit requires more assumptions (e.g., higher-order smoothness).
Still, this presents a cautionary tale for interpreting asymptotic results with the non-asymptotic,
minimax lens that we adopt in this book.

The overlap lemma (Lemma 7.4.8) was refined by a suggestion from Kexin Zhang.

The O (kd) rate for MALA was first obtained in Dwivedi et al. (2019) with a warm start, and
then in Chen et al. (2020) for a feasible start. Initially, these rates also had an additional O (k¥/2d"/?)
term, which was removed via a gradient concentration bound in Lee et al. (2020). Our analysis in
Section 7.5 is based on Dwivedi et al. (2019), except that we use the gradient bound from Lemma 6.2.7
(which improves, in some respects, the bound used in Chen et al. (2020)). The rate for MRW stated
in Theorem 7.3.4 was proven in Andrieu et al. (2024).

The paper Chewi et al. (2021) showed that under standard assumptions, the dimension dependence of
MALA improves to d'/? under a warm start. However, due to a typo in the paper, the condition number
dependence of the result was unclear. Subsequently, the optimal bound of 0 (kd'?) was obtained
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in Wu et al. (2021) via a different approach, which avoids stochastic calculus but relies on rather
delicate calculations for the acceptance probability. These papers were later revisited: the rate of Chewi
et al. (2021) was clarified to be O(kd'/? + k?) in the PhD thesis Chewi (2023), and the approach
of Wu et al. (2021) was further simplified in Chen and Gatmiry (2023a). In Section 7.6, we follow
the approach of Chewi et al. (2021); Chewi (2023), except that we further refine it via Lemma 6.2.7
which to reach the optimal o (kd"?) bound. The warm start for MALA used to prove Corollary 7.3.6
was attained in Altschuler and Chewi (2024a).

Currently, the state-of-the-art for MHMC is Chen and Gatmiry (2023b), which obtains a O (kd'/%)
rate under third-order smoothness and a warm start. It is not known if the third-order smoothness can
be relaxed, or if the warm start can be obtained using O (kd"*) queries.

The following lower bounds for MALA have been obtained: Q(d'?) from a warm start Chewi
et al. (2021); Q(xd) from a feasible start Lee et al. (2021a); Q(xd'/?) from a warm start Wu et al.
(2021), improving upon Chewi et al. (2021). Together with the upper bounds, we now have a thorough
understanding of the complexity of MALA for feasible vs. warm initializations. We note that Lee et al.
(2021a) also contains some lower bounds for MHMC.

There is an extensive literature on variants of these algorithms and analyses which do not fit within
the framework considered in this book, and we do not attempt to comprehensively survey it here.

Exercises

An Overview of High-Accuracy Samplers

> Exercise 7.1 (MALA is a special case of MHMC)
Show that when K = 1, the MHMC algorithm reduces to MALA.

> Exercise 7.2 (MH filter for the leapfrog integrator)
For the leapfrog integrator Fi,,, verify that Flgalp =Ro FipoR.
Hint: First show that it suffices to consider 7 = & (i.e., K = 1).

Markov Chains in Discrete Time

> Exercise 7.3 (reversible Markov chains as gradient descent on the Dirichlet energy)
Consider the setting of Section 7.4.

1 Show that &(f, f) = %E[|f(X1) — f(Xo)|*], where (X, X;) are two successive iterates of the
Markov chain started at stationarity. We also write &(f) := &(f, f) as a useful shorthand.

2 Show that if (), are the laws of the iterates of the £-lazy version of P, then the relative densities
(%) e are the iterates of gradient descent on the Dirichlet energy & in L?(r). How does the
laziness parameter ¢ relate to the step size of the gradient descent?

3 Observe that & is a convex quadratic functional; show that 0 < Viz (ﬂ)% < 4. What does the theory
of convex optimization suggest for the value of the laziness parameter £?7

4 Next, prove a generalization of Theorem 7.4.2 for any value of the laziness parameter £ € [%, 1] by

showing that the spectral gap condition is equivalent to strong convexity of &. Why do we want

¢ > L here?
2
5 Show that the conductance of the chain can also be described as the largest ¢ > 0 such that for all
events A C R¥, it holds that &(1,4) > ¢ || 1 — 7 (A)||? Hence, conductance can be viewed as a

. . o . L2(m) . o
restricted strong convexity condition (restricting the space of functions to indicators of events). In

particular, show the bound 4 < ¢ in Cheeger’s inequality (Theorem 7.4.3).
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> Exercise 7.4 (entropy decay implies MLSI)
Suppose that P satisfies the following entropy decay condition: there exists ¢ € (0, 1) such that for all
probability measures P,

KL(uP || ) < (1 =) KL(u [ 7).

Prove that P satisfies a MLSI with constant Cy g < 2/c.

> Exercise 7.5 (completing the proof of Cheeger’s inequality)
In this exercise, we prove Lemma 7.4.6. We can normalize the random variables so that E X = 0 and
o?=1.

1 Show that as ¢ — oo, the ratio on the left-hand side of (7.4.7) tends to 4 {E|X — X’|}*. Thus, we
are done in the case E|X| > 1/2.
2 Otherwise, set ¢ = 0 and prove that E|X? — X"?| > 2 (1 - E|X)).
Hint: Work over the event {X? > 1, X2 < 1} U{X? > 1, X?> < 1}.

> Exercise 7.6 (s-conductance lemma)
Prove the s-conductance lemma (Lemma 7.4.10).

> Exercise 7.7 (boosting from TV to y?)

The mixing time guarantee in Theorem 7.4.9 is stated for the TV distance, but guarantees for
high-accuracy samplers can often be “upgraded” to hold in stronger metrics. To illustrate, suppose
that in the setting of Theorem 7.4.9, the Markov chain is initialized at a measure gy with %r” <M.
Show that y?(uy || 7) < &% after N = O(é log &) iterations, where s = £7/(4M?).

Hint: Show that A; < Ms and that %;‘ < M for all n € N. Bound y*(uy || 7) in terms of M
and ||uy — 7||lTv, and then apply Theorem 7.4.9. More generally, this approach shows that if the
initialization to the Markov chain satisfies R, (o || 7) < oo for some ¢ > 1, then one obtains guarantees
for R, (un || m) forall ¢" < q.

Analysis of MALA for a Feasible Start
> Exercise 7.8 (analysis of MRW)
Follow the analysis in this section and adapt it to the Metropolized random walk (MRW) algorithm.
What mixing time bound can you prove?

Analysis of MALA for a Warm Start

> Exercise 7.9 (pointwise projection property)
Prove (7.6.3) from the pointwise projection property.

> Exercise 7.10 (mixing time for a Gaussian target)

Adapt the analysis in this section to the case when the target distribution is the standard Gaussian.
Here, it is possible to do a much more refined analysis; see if you can show that the mixing time of
MALA is O(d'? polylog(1/&)) from a warm start. See (Chewi et al., 2021, Appendix C) for hints.



CHAPTER 8

The Proximal Sampler

In this chapter, we discuss the proximal sampler, which was introduced in Lee et al. (2021b) although
similar ideas date back earlier. The applications of the proximal sampler include improving the
condition number dependence of high-accuracy samplers and extending the sampling guarantees
beyond strong log-concavity. Besides these applications, the proximal sampler is interesting in its own
right due to its remarkable convergence analysis and its connections with the proximal point method
in optimization.

199
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Optimization Box 8.0.1. GivenV : RY — R, the proximal oracle associated with V and step size
h > 0 s defined as the mapping prox,,, : RY — R< given by prox,,, (x) := arg miny za{V(y) +
Ly - xI?).

Implementing the proximal oracle. Note that the proximal oracle can be viewed as a
regularized version of the original optimization problem. In particular, if |[V2V/|l,, < B and

h < 5=, then the proximal oracle is the solution to a (% — B)-strongly convex and (% + 3)-smooth

28°
optimization problem, with condition number 11 //Zt’;

implemented via convex optimization.

Using the proximal oracle. Given access to the proximal oracle for V, the simplest way
to use it to minimize V is to iterate it: x;4; := prox,, (xx). This is known as the proximal
point method (PPM). If V is a-strongly convex, then we can obtain a convergence rate for the
PPM as follows. First, note that the first-order optimality condition for the PPM can be written
prox,y (x) = (id+ A VV) ™' (x). From this, one can show that prox, is 1/(1 + ah)-Lipschitz,
and prox,,, (x,) = x,. Therefore, |[xy — x,|| < (1 +ah)~" ||xo — x,||. Note that unlike gradient
descent, the convergence of the PPM does not require smoothness of V.

Application to composite optimization. Arguably, the most well-known application of
the proximal oracle is the minimization of a convex composite objective f + g, where f is
smooth and g is non-smooth but “simple” so that the proximal oracle for g can be evaluated
in closed form. The canonical example is when g = ||-||; is the ¢;-norm, in which case this
composite objective encompasses computation of the LASSO estimator for sparse regression.
In this case, the proximal gradient algorithm consists of GD steps for f and PPM steps for g:
Xis1 = ProxXy, (xx — h'V f(xi)). Crucially, this algorithm can be shown to converge at the same
rate as GD for convex smooth optimization, despite the presence of the non-smooth term.

< 3. Therefore, it can be approximately

The PPM can be written x;,; = x; — h VV(x;,1) which shows that it is an implicit discretization of
the gradient flow. Implicit discretizations are more stable (indeed, note that the convergence rate for
the PPM given above holds for all choices of & > 0, whereas GD typically requires & < 2/f3), but
at the cost of being harder to implement. We will see that similar intuitions hold in the context of
sampling.

8.1 Introduction to the Proximal Sampler

Let © oc exp(—V) denote the target distribution. We fix 4 > 0 and define the augmented target
distribution

ly —x IIZ)
2h )
To avoid confusion, we will explicitly write 7% = 7 for the X-marginal, and n* for the Y-marginal.
Similarly, 7X" and 7¥'X denote the conditional distributions.
The proximal sampler applies Gibbs sampling to the augmented target. Explicitly, the updates of
the proximal sampler are as follows.
Proximal Sampler: Initialize Xy ~ po. For k =0,1,2,...:

w(x,y) o« exp(—V(x) -

1 Draw Y ~ 2" X(- | Xi) = normal(X;, hly).
2 Draw X, ~ XY (- | Yp).
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Since Gibbs sampling always forms a reversible Markov chain with respect to the target distribution,
we conclude that the proximal sampler is unbiased: its stationary distribution of the proximal sampler
is . As written, however, the proximal sampler is an idealized algorithm because it is not yet clear
how to implement the second step of sampling from X", Note that

2

w7 (e | ) oy exp( V(@) - A0
2h
Also, recall that in optimization, we wish to minimize the function V, whereas in sampling we want
to sample from 7 « exp(—V). Via this correspondence, we see that the optimization analogue of
sampling from 7%, which is known as the restricted Gaussian oracle (RGO), is precisely the
computation of the proximal oracle. See Exercise 8.1 for another connection between the proximal
sampler and the PPM.

Interpretation of the proximal sampler.

At this stage, it may be unclear why the proximal sampler should be interpreted as the PPM for
sampling. Part of the justification lies in the convergence results we establish in subsequent sections
that are exactly analogous to optimization guarantees for the PPM.

Here, we present another justification in the spirit of the discussion from Section 4.3. There, we
observed that sampling, which can be viewed as the minimization of the KL divergence KL(- || 7), is a
composite optimization problem over the space of probability measures consisting of a smooth term
(the “energy”) and a non-smooth term (the “entropy”). The optimization wisdom from Optimization
Box 8.0.1 suggests considering a proximal gradient method in the Wasserstein space, which would
require computation of prox;q¢(u) = argmin, cp, za){H(v) + % sz (u,v)}. Such a scheme can be
shown to enjoy strong convergence guarantees—see Salim et al. (2020)—but unfortunately the
proximal oracle for the entropy functional is not easily implementable.

Recall from Section 4.3 that LMC is a splitting scheme which applies GD to the energy, and
gradient flow to the entropy, but that this scheme is biased. The paper Salim et al. (2020) shows that if
we keep the GD step for the energy, then the “natural” (but intractable) method to apply to the entropy
to make the whole algorithm unbiased is the proximal oracle prox; .. On the other hand, what if we
keep the gradient flow for the entropy—i.e., the heat flow—and ask what method we can apply to
the energy to keep the algorithm unbiased? In a sense, the proximal sampler is the answer to this
question, since the first step of sampling from a Gaussian is indeed the heat flow. See Exercise 8.2 for
an interpretation of the RGO as the adjoint to the heat flow in a precise sense.

This discussion highlights that even when V is smooth, there are potential advantages to be gained
by consideration of proximal methodology, since the sampling problem carries with it an inherent
non-smoothness from the entropy functional.

Implementability of the RGO.

In order to obtain an actual algorithm from the proximal sampler, an implementation of the RGO
must be provided. Obviously, we have

complexity of number of iterations of complexity of
the proximal sampler the proximal sampler implementing the RGO

The next few sections will be devoted to studying the iteration complexity for the proximal
sampler under various assumptions, including strong log-concavity and functional inequalities such a
log-Sobolev inequality.



202 The Proximal Sampler

Implementations of the RGO will be discussed in Section 8.6. Similarly as in Optimization Box 8.0.1,
as soon as [|[V2V||o, < Band h < # the RGO is a strongly log-concave and log-smooth distribution
with condition number at most 3. Therefore, the cost of implementing the RGO will boil down to the
cost of sampling from well-conditioned strongly log-concave distributions.

Notation.

We write u; for the law of X, and ), for the law of Y, for the iterates of the proximal sampler. Observe
that if (Q,),, denotes the standard heat semigroup, i.e. uQ, = u * normal(0, 11,), then u} = uyXQ
and ¥ = 7%XQ,,.

We also abbreviate 75 (- | y) as #X1¥=>,

8.2 Convergence under Strong Log-Concavity

One of the most remarkable features of the proximal sampler is that its convergence analysis closely
mirrors the continuous-time theory for the Langevin diffusion. In this section, we initiate this study
starting with the strongly log-concave case.

Recall that under strong log-concavity, we have contraction of the Langevin diffusion (Theo-
rem 1.4.11). We prove the analogue of this fact for the proximal sampler.

Theorem 8.2.1. Assume that the target n% is a-strongly log-concave. Also, let (,uf nd

(ﬂf) ey denote two runs of the proximal sampler with target 7. Then,
Wa(uy'- fiy)
(1+ah)*

)keN 2

Wa (s ) <

The contraction factor matches the contraction for the proximal point method in optimization,
see Exercise 8.3. Since ¥ is left invariant by the proximal sampler, the contraction result also implies
a convergence result in W,.

We will give two proofs of this theorem. First, note that it suffices to consider one iteration and
to prove Wz(uf , ﬂf) < ﬁ W, (,uf)( , ﬁff). Next, since the heat flow is a Wasserstein contraction
(which follows from (??) but can also be proven by a straightforward coupling), it holds that
Wa(ul, @) < Waud, @), so it suffices to show W (uf, @¥) < = Wa(ud, al).

We will use the following coupling lemma.

Lemma 8.2.2. Suppose that for all y,j € RY, we have
W (X=X < Cly - 5 (8.2.3)
Then, Wa(uy', i) < C Wa(pg, fig)-

The intuition is that since uf* and  are obtained from g and g by sampling from the RGO
7X¥ the contraction statement in (8.2.3) can be used to bound W, (uX, X). The proof of the lemma
is relatively straightforward and good practice for working with couplings, so it is left as Exercise 8.4.

