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Preface

What This Book Contains

As discussed in the next section, a large portion of this book is dedicated to a systematic
and unified treatment of recent developments in the complexity theory for log-concave
sampling, with a particular emphasis on connections with the field of optimization. Many
of these developments appear here in textbook form for the first time. Although this is
still an active area of research, at this time there is enough beautiful mathematics and
canonical theory that it seemed a shame not to have available an exposition which is
accessible to, say, an ambitious graduate student.

From a broader view, however, it is not the specific applications to log-concave sam-
pling, but rather the general perspective and techniques used, that will have the largest
impact on the reader. With this in mind, the book includes several topics which are not di-
rectly related to sampling, but loosely illustrate the general theme of “modern applications
of stochastic analysis to probability and statistics”. The applications range from classical
mathematical questions, such as concentration of measure and geometry, to instances in
which the philosophy of diffusion processes has inspired recent algorithms for machine
learning tasks. Although tastes change, the overall importance of this perspective only
seems to grow with time.

The subject matter of this book touches upon many fields, such as geometry, PDE,
stochastic calculus, etc., and a primary goal of the exposition here is to make the material
accessible without extensive background knowledge in these topics. This means that at
several places we have sacrificed full mathematical rigor in favor of (hopefully) more
lucid explanations, referring to the original sources for details. As such, these subjects are
not prerequisites for this book, although more background knowledge on the reader’s
part naturally translates into an healthier understanding of the context of the material.
The main exceptions to this statement are: (1) we assume that the reader is familiar



ii PREFACE

with graduate-level analysis and probability; (2) since much of the theory of sampling
is inspired by ideas from optimization, we highly recommend that the reader is familiar
with the latter, as treated in, e.g., [Bub15; Nes18].

The Complexity of Sampling

In this book, we consider the following canonical sampling problem:

Given query access to a smooth function V : R? — R, what is the mini-
mum number of queries required to output an approximate sample from the
probability density 7 o exp(—V) on R4?

The problem formulation is chosen due to the following considerations. In many
applications (some described below), we wish to sample from a probability density 7,
and we have an explicit function V : R¢ — R such that 7 « exp(-~V). In other words,
since 7 is a probability density, then 7 = % exp(—V), where Z := f exp(—V) is called the
normalizing factor (or the partition function in statistical physics). Although Z (and thus
) are explicitly given in terms of the known function V, a naive evaluation of Z as a
high-dimensional integral is intractable. Indeed, the usual approach of approximating an
integral by a sum requires discretizing space via a fine grid whose size scales exponentially
in the dimension d. Moreover, even if we had access to Z, it is still not clear how we could
use this to sample from . Therefore, the focus here is to develop direct methods for the
sampling task which bypass the computation of Z.!

Not only do we want to develop fast algorithms, we also want to understand the
inherent complexity of the sampling task, which in turn allows us to identify optimal
algorithms. By complexity, we do not mean computational complexity, since proving
lower bounds in that context is out of reach (besides, we would have to spend too much
time worrying about the bit representation of V). Instead, following the well-trodden
path of optimization, we adopt a model in which we only have access to V through
queries made to an oracle, and our notion of complexity is the number of queries made.
This is known as oracle complexity or query complexity; see [NY83, §1] for a detailed
discussion. We will usually consider a first-order oracle, i.e. given a point x € R%, the
oracle returns (V(x), VV(x)). Since V is only well-defined up to an additive constant, we
can equivalently imagine that the oracle returns (V(x) — V(0), VV (x)).

Before considering the problem further, here are some important applications.

UIn fact, it goes the other way around: the state-of-the-art methods for approximately computing Z are
based on the sampling methods we develop here.
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1. (Bayesian statistics) Suppose that we wish to make inferences about a parameter
9 of interest, which lies in a space ® C R?. As a Bayesian, we have a prior density
ps over ® which encodes our subjective beliefs about the value of & prior to seeing
any data. Next, we collect some data X which, conditionally on the value of 3, is
drawn from a density pxs(- | ¢). According to Bayesian statistics, we should then
compute the posterior distribution

Ps(0) pxjs(X | 6)

Pox (0] X) o fepg(dG’) (X1 0) ,

which encodes our new beliefs about ¢ after seeing the data.

Typically, we have access to the functional forms of pg and {px|s(- | 0)},.g, SO We
can evaluate these densities and compute gradients. However, the denominator
of pg|x is precisely the normalizing constant described previously and cannot be
naively evaluated. Moreover, even if we had the functional form of pyx (- | X), we
would still not be able to compute expectations E[¢(J) | X] of test functions w.r.t.
the posterior without evaluating another high-dimensional integral. Instead, the
sampling methods we discuss in this book can output random variables 4, ..., J,
whose distributions are approximately pgx(- | X), and the expectation can be
approximated to arbitrary accuracy via the averages n™! 21, ¢().

2. (high-dimensional integration) More generally, computing integrals of functions
against a known density 7 is a fundamental task in scientific computing. In many
high-dimensional applications, the strategy of drawing samples from 7 and then
approximating integrals via Monte Carlo averages is in fact the only known way to
efficiently tackle this problem.

3. (privacy) As machine learning algorithms are continually deployed in application
domains with personal and sensitive information, there is growing concern about
maintaining the privacy of the data on which the machine learning models are
trained. One way to address this issue is to require that the algorithm be differentially
private, which loosely speaking requires the output of the model to not depend
too much on the presence or absence of a single data point. The most common
method to achieve this goal is via the careful addition of noise to the algorithm.
Readers who are interested in the mathematics of privacy will benefit from a healthy
understanding of the analysis of sampling algorithms, and vice versa.

4. (statistical physics) In a physical system, V(x) represents the energy of a state
x. In this situation, thermodynamics predicts that the equilibrium distribution
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over states is the Boltzmann (or Gibbs) distribution whose density is proportional
to exp(=V/T) (where T is the temperature of the system). Naturally, sampling
provides a method for probing properties of the equilibrium distribution. More
subtly, the mixing time of specific sampling algorithms also provides information
about the system such as metastability phenomena; we revisit this in Chapter 11.

Due to this physical interpretation, we will often refer to V as the potential energy.

. (uncertainty quantification) In order to better understand the risks inherent in

any given system, it is important to quantify how much uncertainty is present
in any given prediction. This application is closely related to the discussion on
Bayesian statistics, since a Bayesian framework is a natural approach for performing
uncertainty quantification. More generally, the choice to use sampling rather than
optimization reflects a desire to understand typical outcomes of a procedure rather
than choosing a single fitted model which may fall victim to model misspecification.

Besides these examples, it is no surprise that sampling arises in many other applications,
since sampling is a fundamental algorithmic primitive. As such, sampling methods are
employed daily in applied domains such as biology, climatology, and cosmology.

Example 0.E.1 (Bayesian logistic regression). For concreteness, let us consider the
application of sampling to a Bayesian logistic regression problem. Suppose we have
collected data in the form of pairs (X;,Y;), i = 1,...,n, where X; € RY is a vector
of covariates and Y; € {0, 1} is a binary outcome. For example, Y; might represent
whether or not a certain drug is effective on the i-th patient in a clinical study. Here,

we regard the covariates {Xj, i = 1,...,n} to be deterministic and fixed, and we posit
that the outcomes {Y;, i = 1,...,n} are independent with distributions
exp (3, X;
Y, ~ Bernoulli(M),
1+ exp (3, X;)

Moreover, we take a Gaussian prior normal(0, A711;) for 9, where A > 0. The likeli-
hood is given by

1 )1—% ( exp (6, Xi) )yi, yi € {0,1},

Prits(yi 1 0) = (1 + exp (0, X;) 1+ exp (0, X;)

and by independence, py, v, (9(y1,...,Yn | 0) = [1j=; Pv;)9(yi | ). A computation via

.....




.....

n

V(0) = Y (In(1+exp {6, X)) ~ ¥,(0,X) + 5 0]

i=1

Note that V is A-strongly convex. It is straightforward to find the minimizer of V'
via standard optimization methods (e.g., gradient descent), and this corresponds to
finding the mode or maximum a posteriori (MAP) estimate of the parameter J. On
the other hand, it is less obvious how to obtain (approximate) samples from the
posterior. In this book, we study algorithms which can solve this task accompanied
by non-asymptotic complexity estimates.