The first proof we present is from Lee et al. (2021c¢).

Proof of Theorem 8.2.1 via functional inequalities To prove (8.2.3), we note that 7XV (- | ¥) is
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(a+ %)—strongly log-concave. Recall that by the Bakry—Emery theorem (Theorem 1.2.30) and the
Otto—Villani theorem (Exercise 1.16) this implies the log-Sobolev inequality (1.4.14) and Talagrand’s
T, inequality (1.4.15). Applying these inequalities,

WA=y, X0y ¢ 2 - KL(aX = || 27 < S 5 FI(X = || 2X7=0)
+ (a+73)

We can compute the Fisher information explicitly. Indeed,

Wt o B
XY=y 2h 2h h
so that
X|Y=y _ 512
X|y= X|Y=y 4 2 ly — ¥l
FI(r Y=y | = | 7Y = E pxivey [ |V log XS ” ] = —n
Hence,
- 5 1y =3I _
W3 (@, T < = Iy =3I :
? (@+1? B (l+an)

The next proof, from Chen et al. (2022), directly uses strong convexity in Wasserstein space.

Proof of Theorem 8.2.1 via Wasserstein calculus This proof rests on the following interpretation of
the RGO. Let F(u) := KL(u || n%). Then, by Exercise 8.1,

— 3 1
XY=y _ arg min {3'“(#) + ﬁ sz(u,éy)} = proxhg(6y) .
HEP>(RD)

The first-order optimality conditions on Wasserstein space (Ambrosio et al., 2008, Lemma 10.1.2)
reads

1
0 € dF(nXI"=) + m (id - y), X"y _as.

where 0F is the subdifferential of & on Wasserstein space.
Using this, we obtain
idey—haFxX"=), aX¥=_as.

idey—hoF(xX¥), XV _as.

Let T be the optimal transport map from 7XV=> to 7X"=Y_ The second condition above can then be
rewritten as

Tey—hdF@")orT, aX=y_as.

We now abuse notation and write F (nXV=Y) for a particular element of the subdifferential and
similarly for F (nXY=Y). Then, 7X¥=Y-a.s.,

IT = id|* = |5 = yII* = 20 (@F (x*X") o T = 9F («X1"), T - id)
— W || F (2XV=5Y o T — dF (nX1V=) 7.
We now integrate w.r.t. 7XV=> and apply strong convexity of F in Wasserstein space:

W22(71_X|Y:y’ aXV= <y = 31> = 2ah sz(ﬂxlyzy, aXV=%y — o2 h? sz(ﬂx‘yzy, aXr=y)
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and hence

- - 1
W3 (X7, Xy < ——— ||y = 3117 o
(1+ah)?
The point of the second proof is that, although it uses some heavy machinery, it is just a translation
of a Euclidean optimization proof into the language of Wasserstein space (see Exercise 8.3).

8.3 Simultaneous Flow and Time Reversal

We now introduce two new techniques in order to further analyze the proximal sampler.

Simultaneous flow.

The first technique is based on the observation that in going from u to uj , and from 7% to 7%, we are
applying the heat flow. Given any f-divergence D (- || -), we will compute its time derivative when
both arguments undergo simultaneous heat flow. Remarkably, the result will be almost the same as the
time derivative of the f-divergence to the target along the continuous-time Langevin diffusion, in a
sense to be made precise. The upshot is that the analysis of the proximal sampler closely resembles
the analysis of the continuous-time Langevin diffusion.

The simultaneous heat flow calculation is inspired by Vempala and Wibisono (2019), and was
carried out for the proximal sampler in Chen et al. (2022). Here, we place the calculation in the
framework of abstract Markov semigroup theory in order to show that the final result is a consequence
of general principles rather than surprising coincidences.

Let f : R, — R, be a convex function with f(1) = 0, and let D be the associated f-divergence
(see Section 1.5). We prove the following abstract result.

Theorem 8.3.1 (simultaneous flow). Suppose that we have two processes evolving via
Oy = g;*ﬂt > Oy, = g;*vt s

where * denotes the adjoint with respect to some reference measure m. Let I', denote the carré
du champ operator associated with £;,

1
I(f.8) = 3 (Z(fe) - fZig—-gZif), L) =L(f. ).
Assume that &, satisfies the diffusion chain rule (Definition 2.2.13) for all t > 0. Then,

d du,
8Dy (s [l vi) = / G T

a, )dv, .

Proof We identify u, and v, with their densities w.r.t. m, and all of the following integrals are w.r.t.
m (although we do not write this explicitly to keep the notation light). By the definition of the adjoint,

o / f(/:_tt) Vi = / f,(l:_:) (at,ut - %atvt) + / f(/:—:) 0,v,
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For the second term, we apply the definition of the carré du champ to obtain
Z(FEY By = o (1 (B, By v 2 (B + 1 (B v 2B
Vi Vi Vi Vi Vi VY Vi

For the third term, the diffusion chain rule says that for any function f,

Zif(p)=f'(p)Zip+f"(p)T:(p)

hence
oy _ gy g b o by b
zf (G =rE el En ).

Substituting this in and taking advantage of a cancellation,

o [ rEyv==2 [ e [ rEnE .

t

Finally, to simplify this further, the diffusion chain rule implies

L(f(p),o) = f(p) Ti(p, o),
and it finishes the proof. O

Let us now parse the content of the theorem in several important cases. First, suppose that
(#+),0 is the Langevin diffusion and v, = x is the stationary distribution for all # > 0. In this
case, £, = £ is the Langevin generator for all # > 0, I, (p) = ||Vp||?, and we obtain the following
formula: 0, D¢ (p, || ) = —/ (e /7) IV (i /7)) dre. In particular, for f(x) = x logx, it recovers
9 KL(p Nl ) = = Fl(p | 7).

Now suppose that (x;),50, (v),s¢ are two copies of the Langevin diffusion, where (v;), is not nec-
essarily stationary. Then, we can obtain the formula 0, D¢ (u, || v,) = - f £ (e Jve) IV (e [vo)|)? dvy,
which contains 9, KL(y, || v;) = — Fl(u, || v;) as a special case. The evolution of the KL divergence as
both arguments evolve is hardly any more complicated than the case where only one of the arguments
evolves!

A further special case is obtained when (1, ), (;),5¢ €volve by the heat flow, which corresponds
to the Langevin diffusion with potential V = 0 (up to time rescaling). The theorem still applies, we
obtain 9; KL(u; || v;) = —% Fl(u; || v;) (the factor of % arises because the generator for the heat flow is
< = % A, which then yields I" = % IV-]|?). Note that Theorem 8.3.1 explains why: the formula for
the derivative in time of the f-divergence only depends on the diffusion through its carré du champ,
which is the same (up to rescaling) for both the heat flow and for the Langevin diffusion. This shows
that the heat flow is not really that special and that much of the following discussion on the proximal
sampler would equally well apply if we replaced the heat flow with, e.g., the OU process, but the heat
flow is convenient for both calculation and implementation.

Although this theorem is already enough to prove new convergence results for the proximal sampler,
the rates will be slightly suboptimal. The reason for this is because we have only considered one step
of the proximal sampler, in which the algorithm goes from y to u} (and the target goes from 7%
to 7). In order to obtain the sharp convergence rates, we also need to consider the second step, in
which we go from y] to u,, (and the target returns from 7” to 7%). For reasons that will become
clear shortly, we refer to these steps as the “forward step” and the “backward step” respectively.

First, consider the evolution of the target along the heat semigroup ¢t — 7%Q,, so that at time h
we arrive at ¥ . The stochastic process representation of this evolution is dZ, = dB,, with Z, ~ %
and Z;, ~ n¥, thus describing the forward step. So far so good, but how should we think about the
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backward step? By definition, 7¥ is obtained from 7¥" by the relation 7 = [ #*"=> dz” (y), but this
is not as helpful because we lose the stochastic process view which allows us to apply calculus. Instead,
we will think of 7% as being obtained from ¥ by the time reversal of the diffusion (Z,),c(o ;-

Time reversal and simultaneous backward flow.

We now apply the result of Section 3.3.2, which implies that the time reversal of the SDE
dZ, =dB,,  Zy~n*
is given by the SDE
dZ= = Vlog(#*Q,_,)(Z7)dt +dB, (8.3.2)

in the sense that if we initialize the SDE at Z;~ =y, then Z;~ ~ n*I¥=>.

In particular, if we initialize the process at Zj~ ~ ¥, then Z; ~ 7%, On the other hand, if we
initialize the process at Z~ ~ uY, then the law of Z;~ is [ #¥"= 1Y (dy) = pf,,. Thus, we have
successfully exhibited a stochastic process representation which takes us from ,u{ to pfﬂ.

For any measure u, write u;~ := puQ;~ for the law of Z;~ initialized at Z;~ ~ u. If we have two such
processes (1,7 cjo.n1> (Vi )iefo.n> then instantaneously at time # they evolve according a generator
&Z,, which corresponds to the carré du champ I'; (p) = % IVpll*. So once again, by Theorem 8.3.1 we
obtain 0, KL(u;™ || vi7) = —% FI(x; || vi~), which leads to a pleasing symmetry between the forward
and backward steps of the proximal sampler.

8.4 Convergence under Log-Concavity

Next, we present a convergence proof for the proximal sampler under log-concavity, following Chen
et al. (2022). The proof can be compared to the 1/ convergence rate for the Langevin diffusion under
log-concavity (1.4.13), which was obtained via a Lyapunov function argument.

Theorem 8.4.1. Assume that the target n* is log-concave. Then, for the law iy of the k-th iterate
of the proximal sampler,

W3 (ul, %)

KL(g Nl ) < ===

Proof Forward step. Along the simultaneous heat flow, Theorem 8.3.1 shows that

1
0, KL(,U()XQt I ﬂXQz) = _5 Fl(,uoXQt I ﬂXQt)

so we need to lower bound the Fisher information. Also, log-concavity is preserved by convolution,
so 1XQ, is log-concave (Exercise 2.10). Hence, by convexity of the KL divergence to a log-concave
target along Wasserstein geodesics (??),

X
My Q .
0 = KL(7XQ, || #X0,) > KL(,ufot | 7X0,) +EM§Qt<V10g ﬂgf—Q;’T“r}fQ'””XQ' - 1d> .
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Rearranging this and using the Cauchy—Schwarz inequality,

850,V 1o 5 H W2 (1Y Qr. 75Q0) > KL(uXQ, || 75Q,) .

XQ:

Fl(}lé(Qr””XQt)

Combining this with the fact that the Wasserstein distance is decreasing along the simultaneous heat
flow,

1 KLGEQ, [1750,)’
2T WG )

Oy KI—(/vlo O/l n Q ) <

Solving this differential inequality,
1 1 1 h
KL I177) ~ KL(uX Qs | 7%Qh) KL(# | %) 2W22(/15‘,7TX)'

Backward step. Along the simultaneous backward heat flow, Theorem 8.3.1 gives

— — 1 — —
at KL(/“())IQt ” ﬂYQt ) =—3 FI(#({Q; ” ﬂYQ[ ) .

Since 7' Q¢ = 7%Q,_, is log-concave and 1 > Wz(,quf, 7Y Q¢") is decreasing (which is checked
via a coupling argument using the diffusion (8.3.2)), a similar calculation as the forward step leads to
the inequality
1 1 1 h
KL 7) ~ KL(elQ; |l ﬂYQ;T) KL(ug |l ™) 2 W3 (s 7%)
We iterate these inequalities, using the fact that W, (u, 1) < W (uf, n*) for all k € N (which
follows from Theorem 8.2.1) to obtain

1 1 kh
> +
KL(u | 2%) ~ KL(uX | 7%)  W2(u, n%)

or

KL X X 2 X’ X
L 179 < - (1 117 AT i}
+ kR KL(uX || 7%) /W2 (X, 7%) kh

8.5 Convergence under Functional Inequalities

We now prove convergence guarantees for the proximal sampler when the target satisfies either a
Poincaré inequality or a log-Sobolev inequality, following Chen et al. (2022).

Theorem 8.5.1. Suppose that the target n* satisfies a Poincaré inequality with constant Cp.
Then, for the law uf of the k-th iterate of the proximal sampler,

X (g 1l )

X —_—
X N 7 )<( G
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Proof Forward step. Along the simultaneous heat flow, by Theorem 8.3.1,

1

Since 7¥ satisfies a Poincaré inequality with constant Cp, by subadditivity of the Poincaré constant
under convolution (Proposition 2.3.8), 7XQ, satisfies a Poincaré inequality with constant at most
Cp, + t. It therefore yields

Ho 50,

00 (450, 1 5°0,) = ~Evg 7555

X
#0 Qt 1 2 X X
ar, =—
tV X0, ﬂXQ[ CP|+[X (/'[0 Qt || T Qt)

6t)(2(/1())(Qr | ﬂ'th) < -

and hence

ho X2 (g 11 7%)
20 (1YY = 20, X X < _ dt Xy—_2 0 " 7
PO 1) =5 1550 < exp~ [ s ar) e 1) = ST

Backward step. Along the simultaneous backward heat flow, Theorem 8.3.1 yields

[
Using the fact that ﬂYQ;_ = nXQ,,_, satisfies the Poincaré inequality with constant at most Cp| + h — ¢,
we deduce similarly that

OO 17 0F) = ~ By [HV

X (g Nl 7")

2 X Y
X7 =0 7" 05 < e
Iterating this pair of inequalities yields the result. O

A similar result holds for the log-Sobolev inequality; since the proof is entirely analogous, we leave
it as Exercise 8.5.

Theorem 8.5.2. Suppose that the target X satisfies a log-Sobolev inequality with constant Cyg).
Then, for the law ,uff of the k-th iterate of the proximal sampler,
KL || 7%)

KL(py [ 1) € ———.
‘ (1+h/Ce)**

Recall that if 7% is a-strongly log-concave, then it satisfies a log Sobolev inequality with constant
Cis) < 1/a (Theorem 1.2.30). Thus, the contraction factor of h)7 in KL divergence matches the
contraction factor in W2 distance (Theorem 8.2.1). To get this sharp result, it is necessary to utilize
the backward step.

Similarly to Theorem 2.2.25, it is also possible to obtain guarantees for Rényi divergences,

see Exercise 8.6.

Remark 8.5. 3 It is a curious observation that in the W, guarantee of Theorem 8.2.1, the contraction
factor of —)2 occurs solely in the backward step, whereas in Theorem 8.5.2 the forward and

backward steps each contribute a contraction factor of ; mh
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8.6 Implementations of the RGO and Applications

In this section, we discuss various implementation strategies for the RGO, thereby obtaining concrete
sampling guarantees.

Implementation via naive rejection sampling.

First, we consider a simple implementation of the RGO based on rejection sampling, which we studied
in Section 7.1. Suppose that the potential V' is S-smooth. Recall that for V, (x) := V(x) + ﬁ lly = x|,
we have (% -p)1; < V?V, < (% + B) 1. In particular, for i < }3, the condition number of V,
is k = (% +B)/(% — B). If we now choose h = /ﬁ, we can check that x < exp(4/d) for d > 2.
By Proposition 7.1.2, if we have access to the minimizer of V,, (which is equivalent to being able
to compute the proximal oracle for 4V), we can construct an upper envelope for which the average
number of iterations of rejection sampling is bounded by «%/> < exp(2) < 8. We summarize this
discussion as follows.

Implementing the RGO via Rejection Sampling: To sample from 7

B-smooth, we proceed via the following steps.