Next, we turn towards the how rather than the why. A key theme of this book is
the surprising and close connection between methods in optimization and methods in
sampling. To illustrate, we introduce our first sampling method, which is the sampling
analogue of the well-known gradient descent algorithm from optimization. The Langevin
diffusion is the solution (Z;),, to the stochastic differential equation (SDE)

dz, = -Vv(Z,)dt+ V2dB,
~—_— ~——
gradient flow Brownian motion

With a pure gradient flow dZ; = —VV(Z;) dt, we would expect the dynamics to converge to
stationary points of V. The Brownian motion ensures that we fully explore the distribution
7, as is required in sampling. Under mild conditions, the unique stationary distribution
of the Langevin diffusion is indeed 7 o« exp(—V), which makes this diffusion a good
candidate upon which to base a sampling algorithm.

Since the Langevin diffusion is “a gradient flow + noise”, it is no wonder that researchers
have drawn parallels between this diffusion and the gradient flow from optimization.
However, the connection actually lies much deeper than this superficial observation would
suggest. There is a natural geometry on the space of probability measures with finite
second moment, P (R?), namely the 2-Wasserstein distance W, from the theory of optimal
transport. The space (P (Rd), W,) turns out to be much richer than a metric space; in fact,
it is almost a Riemannian manifold. In turn, the Riemannian structure allows us to define
gradient flows on this space. The punchline here is that if 7; denotes the law of Z;, then
the curve of measures t — m; is the gradient flow of the Kullback—Leibler (KL) divergence
KL(- || ) with respect to the W, geometry. Hence, at the level of the trajectory (Z;);s.
the Langevin diffusion is a noisy gradient flow, but at the level of measures (7;),,, it is
precisely a gradient flow! This remarkable connection was introduced in the seminal work
of Jordan, Kinderlehrer, and Otto [JKO938].
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This perspective suggests that we can study the convergence of the Langevin diffusion
using tools from optimization. For example, a standard assumption in the optimization
literature which allows for fast rates of convergence is that of strong convexity of the
objective function. Hence, we can ask under what conditions the functional KL(- || )
on the space of measures is strongly convex along W, geodesics. Quite pleasingly, this
is equivalent to the (Euclidean) strong convexity of the potential V. Consequently, the
assumption of strong convexity of V, which is natural in optimization for studying gradient
flows, turns out to be natural in the sampling context as well.

Much of this book is devoted to the case when V is strongly convex; we refer to x
as being strongly log-concave. Besides its naturality and simplicity, it is also a practical
assumption. For example, in the application to Bayesian statistics, the Bernstein-von
Mises theorem states that as the number of data points tends to infinity, the posterior
distribution closely resembles a Gaussian distribution and is thus (almost) strongly log-
concave, a fact which has already been exploited to give sampling guarantees in the
context of Bayesian inverse problems (see, e.g., [NW20]). However, some of the results
also apply to restricted classes of non-log-concave measures, and in Chapter 11 we will
see what can be said about non-log-concave sampling in general.

Before using the Langevin diffusion for sampling, however, it is first necessary to
discretize the process in time. The simplest discretization, known as the Euler-Maruyama
discretization, proceeds by fixing a step size h > 0 and following the iteration

Xksnph = Xih — B VV (Xin) + V2 (B(gsyn — Brn) -

Since the Brownian increment B(i41), — Bgp has the normal(0, hl;) distribution, this
iteration can be easily implemented once we have access to a gradient oracle for V and
the ability to draw standard Gaussian variables. This iteration is commonly known as the
Langevin Monte Carlo (LMC) algorithm, or the unadjusted Langevin algorithm (ULA); in
this book, we stick to the former acronym.

The LMC algorithm is the starting point of our study. As a result of research in the
last decade, we now have the following guarantee. For any of the common divergences
d between probability measures, e.g., d(y, r) = Wao(p, 7) or d(p, m) = v/KL(u || ), and
with an appropriate choice of initialization and step size, the law pyy of the N-th iterate
of LMC satisfies d(unp, 7) < ¢ with a number of iterations N which is polynomial
in the problem parameters (the dimension d, the condition number x of V, and the
inverse accuracy 1/¢). For example, when d = VKL, the state-of-the-art guarantee reads
N = O(xd/¢?). Whereas the convergence of the continuous-time diffusion is classical and
typically proven via abstract calculus, the quantitative non-asymptotic convergence of the
discretized algorithm necessitates the development of a new toolbox of analysis techniques.
A primary goal of this book to make this toolbox more accessible to researchers who are
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not yet acquainted with the field.

Beyond the standard LMC algorithm, there is now a rich arsenal of algorithms in
the sampling literature. Some algorithms are directly inspired by other optimization
algorithms (e.g., mirror descent), whereas other algorithms have their roots in the classical
theory of Markov processes (e.g., the use of a Metropolis—Hastings filter). We will also
explore some of these more sophisticated algorithms in detail, as in many cases they
represent substantial improvements over standard LMC.

Finally, although we began this introduction by discussing the goal of understanding
the complexity of sampling, in fact the complexity is not yet fully understood. The issue
here is that there are currently very few lower bounds on the complexity of sampling. This
is in contrast with the field of optimization, in which oracle complexity lower bounds have
in most situations identified nearly optimal algorithms for optimizing various function
classes. In Chapter 9, we will explain the current progress towards achieving this goal for
sampling, but much work remains to be done.

For example, here is the precise statement for a fundamental open question about the
complexity of sampling.

Let 7 o exp(—V) be a probability density on R?. Determine, up to a universal
constant, the minimum number of queries to a first-order oracle for V required
to output a sample whose law i satisfies || — 7|ty < €, uniformly over the
following class of potentials: V is twice continuously differentiable, satisfying
the conditions 0 < al; < V2V < BI; and VV(0) = 0.

What This Book Does Not Contain

At the risk of offending researchers who are omitted even from the list of omissions, here
we point out a few egregious exclusions. First, as mentioned previously, the price we paid
for a succinct exposition of a variety of fields is a lack of rigorous development of the
fundamentals of said fields, which we leave to the reader to pursue more thoroughly.
The field of sampling has a rich literature spanning decades, and although we have
made an effort to cite the works most relevant to the modern perspective, it was not
possible to cite even a vanishing fraction of the applied and/or classical literature. This
extends to even recent theoretical works on log-concave sampling, for which we have
omitted any discussion of sampling from convex bodies or polytopes. Although these
works constitute fundamental developments in the field, here we chose to limit our focus
to the part of the literature which is more strongly inspired by optimization algorithms.
Naturally, the other topics we explore in the book are far from comprehensive.
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Notational Conventions

The symbols A and V mean “minimum” and “maximum” respectively. We write a < b or
a = O(b) to mean that a < Cb for a universal constant C > 0. Similarly, a > b or a = Q(b)
mean that a > ¢b for a universal constant ¢ > 0, and a < b or a = ©(b) mean that both
a < banda > b. We write a = O(b) to mean that a = O(b logo(l) b), i.e., we suppress
polylogarithmic factors, and we similarly use the notation Q and ©.

For a function f : R? — R, we write d;f to denote the i-th partial derivative of f. The
gradient Vf is the vector of partial derivatives (d:f,...,d4f), and the Hessian V2f is the
matrix (9;9;f) i.je[d)- For a vector field v : R? — R? we also use the notation Vo to denote

the Jacobian matrix of v. The divergence of a vector field v isdivo =V -0 = Zle d;v;, and
the Laplacian of f is Af = tr V2f = Y| 3.

Finally, we will sometimes use ¢_ to denote |¢/h] h, the largest multiple of the step
size h which is smaller than ¢. This is not to be confused with the negative part of ¢.
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Diffusions in Continuous Time






CHAPTER 1

The Langevin Diffusion in Continuous Time

In this chapter, we study the continuous-time Langevin diffusion with potential V,
which is the solution to the following stochastic differential equation (SDE):

dz, = -VVv(Z,) dt + V2dB,. (1.E.1)

We begin with a quick introduction to stochastic calculus in order to make sense of this
equation. Then, we introduce two powerful frameworks for analyzing the Langevin diffu-
sion: Markov semigroup theory, and the calculus of optimal transport. These frameworks
are two perspectives on the same diffusion, and the abstract calculus rules we develop
within each framework streamline important computations.

A rigorous mathematical treatment of the theory in this chapter requires addressing
substantial analytical technicalities, such as checking that the various partial differential
equations (PDEs) are well-posed and that the calculations are carefully justified. We will
not attempt to do so here and instead refer to bibliography for detailed treatments. In
particular, the “proofs” in this section are more like “proof sketches” which are meant to
convey the main intuition.