XY (.| y), where V is

1 Compute the minimizer x} of Vy defined via Vy (x) := V(x)+3; |ly—x||*, and compute the minimum
value V. This can be done exactly if we assume access to a proximal oracle for V (which is a
natural assumption when designing a proximal algorithm for sampling); otherwise, if 7 < é, then
this is a strongly convex optimization problem and can be implemented using standard algorithms.

2 Let (- | y) = exp{=(Vy = V})} and [i, = exp(- 1/;12—5 |- = x31I?). Use rejection sampling to
sample from 7X1¥ with the envelope .

Each iteration of rejection sampling requires one call to an evaluation oracle for V (in order to compute
the acceptance probability). We summarize the guarantees for this implementation of the RGO in the
following theorem.

Theorem 8.6.1. Assume that V is B-smooth. Then, if h < [é, rejection sampling implements the
RGO for nX exactly using one computation to a proximal oracle for V and O(1) expected calls
to an evaluation oracle for'V.

Although the rejection sampling strategy is naive, it yields surprisingly strong results with a
simple analysis. If we assume that 7% satisfies an LSI with constant 1/, then by Theorem 8.5.2
yields an iteration complexity of roughly o (ﬁ log(1/g)) = O (xd log(1/¢e)), where k == B/a and
each iteration requires O (1) queries in expectation. This result already matches the guarantees for
MALA under a feasible start (Theorem 7.3.4), and under a weaker assumption (LSI rather than strong
log-concavity)! It is also straightforward to obtain guarantees in Rényi divergence (Exercise 8.6),
which are stronger than Theorem 6.1.2 (by a factor of «, and because the result only has a logarithmic
dependence on 1/&). Finally, under a Poincaré inequality, Theorem 8.5.1 yields an iteration complexity
of roughly 5(/<d2 log(1/¢)) (assuming that x*(uo || 7) < exp(a(d))), which moreover can be shown
to hold in any Rényi divergence, and which can be compared to the O (k*d? | €?) rate obtained via
LMC (Theorem 6.2.9) or the O (x*/2d? /) rate obtained via ULMC (Corollary 6.3.2) in this setting.

Implementation via high-accuracy samplers.

Next, we consider the RGO with step size & = # so that the RGO is a strongly log-concave and

log-smooth distribution with condition number «. In this regime, the iteration complexity of the
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proximal sampler is roughly O(k log(1/&)) under an LSI, or O(kd log(1/&)) under a PI, but we also
have to take into account the per-iteration complexity of implementing the RGO.

Here, the implementation of the RGO will be handled by one of the high-accuracy samplers
from Chapter 7. However, in order to complete the analysis, we also need to analyze how the error
propagates due to the imperfect implementation. Here, we state a very simple version of the error
analysis, which is proven via coupling (Exercise 8.8).

Lemma 8.6.2. Let Y, denote the law of the N-th iterate of the proximal sampler with perfect
implementation of the RGO. Suppose that instead, in each step of the proximal sampler, we use a
sample from a distribution which is 5-close to the RGO in total variation distance; let {1, denote
the law of the N-th iterate of the proximal sampler with imperfect implementation of the RGO.
Then,

lay — uxllty < N6 .

In any case, we only need to run the proximal sampler for a number of iterations N which is
polynomial in the various problem parameters, which means ¢ can be taken to be inverse polynomially
small. But the high-accuracy guarantees from Chapter 7 can sample from the RGO to accuracy ¢
with a number of iterations that only scales logarithmically with 1/6, which ultimately contributes a
negligible overhead to the analysis if we ignore logarithmic factors. Therefore, the total complexity
of the proximal sampler is roughly given by its iteration complexity, multiplied by the dimension
dependence of the high-accuracy sampler (note that the condition number of the RGO is O(1) so it
does not play a role here). In summary, the use of a high-accuracy sampler allows us to safely neglect
the errors arising from inexact implementation, but one could also consider other implementations
with a more careful error analysis.

In particular, let us consider the state-of-the-art high-accuracy sampler—MALA initialized with a
ULMC warm start—from Corollary 7.3.6. That result required knowing the mode of the distribution,
which for the RGO amounts to a call to a proximal oracle for V. The complexity of implementing the
RGO is then O (Vd polylog(1/e)), which readily yields the following corollaries. We focus solely on
total variation guarantees for simplicity; see Altschuler and Chewi (2024a) for more detailed results.

Corollary 8.6.3. Let n*X o« exp(=V), where V is B-smooth. Take h = ﬁ and assume we have an

evaluation and proximal oracle for V. Let ,uf, denote the law of the N-th iterate of the proximal
sampler, in which the RGO is implemented via Corollary 7.3.6.

1 (Theorem 8.4.1)IfV is convex, we obtain the guarantee || X~ X ||vy < & using O(BNd W2 (X, ¥
queries to the oracle.

2 (Theorem 8.5.1) If nX satisfies a Poincaré inequality with constant 1/a, and we write k = 8/a
for the condition number, we obtain || — n¥|lry < & using O(kVd {log x*(u || 7) +
polylog(1/€)}) queries to the oracle.

3 (Theorem 8.5.2) If n* satisfies a log-Sobolev inequality with constant 1/a, and we write
K = B/a for the condition number, we obtain || uX — 7 ||ty < € using O~(K\/E polylog(KL(ué( |
n)/&)) queries to the oracle.

These guarantees are state-of-the-art for each of their corresponding settings. Besides extending
the guarantees of Corollary 7.3.6 to more general assumptions, note that the proximal sampler

/)
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automatically improves the dependence on the condition number to o (k) (whereas the dependence
in Corollary 7.3.6 was O (k*/?)).

Implementation via approximate rejection sampling.

In a surprising work, Fan et al. (2023) developed an approximate rejection sampling scheme, inspired
by the one in Gopi et al. (2022), which succeeds at implementing the RGO with nearly constant
query complexity, for step size & < 1/(8Vd). By combining this with the convergence results for the
proximal sampler established in this chapter, this yields another approach to obtaining the guarantees
of Corollary 8.6.3 while completely bypassing the analysis of MALA!

TODO: Present this result in detail.
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Markov semigroup perspective and the role of the carré du champ, was anticipated by Ramon van
Handel. The main results in this chapter, on the convergence of the proximal sampler, are from Lee
et al. (2021b); Chen et al. (2022).

As we have seen, the proximal sampler can be interpreted as the time reversal of the heat flow,
which itself was studied in Klartag and Putterman (2021); this paper also introduced the adjoint of
the heat semigroup (Exercise 8.2) and connected it with the Follmer process Follmer (1985) and
Eldan’s stochastic localization Eldan (2013). This was further explored in Chen and Eldan (2022),
which interpreted stochastic localization as the “localization scheme” (a concept introduced in the
paper) associated with the proximal sampler and used this to give another proof of convergence in
KL divergence under strong log-concavity. The adjoint of the heat semigroup was also important for
recent progress on the KLS conjecture Klartag and Lehec (2022).

The optimization results in Exercise 8.3 obtained in analogy with the proximal sampler are given
in Chen et al. (2022).

Exercises

Introduction to the Proximal Sampler

> Exercise 8.1 (RGO as a proximal operator on the Wasserstein space)
Given a functional J : P,(R?) — R U {co}, the proximal operator for F on the Wasserstein space is
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defined via

: ’ 1 ’
prox4(u) := argmin {3’“(# )+ 3 W2 (u, 1 )} .

WEP(R)

The proximal operator was used in the seminal work Jordan et al. (1998) in order to rigorously make
sense of gradient flows on the Wasserstein space. Prove that the RGO satisfies

X|Y=
Xl y:PrOXhKL(.nn)((Sy)-

Hence, the assumption that we can implement the RGO is the same as assuming that we can evaluate
the proximal operator for the KL. divergence on any Dirac measure.

> Exercise 8.2 (RGO as an adjoint)

Let Q) denote the Markov kernel corresponding to the heat flow for time 4, i.e., Qnf(x) =
E f(x+Vh &), where & ~ normal(0, I;). Show that Q, defines a bounded linear map L2(7") — L*(xX)
(in fact, with operator norm equal to 1). Show that the adjoint Qj of this linear map is precisely the
RGO.

Convergence under Strong Log-Concavity
> Exercise 8.3 (comparison with optimization results)
This exercise compares the results for the proximal sampler with the proximal point method in
optimization.
1 Suppose that V is a-strongly convex. Prove that prox,,, is ﬁ—Lipsehitz.
Hint: Show that prox,,,, = (id + IAYA Argue via convex duality by considering the convex
conjugate (w + hV)*.
2 Suppose that V is a-strongly convex. Translate both of the proofs in Section 8.2 to Euclidean
optimization.
3 Suppose that V satisfies the gradient domination condition

IVV(x)|)? = 2a {V(x) —inf V}, forall x e RY.

Also, let x” := prox,,,, (x). Inspired by Theorem 8.5.2, we can ask whether or not it holds that

N 1 .
V(x') —infV £ —(1 o) {V(x) —inf V}.

Prove that this is indeed the case.
Hint: Define V, ((2) == V(z) + 2% lz — x||I* and let x; := argminV, .; then, differentiate t
Vt,x (xt)'

> Exercise 8.4 (first coupling lemma)
Prove Lemma 8.2.2.

Simultaneous Flow and Time Reversal

> Exercise 8.5 (convergence under LSI)
Verify that the result under LSI (Theorem 8.5.2) holds.
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> Exercise 8.6 (convergence in Rényi divergence)
Following Theorem 2.2.25, extend Theorem 8.5.1 and Theorem 8.5.2 to provide Rényi divergence
guarantees.

> Exercise 8.7 (Gaussian case)
In this exercise, we consider the Gaussian case for intuition.

1 Suppose that 7¥ = normal(0, 2) and p = normal(my, %o). Show that the iterates of the proximal
sampler all have Gaussian distributions, and explicitly compute the means and variances.

2 In particular, show that ,uf‘ = normal(m,, X;), where the mean satisfies m, = prox,, (mo) and
V(x) = % (x,27'x). In other words, the mean of the iterate of the proximal sampler evolves
according to the proximal point method. Use this to show that the contraction factors in Theorem 8.2.1
and Theorem 8.5.2 are sharp.

Implementations of the RGO and Applications

> Exercise 8.8 (second coupling lemma)
Prove Lemma 8.6.2.



CHAPTER 9

Lower Bounds for Sampling

In order to determine if our sampling guarantees are optimal, we need to pair them with matching
lower bounds. However, the problem of establishing query complexity lower bounds for sampling has
been challenging and the work on this topic is nascent. Here, we will give an overview of the current
progress in this direction.

Optimization Box 9.0.1. In convex optimization, the situation is better understood. For example,
in the high-dimensional regime, the complexity of finding an e-minimizer of a function V : R¢ —
R with 0 < al; < V?V < BI,; and minimizer x, satisfying ||x,|| < R is Q(vklog(R?/(ag))),
where k := $/a Nemirovsky and Yudin (1983). This matches the complexity of accelerated
gradient descent (Optimization Box 5.3.1), which is therefore optimal for this function class.
In this case, the lower bound was actually a motivating force which led to the discovery of the
optimal algorithm.

Subsequently, lower bounds for convex optimization have been established for a host of
function classes and oracle models.

9.1 A Brief Discussion of Query Complexity

Before turning to the results, recall the discussion and interpretation of query complexity (or oracle
complexity) from the Preface, although here we present the model in more detail. Let IT be a family of
probability measures over R¢ with continuously differentiable densities. A first-order oracle for n € T1
with density 7 oc exp(=V) is the mapping O, : R — R x R? given by x — (V(x) — V(0), VV(x)).
A first-order sampling algorithm interacts with the oracle @, by querying N points x1, ..., xy, where
each query point x; depends on the previous query points and query values {x;, O (x;)};c[ ;1) as well
as an independent source of randomness, and outputs a “sample” xqy. If xoy is the random output of
the sampling algorithm when run on oracle 0,, we say that the sampling algorithm computes the
measure law (xqy).

The first-order complexity € (I1,d, ) of the class IT is the minimum number N for which there
exists a sampling algorithm with the following property: for any m € II, when given N queries to

214
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oracle O, the sampling algorithm computes # with d(#, ) < . Here, d can be taken to be total
variation distance or the Wasserstein distance, or even an asymmetric measure such as VKL. Our goal
is to characterize € (I1, d, £) up to universal constants for important classes IT. In particular, we will
be interested in the class of strongly log-concave and log-smooth distributions over R¢ with known
mode at 0, since we view this class as a fundamental benchmark with which to test our understanding
of acceleration, discretization, etc.

One can also consider various extensions, e.g., by changing the class of measures I or by changing
the oracle to allow for different information structures (zeroth-order oracles, second-order oracles,
etc.), finite sum structures, stochasticity, and so on. It is important to eventually understand the
complexities for all of these settings—and indeed they have been carefully mapped out in the sister
field of optimization—but we emphasize that for sampling, even the canonical case of well-conditioned
log-concave measures with an exact oracle is still not fully understood.

We also recall that query complexity is not computational complexity: our model allows the
algorithm to perform an unbounded amount of computation in between queries to the oracle. This is
precisely the strength of this model: due to its information-theoretic nature, it is possible to establish
unconditional lower bounds. In practice, the two are closely connected. If the only access one has to
the target density is through the oracle (as opposed to other forms of access, such as integrals of certain
test functions, etc.), then query complexity is a lower bound for the computational complexity. On the
other hand, reasonable algorithms with small query complexity tend to also have small computational
complexity (indeed this is true for all of the algorithms we have encountered in this book thus far),
and so we treat query complexity as a useful proxy for computation time.

Finally, we briefly discuss differences with the setting of optimization. Optimization lower bounds
are often first established for simple models of deterministic algorithms, e.g., algorithms whose
iterates always lie in the span of the queried gradients Nesterov (2018). These lower bounds can
sometimes be extended to randomized algorithms with additional tricks. In sampling, we do not have
this luxury, since randomness is an integral part of any sampler. Moreover, whereas lower bound
constructions for optimization must hide the location of the minimizer from the algorithm, lower
bound constructions for sampling must hide the bulk of the distribution’s mass from the algorithm,
which may explain the difficulty of the constructions.

9.2 Query Complexity in One Dimension

The first query complexity result for well-conditioned log-concave sampling is from the work of Chewi
et al. (2022), which established a sharp result in dimension one. In this section, we present this result
in detail because it is simple enough to do so.

Define the class

I, ={r € Pr(R) | mxexp(-V), 1 <V" <k, V'(0)=0}.

In our definition of I1, ;, we have enforced the requirement V’(0) = 0 in order to cleanly separate out
the complexity of optimization (finding the minimizer of V') from the intrinsic complexity of sampling.
Note that some restriction of this nature is needed, since without any prior knowledge of the mode it
is impossible to find it.
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Theorem 9.2.1 (Chewi et al. (2022)). The query complexity of outputting a sample which is
é close in total variation distance to the target r, uniformly over the choice of m € I, 1, is
©(loglog k). In other words, € (I, 1, || ltv, z;) =< loglog k.

Lower bound.

The lower bound will proceed in two stages.

1 First, we reduce the sampling problem to a statistical testing problem. Namely, we will construct a
family 7y, ..., m, € I, , and suppose that i ~ uniform([m]) is drawn randomly. The statistical
testing problem is defined as follows: given query access to m; (through the oracle), guess the value
of i.

We will show that an algorithm to sample from 7z; can be used to solve the statistical testing
problem; thus, “sampling is harder than testing”.

2 Next, we will prove a lower bound on the number of queries required to solve the statistical testing
problem: “testing is hard”. This relies on standard information-theoretic techniques for proving
minimax lower bounds for statistical problems. The main difference between this problem and the
usual statistical setting is that rather than having i.i.d. samples from some data distribution, we
instead have query access and the algorithm is allowed to be adaptive.

Combining the two steps then yields our query complexity lower bound for sampling. We begin with
the construction of 7y, ..., x,,, which is slightly tricky.

Let m be the largest integer such that exp(—%) > % (and note that m = ©(logk)). We
define a family {V;},,, of 1-strongly convex and k-smooth potentials as follows. We require that

V;(0) = V/(0) = 0 and that V; be an even function. The second derivative is

Ve = 1 Vilx| € [2071,2) U UL 27,5 27),
(X)) =
! 1, otherwise.

Although the construction seems complicated, the basic idea is to make V/” oscillate between its
minimum and maximum allowable values 1 and «; see Figure 9.1 for a visual.

There are two key properties of this construction. First, we will show in Lemma 9.2.2 that each
7; places a substantial amount of mass on the interval (K’% 2072 k3 2i=1]. This implies that if we
can sample from 7;, it is likely that the sample will land in this interval, which is used to reduce the
sampling task to the statistical testing task. Then, we will show in Lemma 9.2.4 that V; and V,,, agree
exactly outside of a small interval which is approximately located at k"2 2¢. This implies that for any
given value x € RY, there are only O(1) possible values of (V;(x), V/(x)) as i ranges in [m], which in
turn will be used to show that the oracle is not very informative (and hence prove a lower bound for
the statistical testing task).

The intuition behind the following lemma is that at P 2i-1 V!” = k for the first time and so the
density 7r; drops off rapidly after this point.

Lemma 9.2.2. For eachi € [m],

1

(=3 ni=2 -1 i1 -
(k2272 k722 ])232.




9.2 Query Complexity in One Dimension 217

v/ (x/VR)

i—1 ' i+1 5 i+l i+2 5 Hi+2 5 Hm+l
21 2l 21+ Z 2l+ 2l+ Z 21+ . Z 2m+
Figure 9.1 The horizontal axis is distorted for clarity.

Proof According to the definition of x;, we have

Ki% 2i-1
o o 1o exp(—x?/2) dx
(22 2 < L [ v,

, Ly =
Z,, '

Recalling that m is chosen so that exp(—x2/2) > 1/2 whenever |x| < k™2 2!,
K30l 2
X 1 1
—)dx > o k220
/K; . exp(-7) 2«

For the normalizing constant, observe that

oo Ki%2i o0 oo
[ ewevo= [ ewws [ encm<ate [ en-v.
0 0 K22t K220

Since V! = k on [x7% 2171, k72 27, it follows that V/ (k72 27) > k™7 2!, and so

1.2
1 1 -k 22! 1
Vix) > k227 (x — k72 2’)+—(x K2 ) ,

Therefore,

L2
*© i 1 1 — k22!
/1 _exp(—Vi)S/] Aexp(—K_f 2 (x — k72 2’)—M)dx

“12 “2 i
1 1

S~ S =
K2 2[—1 '\/E
where we applied a standard tail estimate for Gaussian densities (Lemma 9.2.3). Then,
213 1
— 2 5=
2Q1+1) 32

which proves the result. O

ﬂ'i((K_% 272 2 271 >
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In the above proof, we used the following elementary lemma.

Lemma 9.2.3. Let a,xq > 0. Then,
/ exp(—a (x — xo) — 3 (x = x0)*) dx < / exp(—ax)dx = — .

X0 0 a

The next lemma is the main reason why we used an oscillating construction for V.

Lemma 9.2.4. We have the equalities

_ r _ "
Vi=Via, V5 = Vi - Vii=Vi>
. _ L N _1 a7
outside of the set {x € R : k2 2171 < |x| < 2 k72271,

1 1 1 1 1 1
| | | | | |
I I I I I I

K — — —_—
1 1 1 1 1 1
I I I I I I
| | | | | |
| | | | | |
| | | | | |
| | | | | |
| | | | | |

1 1 1 1 ; 1 1
I I I I I I
I I I I I I
I I I I I I
| | | | | | X

21‘—1 2[ 2l+1 N 21+1 21+2 5 2i+2
1 1

Figure 9.2 We plot V" (x/+/k) (in blue) and V7, (x/+/k) (in
orange). In this figure, we do not distort the horizontal axis lengths
to make it easier to visually compare the relative lengths of
intervals on which the second derivatives are constant.

Proof Refer to Figure 9.2 for a visual aid for the proof.
Clearly the potentials and derivatives match when |x| < k"2 2171 Since the second derivatives
match when |x| > % k=2 2% it suffices to show that
5 5

VO 2 =V, Cete) and vCeta) = vt

To that end, note that for x > 0,

—(k=1), k221 gx<gk 22
V7 () - V) = +H(k—1), k72 <x<kI2H,
il ! —(k=1), k22" <x<g %K_% 2+

0, otherwise .

A little algebra shows that the above expression integrates to zero, hence we deduce the equality
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VI3 k12 = V7 (3 k7% 2*1). Also, by integrating this expression twice,

5 5 1 K —

Vi+l(z’<_% 201) - Vi(Z k220 = - 5 ! (k220712

L. J
integral on [k~ 2 2i-1, k72 2]

i ;ok—1 )
—(k=Dk227 k12 4 5 (k™2 21>
integral on [K’% 21, K’% 2i+1]
| L k—1,1 1 102
+ (k=1 k2 Zl_] — K 2 2“'] _ _Kk2 21+l
( ) 2 5 (4 )
integral on [K_% 20+l % K‘% 2041

_k- 1 {_22573 _92i=1 4 92~ | 52i-2 _ 22573}
K

=0. O

We need one final ingredient: Fano’s inequality, which is the standard tool for establishing
information-theoretic lower bounds.

Theorem 9.2.5 (Fano’s inequality). Let i ~ uniform([m]). Then, for any estimator?of i, where
i is measurable with respect to some data Y,

[(i;Y) + log2
logm

where | is the mutual information 1(i;Y) = KL(law(i,Y) || law(i) ® law(Y)).

P{i#i}>1

Proof Let H(-) denote the entropy of a discrete random variable, i.e., if X has law p on a discrete
alphabet X, then H(X) = Y .cx p(x)log(1/p(x)). We refer to (Cover and Thomas, 2006, §2)
and Exercise 9.1 for the basic properties of entropy (and related quantities).
Let E = 1{i # i } denote the indicator of an error. Using the chain rule for entropy in two different
ways,
H(i,E i) =H(i |7)+H(E |i,i)
N—— e
=0
=H(E |i)+H(i|EQ).
Since conditioning reduces entropy, H( E | i) <H(E) < log 2. Also,
H(i | E,i)=P{i=i} H(i |T,E=0)+P{i#i}H(i|i,E=1) <P{i#i}logm.
| —
=0
Hence,

P{i#i}logm+log2>H(i|i)=H(i)=1(i;i)>logm—I(i;Y)

where the last inequality is the data-processing inequality. Rearranging the inequality completes the
proof of Fano’s inequality. O
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Proof of Theorem 9.2.1, lower bound We follow the general outline described above.
1. Reduction to statistical testing. Let i ~ uniform([m]) and suppose that for each i € [m], 7; is

a distribution with ||#; — m;||ty < &. Suppose that we have a sample X ~ #; (more precisely, this
means that conditioned on i = i, we have X ~ 7;). In light of Lemma 9.2.2, a good candidate estimator
iforiis

i=ieN suchthat X e (x 2272k 22" ifsuchani exists.

The probability that the estimator is correct is at least

P{?:i}:%ZP{?:i\t:z}:%ZP{XG(K22‘2/(’2’ Mi=i}
i=1 i=1
—lm’\ 70072 =2 0i-l lm 2 Qi=2 3 9i-1 L_
—mZﬂl((K 272 > = D m((CF 2R ) - s e (926

Hence, a sampling can be used to solve the statistical testing problem.
2. A lower bound for the statistical testing problem. Next, we want to show for any algorithm

which uses n queries to the oracle for zr; and outputs an estimator i of i, there is a lower bound for the
probability of error P{i # i }.

First, suppose that the algorithm is deterministic, i.e., we assume that each query point x;
of the algorithm is a deterministic function of the previous query points and query values. Let
Oi(x) == (V;(x),V!(x), V! (x)) denote the output of the oracle on input x when the target is ;. Since

the estimator i is a function of {x 72 0i(x)} ;¢ (> then Fano’s inequality (Theorem 9.2.5) yields

jeln
~ 1 {x}, Oi(x))} ¢p,)) + 1082
P{izi}>1- S U :
logm
By the chain rule for mutual information,
1(E4x7, O (X))} o)) = Z (@ x5, 6i (x;) | {505 Oi(xj)} jrerjony) - 9.2.7)
j=1

By our assumption, conditioned on {x;., O; (x f')}_j’e[j—l]’ the query point x; is deterministic. Also, for
a fixed point x;, Lemma 9.2.4 implies that O;(x;) can only take on a constant number of possible
values as i ranges over [m] (the careful reader can check that the number of possible values for O; (x;)
is at most 5). Together with (9.2.7),

|(l, {.X'j, @i(xj)}je[n]) <n 10g5 .
Fano’s inequality then yields

nlog5 +log?2

P{izi}>1 (9.2.8)

logm

In general, for a possibly randomized algorithm, we can still deduce (9.2.8) by applying the previous
argument conditioned on the random seed of the algorithm (which is independent of 7).

3. Finishing the argument. By combining together (9.2.6) and (9.2.8), and recalling that m =
O(log ), we have shown that n > log log «. O
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The argument above makes rigorous the following intuition: since there are m distributions in our
lower bound construction, there are log, m bits of information to learn. On the other hand, Lemma 9.2.4
implies that each oracle query only reveals O (1) bits of information. Hence, the number of queries
required is at least Q(logm) = Q(loglog «).

Upper bound.

To show that the lower bound is tight, we exhibit an algorithm, based on rejection sampling, which
achieves the lower complexity bound. As per our discussion in Section 7.1, to implement rejection
sampling we must specify the construction of an upper envelope u > 7, where 7 € II,.

Without loss of generality, we assume that V(0) = 0O (if not, replace the output V(x) of an oracle
query with V(x) — V(0)). The upper bound algorithm only requires a zeroth-order oracle, and it is as
follows.

1 Find the firstindex i_ € {0, 1, ..., [% log, 1} such that V(=2- //k) >
2 Find the first index i, € {0, 1,..., [% log, «]} such that V (+2% /+/k) >
3 Setx_ := =2 //k and x, = +2% /+/k; then, set

1

7
1
3

ex( Al (x—x_)z) x<x
P\T o0 A
a(x) =41, X< x <Xy,
ex( X=X (x—X+)2) S
- - ) .X/.x .
TS 2 *

To see why i_ and i, exist, from V”” > 1 and V(0) = V’(0) = 0 we have V(x) > x?/2. Hence, if
x| = 2/+k where i > 1 log , we have V(x) > 1/2.

Since V is decreasing (resp. increasing) on R_ (resp. R,), the first two steps can be implemented by
running binary search over arrays of size O (log k), which therefore only requires O (log log ) queries.
We will prove that x is a valid upper envelope for the unnormalized target 7 := exp(—V), and that
Z,/Z, < 1.1In turn, Theorem 7.1.1 shows that once u is constructed, an exact sample can be drawn
from 7 using O (1) additional queries in expectation.

Alternatively, if we require that the algorithm use a fixed (non-random) number of iterations, then
note that in order to make the failure probability (the probability that rejection sampling fails to
terminate within the allotted number of iterations) at most &, it suffices to run rejection sampling for
O(log(1/¢)) steps. Combining this with the cost of constructing ji, we conclude that we can output a
sample whose law is g-close to 7 in total variation distance using O (loglog x + log(1/¢)) queries.

Proof of Theorem 9.2.1, upper bound  First, we prove that y is a valid upper envelope. Since 7 is
decreasing on R, with 7(0) = exp(=V(0)) = 1,then 7 < 1 < gon [0, x,]. Next, since V(x,) > 1/2
(by the definition of x,), convexity of V yields

Vi) -VO) | 1

Vv’ >
(x4) % 2,

Thus, for x > x,,

V() > V) + V() (=) + o (r =) > m (v —) + & (x = x)?,
2 2x, 2

which shows that 7(x) < p(x). By a symmetric argument on R_, we conclude that 7 < p.



222 Lower Bounds for Sampling

By Theorem 7.1.1, it suffices to bound Z,,/Z . First, we claim that fox+ I = x,. When i, = 0, this

holds
X+ 1/vK 1/4k sz 1 X
o= exp(-V) > exp(——)dx > — ==
/o g /o p(=Y) /0 plmr)de> o2 =3

When i, > 0, then by the definition of i, we have V(x,/2) < 1/2, so

Xy X4/2 X
/ H=> / exp(=V) > —.
0 0 4

On the other hand, by Lemma 9.2.3,

s X+~ 00~ (o8] l 1
/M:/ ;1+/ u<x++/ exp(——(x—x+)——(x—x+)2)dx<3x+.
Ry 0 Xy X4 2X+ 2

Hence, /R 1< 3x, < 12f]R 7, and similarly fK L<12 fK 7. Therefore, Z,,/Z, < 12. |

The obtained complexity ®@(loglog «) is surprisingly small; in particular, the upper bound uses a
tailor-made algorithm based on rejection sampling, rather than any of the other existing algorithms
(such as those based on Langevin dynamics). This is perhaps the best-case scenario for a lower bound:
it helps us to determine if our existing algorithms are optimal, and if not, it gives guidance on how to
design a better one.

9.3 Query Complexity in Constant Dimension

What about higher dimension? In particular, consider

4 = {n € Pic(RY) | m < exp(=V), I; < V?V < kI, VV(0) =0} .

Theorem 9.3.1 (Chewi et al. (2023)). There exists a universal constant gy > 0 such that for any
d > 2, €(ya, ||Illtv, €0) =a log k.

This result characterizes the low-dimensional complexity of log-concave sampling. The lower
bound is based on a two-dimensional construction witnessing € (I, », ||||Tv, €0) = log«, which
implies the lower bound in any dimension d > 2 because we can freely embed lower-dimensional
distributions into higher-dimensional space (take the product with the Gaussian measure, for instance).
On the other hand, the lower bound is tight in constant dimension because there is an algorithm
witnessing € (I, 4, ||-||Tv, £0) <a log k for any d (here, the notation <, hides a large dependence on
d).

Since the construction is rather technical, we will not present this result in detail and instead proceed
on a more intuitive level.

Lower bound.