1.1 A Primer on Stochastic Calculus

In this section, we introduce just enough stochastic calculus to understand the meaning
of the SDE (1.E.1). See [Ste01; Le 16] for thorough expositions. We treat further topics in
stochastic calculus in Chapter 3.
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In Section 1.1.4, we discuss the rather technical construction of the It6 integral. For
the remainder of the book, the details of the construction are less important than the
calculation rules that follow. The reader who is unfamiliar with stochastic calculus is
encouraged to skip Section 1.1.4 upon first reading.

1.1.1 The Ito Integral

Definition 1.1.1. (Standard) Brownian motion is a stochastic process (B;),s, in R
satistfying the following properties:

1. By =0.

2. (independence of increments) For all 0 < #; < -+ < f;, the random variables
(B, B, = By, . . ., By, — By, _,) are mutually independent.

3. (law of the increments) For all 0 < s < t < oo,

B; — Bg ~ normal(0,t —s) .

4. (continuity of the paths) Almost surely, t — B; is continuous.

Brownian motion was originally introduced over a century ago as a model for the
jittery path of a particle which is constantly colliding with surrounding molecules. Since
its inception, Brownian motion has been used to model the flow of heat, to price options
at the financial market, to solve partial differential equations, to tease out the geometry of
manifolds, and of course, to sample from probability distributions. It is perhaps not clear
at first sight that such a process even exists,! but it would take us too far afield to give a
construction here.

Instead, our goal is to compute integrals involving Brownian motion: given a stochastic

process (7;),s, how do we make sense of an expression such as /()T 1y dB;? Once we have
stochastic integration in hand, we can then formulate and solve stochastic differential
equations. The solution to such an equation is a diffusion process, no less jittery than the
Brownian motion which drives it, and yet in the right hands it becomes an incredible tool
for solving a plethora of disparate problems.

The main technical difficulty in defining the stochastic integral is that Brownian motion
is an irregular process: for small ¢t > 0, by definition B; ~ normal(0, ¢), which means that
|B;| is typically of size < Vt. In particular, this prevents Brownian motion from being

10Of course, this did not stop Einstein from using it to probe the microscopic structure of matter.
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differentiable at 0, or indeed, anywhere. Nevertheless, such stochastic integrals can be
meaningfully defined and used to build a far-reaching calculus.

We give the high-level idea of the construction of the Ito integral here, deferring details
to Section 1.1.4. We work on a probability space (Q, %, P) which is complete, filtered, and
right-continuous, meaning that there is an increasing family (#;);, of o-algebras with

oo Fr C© F,with (5, F+ = F, forall s > 0, and such that F; contains all subsets of null
sets. We assume that Brownian motion is adapted to the filtration: B; is #;-measurable
for each t > 0.

Defining the It6 integral at a single time T. Suppose first that (7;), is a process of
the form

k-1
M=) HiL{t € (t; tia]} (1.1.2)
i=0

for some 0 < ) < t; < --- < t}, where H; is bounded and #;-measurable. We call n an
elementary process. In this case, perhaps the only reasonable definition of the stochastic
integral is to take

k-1

T
/ n:dB; = Z H; (Btm/\T - Bti/\T) . (1.1.3)
0

i=0

This is indeed what we shall do, but for the moment we will refrain from using the integral
symbol and write this as Z[o 1) (7) to avoid confusion.

We would like to extend this definition to more general processes, but before doing so
we record two key properties of the stochastic integral. The first is that ¢ = Zo,(77) is a
continuous martingale, i.e., it is continuous and satisfies the following definition.

Definition 1.1.4. A process (M;),s, is a martingale w.r.t. the filtration (%), if
for all t > 0, M; is #;-measurable and integrable, and

E[M; | #] = M, forallo <s<t.

Indeed, we deduce that t +— I[o; () is a martingale from the fact that H; is % -
measurable for each i, and because (B;),s is a martingale.
The second key property is that we can compute the variance:

R"

-1

B[ 7o) (7)) HZH(BWT Bun)| | = 3 BUH, (Bysr ~ B (115)
0

=~
I
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=~

-1

T
E[H] ((ts1 AT) — (A T)) = E/O ndt. (1.1.6)

~
Il

0

Here, we used the basic properties listed in the definition of Brownian motion, such as
independence of increments. This equation shows that if Pt := P ® m|[o 1], where m|[o 1]
is the Lebesgue measure on [0, T], then the mapping 1 +— I[o7](77) is an isometry from
L2(P7) to L?(P). We use this isometry to extend the definition of the stochastic integral
as follows.