Let us revisit the intuition behind the one-dimensional construction. Due to Lemma 9.2.2, x;
concentrates its mass on the interval k~/> [-=2/~!, 42~1]. Therefore, consider instead the idealization
#; = uniform(xk~1/2 [=21=1,42/=1]) for i € [m]. This family has the following desirable properties: (1)
each 7; is log-concave; (2) the distributions are well-separated, in the sense that ||7; — 7|ty 2 1

=~

fori,j € [m], i # j (this follows from Lemma 9.2.2 and it is the reason why the intervals are
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Figure 9.3 Uniform distributions over thin rectangles emanating
from the origin.

chosen to double in size as i increases); (3) querying a distribution 7; only yields a single bit of
information (whether or not the query lands in the support of ;). Moreover, since a distribution in
I, is “effectively supported” on an interval of length at least Q(x~!/?) and at most O (1) (think about
the upper bound algorithm from Section 9.2), we can take m = ©(log ) and still have the family
{#i}ic|m) “resemble” members of I1, ;. Since the number of queries needed to identify a member of
the family is the logarithm of the size of the family, i.e., ®(loglog «), this predicts the correct lower
bound in dimension one. Of course, the fatal flaw is that the family {#;},c(,,| is not a subset of I, i,
being neither strongly log-concave nor log-smooth, and most of the work in the construction is to find
a true subset of I, ; that suitably mimics the idealized family {7;};c(,,-

Now we move to two dimensions. Here, our model for an element of I,  is the uniform distribution
over a rectangle of dimensions k~!/? x 1. If we place these rectangles pointing away from the origin
and spreading out like a fan, we can now fit ®(«'/?) of them in R? while remaining well-separated
(Figure 9.3). This family of uniform distributions still satisfies the three points listed above, and now
we expect a query lower bound of Q(log ) due to the larger size of the family.

The challenge is to now modify this family so that it lies in II, ,, which is unfortunately quite
involved. The first step is to note that strong log-concavity does not pose an issue: if we have a family
of potentials which are convex and k-smooth, then we can add a quadratic term k= ||-||>/2 to each
of the potentials, where x~?!) is chosen so that this term has a negligible effect in the region of
interest. The condition number now becomes x°!), but this polynomial blow-up is acceptable since
we are shooting for a Q(log x) lower bound (it only affects the bound by a constant factor).

Let us restrict to rectangles in the positive quadrant and index them via bit strings b € {0, 1}
corresponding to slope [b] := 0.b; ... by (represented in binary). Thus, we have 2V distributions
(eventually, N =< log k), where the b-th distribution will be concentrated on the sector Z;, = {(x, y) €
R? | x>0, |y—[b]x] <27V, |I(x,y)|| < 1}. In other words, Z; will be the zero set of the potential
V), corresponding to the distribution m, o< exp(—V}). In Figure 9.3, we essentially took 7, to be
uniform over Z;, (with the immaterial difference that we now work with sectors rather than rectangles),
but now we need to smooth out these distributions. We can do this by by letting V,, grow slowly away
from Z}, or by mollifying V,,; eventually we will need to do both. As we will see, however, the former
is convenient for controlling information leakage.

Indeed, as a first attempt, suppose we let V,, = dist(-, Z;,). Then, V}, is convex because Z, is convex,
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but it is non-smooth. We can fix the latter problem later via smoothing, but the bigger problem is that
this distribution reveals too much information via queries. Indeed, the gradient of V;, immediately
reveals the direction toward Z;,, and once we locate Z;, we can identify » and thus 7,,. (Note that since
our lower bound rests on finding a subfamily {7}, },,c( 1)~ € Il > that is already hard to sample, when
proving our lower bound we have to contend with algorithms which “know” the family {7 },,c (o 1\~
in advance, hence identifying b suffices to output an exact sample from x,,.)

The main idea is to design the potential Vj, so that querying at a distance of roughly 2= away from
Z, reveals only the first k bits of b. If this property holds, then heuristically the “probability” of
learning k bits is only 27%, so in expectation we only learn O(1) bits per query. Moreover, we can
ensure this property as follows: let [b], := 0.5 ... b, denote the slope corresponding to the first k
bits of b, and define

Zpa ={(x,y) €R* [ x>0, |y - [b], x| <275 [[(x, ) < 1}.
Then, we define

Vi (x,y) = max 27k dist((x,v), Zpx) -

=1,...,

To see why this works, note that if we query at a large distance away from all of the Z}, ;’s, then “the
larger slope wins” in the maximum defining Vj,, so V;, = 27! dist(-, Z,1): at this distance, the query
to Vj, only depends on the first bit of 5. Similarly, convince yourself that a query at distance ~ 2%
away from Z,, only depends on k + O(1) bits of b. Importantly, since V,, is a maximum of convex
functions, it is convex.

Since V}, is still not smooth (its gradient is discontinuous), we still need to smooth further. For
this, we can use the standard analysis trick of mollification, i.e., convolution with a smooth bump
function which is supported on a ball of radius k"°"). After mollifying and adding a quadratic
term as discussed above, all potentials are x~?(V-strongly convex and x°("-smooth as desired.
Unfortunately, mollification introduces a further complication: it “blurs” out the distribution, which
causes information to “leak” between adjacent parts of the distribution. This is particularly harmful at
the origin, where all of the zero sets intersect (Figure 9.3). As a result, it is conceivable that a single
query near the origin, within the scale of the mollification, could reveal all of the bits of b at once.

Handling this last issue requires care, and this is addressed in Chewi et al. (2023) with another
multiscale construction. We refer to the paper for the full proof of the lower bound.

Upper bound.

Finally, to check that the lower bound is tight, we need to exhibit an algorithm with query complexity
O (log k) in constant dimension. Such a result is folklore in the literature on sampling from convex
bodies, which shows how to “round” a convex body with a number of steps that is logarithmic in the
condition number of the body (see, e.g., Kannan et al. (1997)). We refer to Chewi et al. (2023) for a
self-contained analysis based on rejection sampling for our setting of interest, albeit with exponential
dependence on d.

9.4 Query Complexity for Gaussians
Bibliographical Notes

The lower bounds in this chapter are from Chewi et al. (2021, 2023). Below, we survey lower bounds
in related settings and other approaches.
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The paper Gopi et al. (2022) obtained a zeroth-order query complexity result for distributions over
the unit ball whose potentials V are of the form V = 3.2, fi + § II-||?, where each f; is L-Lipschitz
and the complexity is measured in terms of the number of queries to the individual f;’s. In the regime
d < L?*/a, the query complexity is ©(L?/a), where the upper bound is based on the proximal sampler
(Section 8.1), and the lower bound is based on a reduction to optimization.

In Chatterji et al. (2022), the authors obtained a lower bound on the complexity of sampling using
a stochastic oracle. Namely, in order to output an g-approximate sample (in TV distance) from an
4 -strongly log-concave and a-log-smooth distribution whose mean lies in the ball B(0, 1/), with an
oracle that given x € R outputs VV(x) + & with ¢ ~ normal(0, %) and tr X < o-2d, the number of
queries required is at least Q(o2d/&?). On the other hand, when a, o =< 1, this complexity is achieved
via stochastic gradient Langevin Monte Carlo.

Other works have focused on obtaining lower bounds against specific families of algorithms. As
already discussed in Section 7.3, the works Chewi et al. (2021); Lee et al. (2021a); Wu et al. (2021)
proved lower bounds for MALA, culminating in a precise understanding of the runtime of MALA both
from feasible and warm start initializations. On the other hand, the paper Cao et al. (2021) studied
the complexity of discretization. In their setup, there is a stochastic process (Z,),,., driven by some
underlying Brownian motion (B;),.; for example, the process (Z,),, could be the underdamped
Langevin diffusion (Section 5.3). The algorithm is allowed to make queries to the potential V, as well
as certain queries to the driving Brownian motion (B;),,, and the goal of the algorithm is to output a
point ZT which is close to Zr in mean squared error: E[||Zr — ZT|| ] < &%. Within this framework,
they prove that the randomized midpoint discretization (Section 5.1) is optimal for simulating the
underdamped Langevin dynamics (see Theorem 5.3.10 for the upper bound). It is unclear whether
their framework encompasses all possible discretization schemes.

Finally, another line of work considers the complexity of estimating the normalization constant (or
partition function). In Rademacher and Vempala (2008), the authors studied the number of membership
queries needed to estimate the volume of a convex body K € R such that B(0, 1) € K € B(0, 0(d®))
to within a small multiplicative constant; their lower bound for this problem is S~2(d2). In comparison,
the state-of-the-art upper bound for volume computation is o (d?) (see Cousins and Vempala (2018);
Jia et al. (2021)).

In Ge et al. (2020), the authors considered the problem of estimating the normalizing constant
Zy = f 7 from queries to the unnormalized density 7. Based on a multilevel Monte Carlo scheme,
they showed that sampling algorithms can be turned into approximation algorithms for the normalizing
constant, with the cost of an extra O (d) dimension dependence in the reduction. By combining this
with the upper bound from Theorem 5.3.10, they showed that a 1 + £ multiplicative approximation to
Z,. can be obtained using O ((d**k + d"/%x7/5) | €?) queries (in the strongly log-concave case). They
then proved that Q(d'=°(V) /£2=°() queries are necessary. Unfortunately, due to the O(d) loss in the
reduction from estimating the normalizing constant to sampling, this does not imply a non-trivial
lower bound for the task of sampling.

Exercises

Query Complexity in One Dimension

> Exercise 9.1 (basics of information theory)
Let X, Y be random variables taking values in finite alphabets X, Y respectively. Let px y denote the
joint distribution, px denote the marginal distribution of X, etc. We make the following definitions.
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e The entropy of X is H(X) := Y .. px(x) log(1/px(x)).

e The joint entropy of (X,Y) is H(X,Y) = X cx yey Px.y(x,y) log(1/pxy(x, y)).

e The conditional entropy of X given Y is H(X | Y) := ¥,y py(¥) H(X | Y = y), where we define
HX | Y =y) = Xyex Pxiy(x | ¥) log(1/pxy (x | ).

e The mutual information of X and Y is I(X;Y) := KL(px.y || px ® pr).

Prove the following facts.

1 0 < H(X) <log|X].

2 Chain rule for entropy: H(X,Y) = H(X) +H(Y | X) =H(Y) +H(X | ).

3 The mutual information satisfies (X;Y) = H(X) —H(X | Y) = H(Y) - H(Y | X).

4 Chain rule for mutual information: if Xi, ..., X,, are random variables taking values in X, then
I(Xy,.... X Y) =20, (X, Y | Xy, ..., X;—1), where the conditional mutual information is given
by I(X2;Y | X;) = H(Y | X;) = H(Y | X1, X»).
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Structured Sampling

So far, we have only considered sampling within the black-box model, in which we only have access to
oracle queries to the potential and its gradient. We will now consider several new sampling algorithms
which go beyond the black-box model.

10.1 Coordinate Langevin
10.2 Mirror Langevin

The mirror descent method in optimization changes the geometry of the algorithm via the use of a
mirror map ¢ : RY — R U {co}. Here, ¢ is a convex function and we denote X := intdom ¢; we
assume that X # @, that ¢ is strictly convex and differentiable on X, and that ¢ is a barrier for X in
the sense that ||V (xg)|| — oo whenever (xi),n € X converges to a point on dX. Then, rather than
following the gradient descent iteration

Xpy1 =X — hVV(xe), k=0,1,2,... (10.2.1)
we can instead consider the mirror descent iteration
Vo (xpe1) = Vo(xx) —hVV(xy), k=0,1,2,... (10.2.2)
The assumptions on the mirror map ¢ ensure that the iteration (10.2.2) is well-defined. When ¢ = I '2”2,
then mirror descent coincides with gradient descent.

Historically, mirror descent was introduced by Nemirovsky and Yudin Nemirovsky and Yudin
(1983) with the following intuition. Suppose we are optimizing a function V which is not defined over
the Euclidean space R<, but rather over a Banach space B. Then, the gradient of V is not an element
of B but rather of the dual space B*, and so the gradient descent iteration (10.2.1) does not even
make sense. On the other hand, the mirror descent iteration (10.2.2) works because the primal point
x € B is first mapped to the dual space B* via the mapping V¢. This reasoning is not so esoteric as it
may seem, because even for a function V defined over R its natural geometry may correspond to a
different norm (e.g., the ¢; norm), in which case R4 is better viewed as a Banach space.

Our aim is to understand the sampling analogue of mirror descent, known as mirror Langevin. We

227
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will keep in mind the key example of constrained sampling. Here, the potential V : RY — R U {co}
has domain X ¢ R¥. In this case, the standard Langevin algorithm leaves the constraint set X which is
undesirable; in particular, it is not possible to obtain guarantees in metrics such as KL divergence
because the law of the iterate of the algorithm is not absolutely continuous with respect to the target.
Projecting the iterates onto X does not solve this issue because the law of the iterate will then have
positive mass on the boundary 0 X. Besides, projection may not adapt well to the shape of the constraint
set X. Instead, the use of a mirror map ¢ which is a barrier for X can automatically enforce the
constraint.

10.2.1 Continuous-Time Considerations

In continuous time, the mirror Langevin diffusion (Z,),, is the solution to the stochastic differential
equation

Z'=Ve(Z),  dZ =-VV(Z,)dt+ V2 [V26(Z)]'" dB, . (10.2.3)

Here, the diffusion term is no longer an isotropic Brownian motion but rather involves the matrix
[V2¢(Z))] "2 this is necessary in order to ensure that the stationary distribution is 7. Also, we have
given the SDE in the dual space. Using It6’s formula (Theorem 1.1.19), one can write down an SDE
for (Z,),s, in the primal space, but it is more complicated, involving the third derivative tensor of ¢
(see Exercise 10.1), and as such we prefer to work with the representation (10.2.3).

Using (10.2.3), we can compute the generator £, the carré du champ I', and the Dirichlet energy &
of the mirror Langevin diffusion (see Section 1.2 and Exercise 10.2):

F(f.g) = (VA V6] ' Ve),  &(f.g)= / (V. [V20] " Vg) dr. (102.4)

The expression shows that the mirror Langevin diffusion is reversible with respect to n. Also, if 7,
denotes the law of Z;, then

/f@,ﬂ, =0, / fdn, = / 7™ an = —/(Vf, [V2p]”" Vﬂ>dn (10.2.5)
m m
= —/(Vf, [V24]' Viog ﬂ)dn, = / fdiv(m, [V24] 'Viog 5) (10.2.6)
bis bis
from which we deduce the Fokker—Planck equation
. 2 -1 T
dn, =div(m, [V?¢]  Vieg—).
n

From the interpretation as a continuity equation (see Theorem 1.3.17), we deduce that (7;),5q
describes the evolution of a particle which travels according to the family of vector fields ¢ +—
—[V2¢]_] Vlog(n,/m). Recalling that V log(x, /) is the Wasserstein gradient of KL(- || 7r) at 7,, we
can interpret the mirror Langevin diffusion as a “mirror flow” of the KL divergence in Wasserstein
space.

Alternatively, we can equip X with the Riemannian metric induced by V¢, i.e., we set (u, v), =
(u, V?¢(x) v). Then, the mirror Langevin diffusion becomes the Wasserstein gradient flow of the KL
divergence over the Riemannian manifold X (see Section 2.5.1).
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The Newton Langevin diffusion.

In the special case when the mirror map ¢ is chosen to be the same as the potential V, we arrive at a
sampling analogue of Newton’s algorithm, and hence we call it the Newton Langevin diffusion. The
equation for the Newton Langevin diffusion can be written (in the dual space) as

-1/2

dZF = -Z: dr + V2 [V2V*(Z)] " dB,, (10.2.7)

see Exercise 10.3.

Convergence in continuous time.

In optimization, Newton’s algorithm has many favorable properties. For example, at least locally, it is
known that Newton’s algorithm converges quadratically rather than linearly, which means that the
error at iteration k scales as exp(—c exp(c,k)) for constants cy, ¢, > 0. Also, Newton’s algorithm is
affine-invariant, meaning that if A is any invertible matrix and we instead apply Newton’s algorithm to
the function V(x) := V(Ax), then the iterates (X )., are related to the iterates (x;) .y of Newton’s
algorithm on the original function V via the transformation x;, = A~'x; (Exercise 10.4). Consequently,
the convergence speed of Newton’s algorithm should not be badly affected by poor conditioning of V.

Can we expect similar properties to hold for the Newton Langevin diffusion? At least for the property
of affine invariance, we have the Brascamp-Lieb inequality (Theorem 2.2.9): if 7 o exp(-V) is
strictly log-concave, then for all f : RY — R,

var, (f) < E(Vf,[V?V] "' Vf).

Below, we will also give an alternative proof of the Bregman transport inequality (Theorem 2.2.12)
based on Wasserstein calculus, which implies the Brascamp-Lieb inequality. Note that in the strongly
convex case V2V > aly, it implies a Poincaré inequality (in the sense of Example 1.2.23) for & with
constant 1/a. However, in our present context with Dirichlet energy given by (10.2.4), we instead
interpret the Brascamp-Lieb inequality as a Poincaré inequality (in the sense of Definition 1.2.19) for
the Newton—Langevin diffusion. Then, the Poincaré constant is 1, independent of the strong convexity
of V.

We also obtain a Poincaré inequality for the mirror Langevin diffusion under the condition of
relative strong convexity.

Definition 10.2.8. Let ¢,V : RY — R U {oo} be convex functions, and assume that X =
intdom ¢ = intdom V. Then:

1 V is a-relatively convex (w.r.t. ¢) if for all x € X,
VV(x) = a V2p(x) .
2 V is B-relatively smooth (w.r.t. ¢) if for all x € X,
V2V (x) < BV?(x).

Observe that when ¢ = %, these definitions reduce to the usual definitions of strong convexity

and smoothness. Recall from Definition 2.2.11 that the Bregman divergence D, associated with ¢ is
the mapping D 4(-,-) : X X X — R given by

Dy(x,y) = ¢(x) — ¢(y) = (Vo(y),x —y).
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The Bregman divergence plays an important role in the analysis of mirror Langevin because it is the
correct substitute for the Euclidean distance (x, y) % |lx — v||* in this context. Note the following
observations: (1) D, is non-negative due to convexity of ¢, and if ¢ is strictly convex then it equals O
if and only if its two arguments are equal; (2) since D 4(x, y) is defined by subtracting the first-order
Taylor expansion of ¢ at y, it behaves infinitesimally like a squared distance; in particular,

Do) ~ 5 (= w V() (r=x))  asy -

(3) when ¢ = w then D, is precisely one-half times the squared Euclidean distance.
Using this definition, we have the following reformulations of relative convexity and relative
smoothness (Exercise 10.5).

Lemma 10.2.9. V is a-relatively convex w.r.t. ¢ if and only if
Dy >aD,.
Similarly, V is B-relatively smooth w.r.t. ¢ if and only if
Dy <pBD,.

Returning to the mirror Langevin diffusion, the following corollary is an immediate consequence
of the Brascamp-Lieb inequality and the definition of relative convexity.

Corollary 10.2.10 (mirror Poincaré inequality, Chewi et al. (2020)). Suppose that the potential
V is a-relatively convex w.r.t. ¢. Then, the mirror Langevin diffusion satisfies the following
Poincaré inequality: for all f : R? — R,

Vit f < BV, (V9] V) = 8 (f, 1)

So far so good: we have defined relative convexity, which is a natural generalization of strong
convexity and well-studied in the optimization literature; and we have shown that it implies a Poincaré
inequality for the mirror Langevin diffusion.

However, the analogies with the standard Langevin diffusion stop here. There are counterexamples
which show that relative convexity does not imply a log-Sobolev inequality for the mirror Langevin
diffusion. This may seem to contradict the Bakry—Emery theorem (Theorem 1.2.30), which holds for
any Markov diffusion. The issue here is that the assumption of relative convexity is not a curvature-
dimension condition. Indeed, in order to properly formulate a curvature-dimension condition for
the Hessian manifold X equipped with the Riemannian metric g induced by V2¢, one must check
the CD(a, o0) condition V2V + Ric > a. Here, V2 denotes the Riemannian Hessian and V is the
potential corresponding to the relative density of 7 w.r.t. the Riemannian volume measure on (X, g);
see Section 2.5. Such a calculation was performed in, e.g., Kolesnikov (2014), which implies that if
(V¢),m is log-concave, then the Newton Langevin diffusion satisfies CD(%, o). However, it is not
clear under what conditions (V¢),m is log-concave.

Here is another consequence of the fact that relative convexity is not a curvature-dimension
condition: relative convexity (apparently) does not seem to imply contraction properties for the mirror
Langevin diffusion with respect to an appropriately defined Wasserstein metric.

To summarize: either we can assume the curvature-dimension condition CD(«, c0), which imposes
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complicated conditions on ¢ and V, or we can adopt the more interpretable relative convexity
assumption, which in turn only implies a Poincaré inequality (Corollary 10.2.10). We will follow the
latter approach.

Upon reflection, the curvature-dimension approach for studying the mirror Langevin diffusion is
arguably the less natural one. Indeed, the curvature-dimension approach is based on viewing the
mirror Langevin diffusion from the lens of Riemannian geometry, but the mirror descent algorithm in
optimization is not typically studied via Riemannian geometry. Instead, the study of mirror descent is
based on ideas from convex analysis, centered around the Bregman divergence. So it seems prudent at
this stage to abandon the Riemannian interpretation of mirror Langevin in favor of convex analysis
tools, and this is indeed how our discretization proof will go. In fact, in lieu of using the Poincaré
inequality in Corollary 10.2.10, we will directly use relative convexity.

10.2.2 Discretization Preliminaries

Following Ahn and Chewi (2021), we consider the following discretization of (10.2.3).

Vo(X,) = Vo (Xin) = hVV(Xi)

(X (MLMC)
Xestyn =V (Xinyn) »

where

X =Ve(X;,) + \/5/ V20 (X)) ?dB,  fort e [kh, (k+1)h]. (10.2.11)
kh

Note that when ¢ = % this reduces to the standard LMC algorithm. When generalizing LMC
to different mirror maps, this discretization is chosen to preserve the “forward-flow” interpretation
of Wibisono (2018) (see Section 4.3). In particular, the update from Xy, to X}, is a mirror descent step,
while the update from X}, to X(y.1), follows a “Wasserstein mirror flow” of the (negative) entropy.

However, implementing MLMC requires the exact simulation of a diffusion process, so is it truly a
“discretization”? To address this, note that simulating the mirror diffusion (10.2.11) does not require
additional queries to the potential V, since it only depends on the mirror map ¢ (except for the
initialization). To an extent, any algorithm based on mirror maps requires the implementation of
certain primitive operations involving ¢, such as computation of V¢ or inversion of V¢; in practice,
this requires ¢ to have a “simple” structure such that these operations have closed-form expressions,
or are at least cheap enough to be negligible relative to the cost of computing the gradient of V.
In our consideration of MLMC, we take the diffusion (10.2.11) to be another primitive operation
associated with the mirror map ¢. This is indeed appropriate for many applications, e.g., when ¢ is
a separable function ¢(x) = 3%, ¢;(x;), and it will streamline our technical analysis. Nevertheless,
implementation of MLMC remains a key obstacle to its practicality and necessitates further research
in this direction.

Our approach to studying MLMC is to adapt the convex optimization approach introduced in
Section 4.3.

Key technical results.

We now establish the analogues of the various facts that we invoked in the study of LMC.
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First, in the standard gradient descent analysis, if x, := x —h VV(x), then we have the key inequality
1
(V)" —2) = o {llx - 2l = It =2l — Ix* — x|} forallzeR?.

Remarkably, there is an analogue of this fact for mirror descent, which follows from the following
identity (which can be checked by simple algebra, see Exercise 10.5):

(Vop(X) = Vo(x),X —2) = D y(X,x) + Dy(2,%) — Dy(z,x), forallx,%,zeX. (10.2.12)

Lemma 10.2.13 (Bregman proximal lemma, Chen and Teboulle (1993)). Forx € X, let x* be
defined via Vo (x*) = Vop(x) — h VV (x). Then, for all 7 € X,

(WV(x),x* = 2 = 2 {D (2. 1) = Dy(e,x) = Dy(x*, 1)}

Proof Note that

1
(VW(),x" = 2) = =2 (Vo(x") = Vo (x),x" ~ 7).
Substituting the identity (10.2.12) into the above equation proves the result. O

Unlike the case of LMC, the presence of a non-constant diffusion matrix involving V2¢ introduces
another source of discretization error. To address this, we introduce a condition on the third derivative
of ¢. Note however that a uniform bound on the operator norm of V3¢ is not compatible with the
assumption that ¢ tends to +oco0 on dX. The solution to this issue was discovered by Nesterov and
Nemirovsky Nesterov and Nemirovskii (1994): we can ask that V3¢ is bounded with respect to the
geometry induced by ¢. This approach also has the benefit of being consistent with the affine invariance
of Newton’s method. The precise definition of the third derivative condition is as follows.

Definition 10.2.14 (self-concordance). The mirror map ¢ is said to be M ,-self-concordant if
for all x € X and all v € RY,

VP[0, v, v] < 2My [IVIRz gy = 2M (v, V2(x) ).

The norm [|[v]lv2¢(x) = V(v, V2¢(x) v) is called the local norm, and it is the tangent space norm
for the Riemannian metric induced by ¢.
The definition implies the following result, stated without proof:'

Lemma 10.2.15 ((Nesterov, 2018, Corollary 5.1.1)). Suppose that ¢ is M 4-self-concordant.
Then, for all x € X and u € RY,

V3o (x)u < 2M g |Jullv2 ) V(%) .

Self-concordant functions are well-studied due to their central role in the theory of interior-point

I'The proof is surprisingly difficult. The reader can try to prove the result with a worse constant factor.
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methods for optimization, see the monograph Nesterov and Nemirovskii (1994). A key example of a
self-concordant mirror map is when the constraint set is a polytope,

X ={xeR?: (a;,x) <b,;foralli € [N]},

in which case ¢(x) = log(l/zilil(bi —(a;, x))) is self-concordant with M, = 1.

Finally, a key step in our analysis of LMC was to use the convexity of the entropy functional along
W, geodesics. In our analysis of MLMC, we will replace the W, distance with the Bregman transport
cost Dy (recall Definition 2.2.11). To study these costs, we first state an analogue of Brenier’s theorem
(Theorem 1.3.8).

Theorem 10.2.16 (Brenier’s theorem for the Bregman transport cost). Suppose that i, v € P (R9).
Then, the unique optimal Bregman transport coupling (X,Y) for u and v is of the form

VoY) = V(X) - Vh(X),

where h : RY — R U {—oo} is such that ¢ — h is convex.

Proof sketch ' We need facts about optimal transport with general costs ¢ (Exercise 1.10). Namely,
the optimal pair of dual potentials (f*, g*) are c-conjugates, meaning that

f*(x) = inf {c(x.y) - g M},
g*(y) = inf {c(x,y) = f*(x)}.
xeRd
For y*-a.e. (x,y), it holds that f*(x) + g*(y) = c¢(x,y). If ¢ is smooth and such that V,c(x,-) is
injective for all x € R?, then from the definition of g* it suggests that we have V.c(x,y) = Vf*(x) for
y*-a.e. (x,y). See (Villani, 2009b, Theorem 10.28) for a rigorous statement and proof of these results.

Applying this to our cost function ¢ = D, it yields the existence of D ,-conjugates /, h:RY—
R U {—co} such that VD 4(x, y) = Vh(x) under the optimal plan y*. Hence,

Vo(y) = Vo(x) — Vh(x), for y*-a.e. (x,y)

and
h(x) = yiengd{Dtp(x, ) = h(y)}.
By expanding out the definition of D ,, we rewrite this as

¢(x) — h(x) = sup {(Vo(y),x = y) +h(y) +6(»)} -
ye

As a supremum of affine functions, it follows that ¢ — & is convex. O

Recall that the usual W, geodesic from pg to y; is given as follows: there is a convex function
¢ : RY — R U {co} such that for X ~ o, the pair (X, X;) := (Xo, Vo(Xp)) is an optimal coupling.
By taking the linear interpolation X, = (1 —¢) X, + ¢ X, and setting y, = law(X,), we obtain the W,
geodesic.

Now consider the above theorem. If we let W := V¢ (Y) = V¢ (X) — Vi(X), then we have the
coupling (Xo, X1) := (V(¢ — h)* (W), V¢*(W)) of ug := p and y; = v. Then, we can interpolate by
setting X; = (1 — 1) Xo +¢ X, and y, := law(X,), which defines an alternative path joining wo to u;.
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Note that (X, W) and (X, W) are both optimally coupled for the W, distance (since ¢ — / is convex).
This is a special case of the following.

Definition 10.2.17. A curve (¢),c01) S P,(R?) is a generalized geodesic if there exists
another measure p € P,(R?) such that

u =law(X;), X, =0-1)Xo+1tX,

and (Xp, W), (X1, W) are both optimally coupled for the W, metric, where W ~ p.

It is left as Exercise 10.6 to check that the entropy functional is also convex along generalized
geodesics.

Theorem 10.2.18. Let H(u) = /,u log 1. Then, for any generalized geodesic (f4;),c(o.1,

t— H(yu,) is convex .

In our context, it implies that if u, v € P(R9) and (X,Y) is an optimal coupling for the Bregman
cost Dy (u, v), then

Hv) 2 H(u) +E(Vlogu(X),Y - X). (10.2.19)

As an aside, we remark that this observation leads to another proof of the Bregman transport
inequality.

Proof of the Bregman transport inequality (Theorem 2.2.12) Let n = exp(=V), where V is strictly
convex, and let u € P(R?). Let X ~ u, Z ~ n be optimally coupled for the Bregman transport cost.
Then,

KL(p [l 1) = EV(X) + FH(p) -
For the first term, by the definition of Dy,
EV(X)=EBV(Z)+EDv(X,Z2) +E(VV(2),X - Z).
For the second term, (10.2.19) implies
H(u) = H(x) +E(Vlogn(Z2),X - Z).

Hence,
KL(u || 7) 2 EV(Z) + H(n) +E(VV(Z) + Vlogn(Z2),X - Z)+EDvy(X,Z)
=KL (x| 7)=0 =0
=Dy (uln),
which is what we wanted to show. O

10.2.3 Discretization Analysis

Analysis for the smooth case.

We now prove the following result.
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Theorem 10.2.20 (Ahn and Chewi (2021)). Suppose that © = exp(=V) is the target distribution
and that ¢ is the mirror map. Assume:

o V is a-relatively convex and B-relatively smooth w.r.t. .
o ¢ is M-self-concordant.

e V is L-relatively Lipschitz w.r.t. ¢, i.e., |[VV(x)| < Ljforallx € X.

P01
Let ({kn) gen denote the law of MLMC and let 8/ == B+ 2LM,.

1 (weakly convex case) Suppose that « = 0. For any € € [0, Vd], if we take step size h < ;,—zd,
then for the mixture distribution finy, == N~' Y0, tpp it holds that \JKL(dny, || 7) < & after
B'dDy(m, o) )

iterations .
pe

N=0(

2 (strongly convex case) Suppose that a > 0 and let k = B’ [« denote the “condition number”.
Then, for any & € [0, Vd], with step size h < %= we obtain Va Dy(n, pnn) < & and

Bd
VKL(Annonn || ) < € after
kd . aDy(n, /JO))

N:O( log

— lo 5 iterations ,
& &

. o n—1 52N
where finpann = N7 XiZnat Hn-

Similarly to Theorem 4.3.6, the theorem follows from a key recursion.

Lemma 10.2.21. Under the assumptions of Theorem 10.2.20, if h € [0, ﬁl], then

hKL(psnyn | 1) < (1 = ah) Dy (m, ) — Dy (71, tks1)n) +,3'dh2 .

We proceed to prove the lemma.

Proof We follow the proof of Theorem 4.3.6, indicating the changes necessary to adapt the proof
to MLMC. Recall that &(u) = [V du.

1. The forward step dissipates the energy. Let Z ~ & be optimally coupled to Xy,. Then, applying
the relative convexity and relative smoothness of V,

E(Uyy) — E(m) =E[V(Xy,) = V(Xin) +V(Xin) = V(Z)]
< E[WV(th)» Xin = Xen) + BD o (Xih Xin)
+ (VV(Xin), Xin — Z) — @ D 4(Z, Xun) |
=EB[(VV(Xin), Xi, = Z) + BD 3 (X7 Xen) — @ D y(Z, Xan) | - (10.2.22)

Next, by the Bregman proximal lemma (Lemma 10.2.13),
1
(VW (Xin), X5, = Z) = 7 {Dy(Z, Xin) = Dy(Z, X[) = D (X0 X)) -

Substituting this into (10.2.22) and using h < é, it yields

1
E(Hip) = E(x) < 2 {(1 = ah) Dy (s ) = Do (Hig )} (10.2.23)
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2. The flow step does not substantially increase the energy. We write

8(ﬂ(k+1)h) - 8(/1;;1) = E[V(V‘ﬁ*(xzkﬂ)h)) - V(V‘ﬁ*(X;;h))] :

Let f(x) = V(V¢*(x)) and apply Itd’s formula. Note that

Vf(x) = VV(V" (1) V24" (x) = VV (V9" (x)) [V2$(Vo" ()],
V3£ (x) = [V2V(V" ()] [V2(V4" ()] [V24" ()]
FVV(V4 () [V23(T4" ()] [V8(V4" ()] [V26 (Ve (x))] .

Itd’s formula decomposes f (Xz‘k ) ») — f(X},) into the sum of an integral and a stochastic integral;

since the latter has mean zero, we focus on the first term.
E[f(X?]H-])h) - f(th)]

(k+1)h ,
-E / (VV(X) [V6(X)] 7, V(X)) dr
kh

4

(k+1)h
+E /k (VWX [V (X))~ [V3(X)] [V2B(X)] 7, V2p(X,)) dt

h

(k+1)h
= E/ (V2V(X,), [V2p(X,)] ') dr (10.2.24)
kh

(k+1)h
+ E/kh w(VV(X) [V2o(X)] ™ [V2o(X)] [V2(X)] ) dr . (10.2.25)

By relative smoothness, since V2V < B V2¢,
(10.2.24) < Bdh.

For (10.2.25), we use Lemma 10.2.15, which implies

(k+1)h

(10.2.25) < 2M /kh E[||[V2¢(X)]™" V(X g2 x, tr([VB(X0)] [Vo(X)]™')] dr

(k+1)h
< 2M¢d/kh E[IVV (Xl v24(x,) 1] 4 < 2LMydh .

Hence, we have proven

E(Hrsnyn) — E(1yy) < B'dh. (10.2.26)

3. The flow step dissipates the entropy. Let u, = law(X;) = law(V¢*(X;)). The mirror diffu-

sion (10.2.11) evolves according to the vector field —[V?¢] Y log ;. Also, note that VD ,(x,y) =
—-V2¢(x) (y — x). Using these, one can show that

9Dy (1) <EVH(X,)] ™ Viog u(X,). [V¢(X)] (Z - X)) = E(Vlogu(X,). (Z - X))

where (Z, X,) is an optimal coupling for D, (7, ,). Using the convexity of J{ along generalized
geodesics (Theorem 10.2.18),

H(m) = H(pue) > E(Vlogu(X,), (Z - X1)) .
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Using the fact that ¢ — H(u,) is decreasing (prove this from the Fokker—Planck equation for the
mirror diffusion!), we then have

Dy (7, tgernyn) — D (m, i) < AAH () = H(pgayn) b - (10.2.27)
Concluding the proof. Combine (10.2.23), (10.2.26), and (10.2.27) to conclude. O

To apply Theorem 10.2.20 to the problem of constrained sampling, we can choose ¢ to be a
logarithmic barrier for X, which is self-concordant. In the special case when V = ¢, the condition
that ¢ is L-relatively Lipschitz with respect to itself is commonly expressed as saying that ¢ is a
self-concordant barrier with parameters (L, M,). Self-concordant barriers are also a core part of
the theory of interior point methods; in particular, it is known that every convex body in R¢ admits
a (d, 2)-self-concordant barrier, and that this is optimal (see Chewi (2021); Lee and Yue (2021)).
However, this situation is “cheating” because if we want to sample from 7 oc exp(—¢), it does not
make sense to assume we can exactly simulate the mirror diffusion associated with ¢.

Result for the non-smooth case.

Although the preceding result applies when ¢ is a logarithmic barrier, it does not apply to perhaps one
of the most classical applications of mirror descent: namely, X is the probability simplex in R¢ and
o(x) = Z,‘il x; log x; is the entropy. The next result we formulate adopts assumptions which precisely
match the usual ones for mirror descent in this context.

Theorem 10.2.28 (Ahn and Chewi (2021)). Suppose that © = exp(=V) is the target distribution
and that ¢ is the mirror map. Let |||-||| be a norm on R¢. Assume:

e V is convex and L-Lipschitz w.r.t. the dual norm |||-|||,, in the sense that
NIVV()ll, < L forallx € X .
o ¢ is 1-strongly convex w.r.t. |||-|||.

Let (i) ey denote the law of MLMC. For any & > 0, if we take step size h = z—; then for the
mixture fin, = N~! Z,}i] rn it holds that \JKL(@ny || 7) < € after

L?Dy(m, MS))

iterations .
pe

N=0|

For example, it is a classical fact that the entropy is strongly convex w.r.t. the £; norm. We leave the
proof of the non-smooth case as Exercise 10.7.

10.3 Proximal Langevin
10.4 Stochastic Gradient Langevin
Bibliographical Notes

In the context of optimization, self-concordant barriers play a key role in interior point methods for
constrained optimization Nesterov and Nemirovskii (1994); Bubeck (2015); Nesterov (2018). Relative
convexity and relative smoothness were introduced in Bauschke et al. (2017); Lu et al. (2018).

The first use of mirror maps with the Langevin diffusion was via the mirrored Langevin algorithm
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(which is different from the mirror Langevin diffusion) in Hsieh et al. (2018). The mirror Langevin
diffusion was introduced in an earlier draft of Hsieh et al. (2018), as well as in Zhang et al. (2020).
In Zhang et al. (2020), Zhang et al. also studied the Euler—Maruyama discretization of the mirror
Langevin diffusion (which differs from MLMC in that it discretizes the diffusion step as well), but
they were unable to prove convergence of the algorithm; they were only able to prove convergence
to a Wasserstein ball of non-vanishing radius around x, even as the step size tends to zero. They
also conjectured that the non-vanishing bias of the algorithm is unavoidable. Subsequently, Chewi
et al. (2020) studied the mirror Langevin diffusion in continuous time, and Ahn and Chewi (2021)
introduced and studied the MLMC discretization, which does lead to vanishing bias (as & ™\, 0).

Since then, there have been further works studying the non-vanishing bias issue: Jiang (2021)
studied both the Euler—-Maruyama and MLMC discretizations under a “mirror log-Sobolev inequality”
and was only able to prove vanishing bias for the later discretization; Li et al. (2022a) showed that
the Euler—-Maruyama discretization has vanishing bias under stronger assumptions; and Gatmiry and
Vempala (2022) studied MLMC as a special case of more general Riemannian Langevin algorithms.
The bias issue is still not settled, and it is certainly of interest to obtain guarantees for fully discretized
algorithms. Nevertheless, in our presentation, we have stuck with the analysis of Ahn and Chewi
(2021) because it is the cleanest, and because it relies on assumptions which are well-motivated from
convex optimization.

More generally, the mirror Langevin diffusion is an example of a Riemannian diffusion. See Hsu
(2002) for general theory, and Girolami and Calderhead (2011) for applications to Bayesian problems.

Exercises

Mirror Langevin

> Exercise 10.1 (the mirror Langevin diffusion in the primal space)
Use It&’s formula (Theorem 1.1.19) to show that the mirror Langevin diffusion (10.2.3) in the primal
space solves the SDE

-1 -1 -1
dZ, = {-[V’¢(Z)] VV(Z) - [V'6(Z)]  V'¢(Z) [V'$(Z)] }dr
+V2[V2¢(2)] " dB, .
> Exercise 10.2 (Markov semigroup theory for the mirror Langevin diffusion)
Here, we introduce the Markov semigroup perspective on the mirror Langevin diffusion.

1 Compute the generator of the mirror Langevin diffusion. Use this to show that 7 is stationary for
the diffusion, and verify the equations (10.2.4) for the carré du champ and Dirichlet energy.

2 Let Zy.u denote the generator for (Z7),,, (we write Zy,q instead of £~ to avoid confusion with
the adjoint of £). By computing 9, E g(Z;), show that

Zna g =ZL(goVe)o (Vo).

Then, via a similar calculation to (10.2.5) and (10.2.6), show that the Dirichlet energy for (Z;)
can be expressed as

>0

Suua(f+ ) = / (V. [V V) dr,

where 71* = (V¢),n is the stationary distribution of (Z;),,.
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3 Show that the mirror Poincaré inequality in Corollary 10.2.10 implies the following Poincaré
inequality in the dual space: for all f : RY — R,

Vit f < LB (VF V17 V) = Bl £. ).

> Exercise 10.3 (Newton Langevin diffusion)
Verify the SDE (10.2.7) for the Newton Langevin diffusion. What happens to the mirror descent
iteration (10.2.2) when ¢ = V?

> Exercise 10.4 (affine invariance of Newton’s method)
Verify the affine invariance of Newton’s algorithm.

> Exercise 10.5 (properties of the Bregman divergence)
In this exercise, we check basic properties of the Bregman divergence.

1 Prove the alternative definition of relative convexity/smoothness (Lemma 10.2.9).
2 If ¢* is the convex conjugate of ¢, prove that D 4(x,x") = D 4 (Vé(x'), Vo (x)).
3 Check the identity (10.2.12).

> Exercise 10.6 (generalized geodesic convexity of the entropy)
Generalize the proof of (1.4.3) to prove the convexity of entropy along generalized geodesics
(Theorem 10.2.18).

> Exercise 10.7 (non-smooth guarantee for MLMC)
Adapt the proof of Theorem 4.3.11 using the techniques of this chapter to prove the non-smooth
guarantee for MLMC (Theorem 10.2.28).



CHAPTER 11

Non-Log-Concave Sampling

In this chapter, we study the problem of sampling from a smooth but non-log-concave target. Although
some results from previous chapters also cover some non-log-concave targets (such as targets
satisfying a Poincaré or log-Sobolev inequality), these results do not encompass the full breadth of the
non-log-concave sampling problem.

In general, one cannot hope for polynomial-time guarantees from sampling from non-log-concave
targets in usual metrics such as total variation distance. Instead, taking inspiration from the literature
on non-convex optimization, we will develop a notion of approximate first-order stationarity for
sampling, and show that this goal can achieved via an averaged version of the LMC algorithm. This is
based on the work Balasubramanian et al. (2022).

11.1 Approximate First-Order Stationarity via Fisher Information

Suppose that V is smooth, but non-convex. In general, optimization lower bounds show that finding
an approximate global minimizer of V is computationally intractable, i.e., the oracle complexity
scales exponentially in the dimension d. To circumvent this, the notion of approximate first-order
stationarity has arisen as the performance metric of choice in the non-convex optimization literature.
Under this metric, we seek to find the minimal number of queries required to output a point x such
that ||[VV(x)|| < .

Of course, in practice we may desire stronger guarantees, but first-order stationarity is often a
useful first step towards more detailed analysis, and it has the advantage that we can develop a general
theory surrounding this notion. Note that in the convex case, finding a global minimizer is equivalent
to finding a first-order stationarity point, so stationary point analysis can be viewed as a natural
generalization of the convex optimization analysis to non-convex settings.

To develop a sampling analogue of this concept, we recall that the Langevin diffusion is the gradient
flow of the KL divergence KL(- || 7) w.r.t. the Wasserstein geometry (Section 1.4). Moreover, the
gradient of the KL divergence at u is V1og(u/x), and the squared norm of the gradient is the Fisher
information Fl(u || 1) = E, [||V log(u/7)||*]. Hence, a reasonable definition of finding an approximate
first-order stationary point in sampling is to output a sample from u satisfying +/FI(u || 7) < . We

240
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will show shortly that it is indeed possible to achieve this goal in polynomially many queries to VV as
soon as VV is Lipschitz, thereby establishing a framework for stationarity analysis in non-log-concave
sampling. Before doing so, however, we pause to gain intuition for this solution concept.

Lack of spurious stationary points.

An interesting feature of the Fisher information is that, unlike for general non-convex optimization, if
7 satisfies some mild regularity conditions (e.g., 7 has a smooth and positive density on R?), then
there are no spurious stationary points: FI(u || 7) = 0 implies u = x. This is a specific feature of
the sampling problem.' The intuition behind the proof is straightforward: if FI(u || 7) = 0, then
Vlog(u/m) =0 (m-a.e.), so the density u is proportional to 7. Since y is a probability measure, then
p must equal 7. (See however the technical remark below.)

This might suggest that our goal of obtaining +/FI(u || 7r) < & is too ambitious, because obtaining a
small value of the Fisher information would solve the general problem of non-log-concave sampling.
This is in fact not the case, and the devil is in the details: it is true that a small value of Fl(u || )
implies u is close to &, but how small must FI(u || 7) be? For highly non-log-concave targets r,
typically the Fisher information should be exponentially small in order for y to be close to « in total
variation distance.

We illustrate this point with an example: suppose that the target distribution 7 is a mixture of
Gaussians in one dimension, 7 = § 7_ + 1 7, where 75 := normal(Fm, 1). Also, suppose that 4 is a
mixture of the same two Gaussians, but with the wrong mixing weights: u = % T_+ i n,. Then, we
leave the following computation to the reader (Exercise 11.1).

Proposition 11.1.1. Let m > 0 and let nz = normal(¥m,1). Let p = 37_+ 7, and
o= %ﬂ'_ + %m. Then, it holds that

lim inf ||[1 - 7T||TV >0

whereas
m
Fl(u || 7) < mzexp(—T) -0 asm — .

Metastability.

The example in Proposition 11.1.1 also provides an interpretation of the Fisher information. If we try
to sample from the mixture of Gaussians 7, then for m > 1 it takes an exponentially long time for the
Langevin diffusion to jump to one mode from the other; this is the main reason behind the slow mixing
of Langevin. Since it is hard to jump between the modes, it is difficult for the Langevin diffusion to
“learn” the global mixing weights (3, 2) of . On the other hand, Proposition 11.1.1 shows that even
with the wrong mixing weights (%, i), the Fisher information FI(u || 7r) is small, demonstrating that
the Fisher information is insensitive to the global weights.

The example in Proposition 11.1.1 therefore paints a cartoon picture of the behavior of the Langevin
diffusion with target x, initialized at % Om + i 0.+m: We expect that the Langevin diffusion quickly
explores and captures the local structure of the modes but fails to jump between the modes, arriving
at a distribution which resembles y; it is this local mixing that a Fisher information bound captures.

'In fact, the KL divergence KL(- || 7) is always strictly convex with respect to taking convex combinations of measures,
and hence always has a unique global minimum.
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Meanwhile, the Langevin diffusion only obtains the correct global weights after an exponentially long
waiting time.

The state u is not truly stable for the Langevin diffusion: given enough time, the diffusion will
eventually move away from u and reach 7. However, since states like y persist for a very long period
of time, they are usually called metastable in the statistical physics literature. A Fisher information
bound can be interpreted as a way of quantitatively measuring the metastability phenomenon.

Technical remark.

One has to be slightly careful with the definition of the Fisher information. For example, suppose
that 7 is the standard Gaussian, and suppose that u is the Gaussian restricted to the unit ball. Then,
it is tempting to argue that the density of u is proportional to that of  on the unit ball, and hence
Viog(u/n) = 0 (u-a.e.); from the expression Fl(u || 1) = E,[||V1og(u/m)|I*], it suggests that
Fl(u || 7) = 0, and in particular u is a spurious stationary point. However, this argument is not correct.

The reason is that u does not have enough regularity w.r.t. 7 in order to apply the formula
Fi(u || 7) = E,[lIVlog(u/n)|*]. Indeed, in order to apply the formula, we must require that the

density g—’; lie in an appropriate Sobolev space w.r.t. 7 (more precisely, \/g should lie in the domain
of the Dirichlet energy functional). If this does not hold, then we define the Fisher information to be
infinite: Fl(u || 7) = oo.

In our theorem below, the Fisher information bound should be interpreted as follows: v/FI(u || 7) < &
means that y has enough regularity w.r.t. 7 and E,,[||V log(u/7)|*] < &2.

11.2 Fisher Information Bound

As before, we consider the interpolation of LMC,
X =X — (l - kh) VV(th) + \/E(B[ - Bkh) , te [kh, (k + l)h] .

The Fisher information bound in the next theorem will be proven using the interpolation technique

(§4.2).

Theorem 11.2.1 (Balasubramanian et al. (2022)). Let (u,),s, denote the law of the interpolation
of LMC with step size h > 0. Assume that & o< exp(—=V) where VV is B-Lipschitz. Then, for any

step size 0 < h < 4l,for all N e N,

IR 2KL(po || )
— FI dr < ¥————"""2 1 6B%dh.
i [ Ao ol 6p

In particular, if KL(ug || 7) < Ko and we choose h = \Ky/(2BVdN), then provided that
N > 9K,/d,

1 [N VdK
—/ Fl(y, || 7)dr < 8BVdKy
Nh J, VN

In order to translate the result into a more useful form, we recall that the Fisher information is
convex in its first argument.
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Lemma 11.2.2. The Fisher information functional FI(- || 7) is convex.

Proof Let ug, p; € P(RY) be such that FlI(ug || 7) V Fl(u, || 7) < oco. Fort € (0,1), let y, =

(1= 1) o +1 1, and write f, := % = (1 — 1) fo+1 f;. Then,

IV f:1I? / IV foll? / IVAI?
Fl T :/ dr < (1 -1t dr +1 dr
(ks || ) 7 ( ) % 7
= (1 =t)Fl(uo || m) + ¢ Fl(uy || )
follows from the joint convexity of (a, b) — ||a||>/b on RY x R.. i
Hence, for the averaged measure fiy;, = ﬁ /ONh u, dt, we have
_ 1
Fila 1 7) < 7 [ FiGa mar (11.23)

and the guarantees of the theorem translate into guarantees for f . Moreover, we can output a sample
from fi, via the following procedure:

1 Pick atime ¢ € [0, Nh] uniformly at random.

2 Let k be the largest integer such that ki < z, and let X, denote the k-th iterate of the LMC
algorithm.

3 Perform a partial LMC update

X, = Xup — (t = kh) VV(Xin) + V2 (B, = Byy)
and output X;.

Combined with Theorem 11.2.1 and (11.2.3), and assuming that KL(y, || 7) = O(d), we conclude
that it is possible to algorithmically obtain a sample from a measure u with /FI(u || ) < & using
O(B*d?/£*) queries to VV.

We now give the proof of Theorem 11.2.1, which combines the usual stationary point analysis in
non-convex optimization with the interpolation argument.

Proof of Theorem 11.2.1 Recall from the proof of Theorem 4.2.6 that
1
0 KL(py 1) < =2 Fl(uy [l ) + 68%d (1 = kh) .

This inequality was obtained under the sole assumption that VV is S-Lipschitz. In Theorem 4.2.6, we
proceeded to apply a log-Sobolev inequality, but here we will instead telescope this inequality. By
integrating over t € [kh, (k + 1)h],

(k+1)h
KL(pgsnyn I 1) = KL(pan || ) < —5/ Fl(u, || 7) di +38°dh* .
kh

Summing over k =0, 1,..., N — 1 and dividing by Nk,

Lo 2KL(uo || 7)
— Fl dt < ————"—= +6p°dh.
i [ A m ol s

This proves the first statement; the second statement is obtained by optimizing over the choice of
h. m|
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11.3 Applications of the Fisher Information Bound

Asymptotic convergence of averaged LMC.

Since Theorem 11.2.1 holds under very weak assumptions (only smoothness of V) and implies that
the Fisher information can be driven to zero, and Fl(u || 7) = 0 implies that u = &, then putting these
facts together leads to a straightforward proof of the asymptotic convergence of averaged LMC.

For a sequence of positive step sizes (/) e, let 7, = >.r_, hy and consider the interpolation

X, =X,  —(t-1,_)VV(X, )+V2(B,-B. ). t € [Tty Tl . (11.3.1)

Theorem 11.3.2. Let (y,),s, denote the law of the interpolation (11.3.1) of LMC, and suppose
that the target is w o< exp(—V) where VV is B-Lipschitz. Suppose that LMC is initialized at a
measure py with KL(ug || ) < oo, and that the sequence of step sizes satisfies 0 < h; < ﬁfor
all k € N* together with the conditions

0 0o

2
th:w, and th<00.
k=1 k=1

Write fi, = - /OT" u, dz. Then, fi,, — n weakly.

Proof By repeating the proof of Theorem 11.2.1 but incorporating time-varying step sizes, we obtain
for t € [T, Tny1]

1
A, KL(u, || ) < -5 Fl(u, || 7) +6B8%d (t — 7,) . (11.3.3)
By integrating this inequality and summing,
1 fm™ S
KLy, 1) < KL ) =5 [ FiGa I mar e 3% ) 12 (11.3.4)
0 k=1
Rearranging and using the convexity of the Fisher information, it yields
P rm 2KL 63%d <
Fl(d., | 7) < —/ Fl(u, || 7) de < (go |1 7) + s Z hy . (11.3.5)
Tn 0 Tn Tn =1

On the other hand, if # € [7,, 7,4+1], then integrating (11.3.3) and combining with (11.3.4) yields

KL (s 11 7) < KLt 1 7) +36%d (1 = 72)* < KL(po || @) + 68°d Y I < co.
k=1
Therefore, {KL(y, || 7) | ¢ > 0} is bounded, and the convexity of the KL divergence implies that
{KL(g,, || 7) | n € N*} is bounded. Since the sublevel sets of KL(- || 7) are compact, to prove the
theorem it suffices to show that every weak limit of (fi,), . is equal to . Consider a subsequence
of (fir,), <+ converging to a weak limit .

Taking n — oo in (11.3.5) and noting that 7,, — oo, we have FI(fi,, || 7) — 0 and thus along the
subsequence as well. It is known that FI(- || ) is weakly lower semicontinuous, so FlI(a || 7) = 0.
However, since VV is Lipschitz, then 7 has a continuous and strictly positive density on R¢, so
FI(a || 7) = 0 entails g = 7 as desired. O
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Convergence in total variation distance under a Poincaré inequality.

As the example in Proposition 11.1.1 shows, for general non-log-concave targets a Fisher information
bound does not translate into guarantees in other metrics. However, this can be carried out if 7 satisfies
appropriate functional inequalities. For example, by a definition a log-Sobolev inequality for 7 states
that

KL(u || 7) < Fl(u || ) for all u € P(RY),

and in this case a Fisher information guarantee readily translates into a KL. divergence guarantee;
however, this is not very interesting because we have obtained a sharper KL divergence guarantee for
targets 7 satisfying a log-Sobolev inequality in Theorem 4.2.6. Instead, we will show that under the
weaker assumption of a Poincaré inequality, a Fisher information guarantee implies a total variation
guarantee.

The key observation is the following implication of a Poincaré inequality.

Proposition 11.3.6. Suppose that rt satisfies a Poincaré inequality with constant Cp,. Then, for
all u € P(RY),

Cri
e =iy < 2 FiGu 1)

Proof We can assume u < m; let f = g—’;. The total variation distance has the expressions

=l =5 [17=1lar=3 [(vD=(rAD)en

which yields [(f A1)dr =1 |lu—nllrv and [(f Vv 1)dr =1+ ||u - 7llry. Using this,

/\/?dn:/\/(f/\l)(fvl)d7r<\//(f/\l)dﬂ/(fvl)dzr
= V(L= = wllrv) L+l = wllry) = A1 = |l =73y -

Therefore,

||/,t—7r||%v<1—(/\/?d7r)2zvar,,\/?.

This is sometimes called Le Cam’s inequality; in statistics, the right-hand side is often written as
H*(u,7t) (1 — 3 H*(u, 7)), where H* denotes the squared Hellinger distance.
Applying the Poincaré inequality,

C
e = 7lity < Cor B lIVVFIP] = = Flue |l ). 0
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Corollary 11.3.7. Let (y,),s, denote the law of the interpolation of LMC with step size h > 0.
Assume that o< exp(=V), where VV is B-Lipschitz and r satisfies the Poincaré inequality with
constant Cpy. Then, if KL(uo || ) < Ky and we choose step size h = VKo /(2BVdN), then

i =l =y [ o], < 2L
AL ™ ANR Sy & ™V VN
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> Exercise 11.1 (Fisher information for mixtures of Gaussians)
Prove Proposition 11.1.1.
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log-Sobolev inequality (LSI), 18, 48, 126
defective, 64
local, 56
modified, 84, 184
logarithmic map, 30
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Malliavin calculus, 114
manifold, 29

Hessian, 77
Markov semigroup, 10
martingale, 5

exponential, 102
Marton’s tensorization, 67
McCann’s interpolation, 30
mean-squared error analysis, see local error analysis
mesh, 95
metastability, 241
metric derivative, 26
Metropolis-adjusted Langevin algorithm (MALA), 179
Metropolis—Hastings (MH) filter, 177
Metropolized random walk (MRW), 179
Minkowski content, 71
mirror descent, 227
mirror Langevin, 227
mirror Langevin Monte Carlo (MLMC), 231
mirror map, 227
Monge problem, 20
Monge—Ampere equation, 87
mutual information, 219

Newton Langevin diffusion, 229
no-U-turn sampler (NUTS), 157
Novikov’s condition, 103

optimal transport, 20
dual, 21
entropic regularization, 110
fundamental theorem, 22
optimal transport plan, 20
Ornstein—Uhlenbeck (OU) process, 42, 152
Otto calculus, 33
Otto—Villani theorem, 36

parallel transport, 78
Pinsker’s inequality, 37
Poincaré inequality (PI), 16, 48, 184
LP-L4,73
local, 55
mirror, 230
space-time, 156
Poisson bracket, 158
Poisson equation, 52, 87
Polyak-Lojasiewicz (PL) inequality, 35, 59, 126, 212
Prékopa—Leindler inequality, 89
proximal oracle, 200
proximal point method (PPM), 200
proximal sampler, 200

quadratic variation, 96

Rényi divergence, 57, 160

randomized midpoint discretization, 139

reflection coupling, 136

rejection sampling, 175

relative convexity, 229

relative smoothness, 229

restricted Gaussian oracle (RGO), 201

reverse transport inequality, see Harnack inequality
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reversibility, 13, 177
Ricci curvature, 51
Riemannian metric, 29, 77

Schrodinger bridge, 109
self-concordance, 232
semimartingale, 97
shifted ODE algorithm, 157
Sobolev inequality, 82
Sobolev norm, 87
inverse, 87
stochastic calculus, 3
stochastic differential equation (SDE), 9
stochastic localization, 108
stopping time, 6
symplectic integrator, 179
synchronous coupling, 136
Talagrand’s T inequality, 48
Talagrand’s T, inequality, 36, 48
tangent bundle, 77
tangent space, 29, 77
time reversal, 105, 116, 206
total variation, 95
total variation (TV) distance, 38, 96
total variation norm, 95

underdamped Langevin diffusion, 147

vector field, 77
volume measure, 79

warm start, 181

Wasserstein gradient flow, 32
Wasserstein metric, 20, 44
weak triangle inequality, 167
Wiener measure, 99

261



	Preface
	Part I Diffusions in Continuous Time
	The Langevin Diffusion in Continuous Time
	A Primer on Stochastic Calculus
	Markov Semigroup Theory
	The Geometry of Optimal Transport
	The Langevin SDE as a Wasserstein Gradient Flow
	Overview of the Convergence Results
	Bibliographical Notes
	Exercises

	Functional Inequalities
	Overview of the Inequalities
	Proofs via Markov Semigroup Theory
	Operations Preserving Functional Inequalities
	Concentration of Measure and Isoperimetry
	Riemannian Manifolds
	Discrete Space and Time
	Bibliographical Notes
	Exercises

	Additional Topics in Stochastic Analysis
	Quadratic Variation
	Change of Measure in Path Space
	Doob's Transform
	Föllmer Drift
	Schrödinger Bridge
	Bibliographical Notes
	Exercises


	Part II Complexity of Sampling
	Analysis of Langevin Monte Carlo
	Proof via Wasserstein Coupling
	Proof via Interpolation Argument
	Proof via Convex Optimization
	Proof via Girsanov's Theorem
	Bibliographical Notes
	Exercises

	Faster Low-Accuracy Samplers
	Randomized Midpoint Discretization
	Hamiltonian Monte Carlo
	The Underdamped Langevin Diffusion
	Bibliographical Notes
	Exercises

	Convergence in Rényi Divergence
	Analysis of LMC via Interpolation Argument
	Analysis of LMC via Girsanov's Theorem
	Analysis of ULMC via Girsanov's Theorem
	Bibliographical Notes
	Exercises

	High-Accuracy Samplers
	Rejection Sampling
	The Metropolis–Hastings Filter
	An Overview of High-Accuracy Samplers
	Markov Chains in Discrete Time
	Analysis of MALA for a Feasible Start
	Analysis of MALA for a Warm Start
	Bibliographical Notes
	Exercises

	The Proximal Sampler
	Introduction to the Proximal Sampler
	Convergence under Strong Log-Concavity
	Simultaneous Flow and Time Reversal
	Convergence under Log-Concavity
	Convergence under Functional Inequalities
	Implementations of the RGO and Applications
	Bibliographical Notes
	Exercises

	Lower Bounds for Sampling
	A Brief Discussion of Query Complexity
	Query Complexity in One Dimension
	Query Complexity in Constant Dimension
	Query Complexity for Gaussians
	Bibliographical Notes
	Exercises

	Structured Sampling
	Coordinate Langevin
	Mirror Langevin
	Proximal Langevin
	Stochastic Gradient Langevin
	Bibliographical Notes
	Exercises

	Non-Log-Concave Sampling
	Approximate First-Order Stationarity via Fisher Information
	Fisher Information Bound
	Applications of the Fisher Information Bound
	Bibliographical Notes
	Exercises

	References
	Index