For a more general process (1), assume that it is progressive’ and satisfies the
integrability condition

T
||’7||i2(pﬂ = E/ Utz dt < co.
0

One shows that (7;),5, can be approximated by elementary processes {(rygk)) 150 - k € N}
of the form (1.1.2) in the L?(Pr) norm. For each k, the stochastic integral Zjo 7 (n™) is
defined via (1.1.3), and limy_, ZJ0,7] (1)) exists in L?(P) thanks to the isometry. We can
then take the limit to be the definition of the stochastic integral ;o7 (7).

Defining the It6 integral as a stochastic process. Although the procedure above
successfully defines 7}y (n7) for a fixed time t > 0, there is no guarantee of coherence
between different times ¢. The trouble arises because [, (1) is defined as a limit, but
this limit is only well-specified up to an event of measure zero, and these measure zero
events for different times t might conceivably accumulate into something more. This
is undesirable because the true power of stochastic calculus comes from viewing the
stochastic integral as a time-indexed stochastic process in its own right.

The key insight is to go back to the approximating sequence {(ryt(k)) 1>0 : k € N}. For
each k, the It6 integral is defined as an entire process t — Ijo (n%)) via (1.1.28), and
moreover this process is a continuous martingale. We can then apply powerful results
on martingale convergence, which are developed in Section 1.1.4, in order to prove the
following theorem.

Theorem 1.1.7. Suppose that (1), is progressive and satisfies E/OT n?dt < co. Then,
there exists a continuous martingale, denoted (fot ns st)t>0, which is adapted to (%),

*The process (7;),s, is progressive if for all T > 0, the mapping (w, t) — n;(w) is measurable w.r.t.
Fr ® Blo,r], Where SB[ 1] is the Borel o-algebra on [0, T].
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and satisfies

2 t
] = E/ n’ds, forallt € [0,T]. (1.1.8)
0

t
E|| / 75 dB,
0

The formula (1.1.8) is called the Ito isometry.
Also, for each t € [0,T], it holds that /Ot ns dBs = Ijo (1) a.s.

Extending the definition via localization. There is one final step which is traditionally
taken, namely to expand the class of allowable integrands to progressive processes n with

T
/ n?ds < oo almost surely . (1.1.9)
0

Note that this condition is weaker than the condition E /OT n?ds < 0. Such an extension
is evidently mathematically interesting, as we would like our definitions to be as broad as
possible. However, equally important is that it introduces the device of localization. On
the whole, localization actually serves to reduce the number of technicalities in the subject:
once introduced, it allows us to always work with a stopping time up to which the process
is as nice as one desires (e.g., bounded). The flexibility and utility that localization thus
brings cements its place as the natural mathematical framework for stochastic calculus.
However, this is not the focus of the book, and in what follows we will usually brush over
such localization arguments. For now, we simply introduce the basic definitions in order
to show the reader that the idea is actually fairly straightforward.

Definition 1.1.10. A stopping time 7 is a random variable such that for each ¢t > 0,
the event {7 < t} is #;-measurable.

Definition 1.1.11. An increasing sequence of stopping times (7,),cy is called a
localizing sequence for n on [0, T] if:

1. foralln € N, (n; 1{t < 7,});5, has finite ||[|;2(p,) norm, and

2. 17, — T almost surely.

The good news is that localizing sequences are easy to find, and the following proposi-
tion barely needs a proof (and so we omit it).
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Proposition 1.1.12. Ifn is a progressive process satisfying the condition (1.1.9), then
the sequence (1) ey defined by

t
it ::inf{tzo)/ ryfdsZn}/\T
0

is a localizing sequence forn on [0, T].

The idea now is simple: for each progressive process n satisfying (1.1.9), let (7,) ,en
be a localizing sequence for n on [0, T]. For each n € N, by the definition of a localizing
sequence, we can apply our existing definition of the It integral, which gives us a
continuous martingale

t
t / ns 1{s < r,} dB;. (1.1.13)
0

Then, we can define the It6 integral of 7 to be a limit of the processes (1.1.13). The details
are straightforward, and omitted.

We can also define an analogue of martingales using localizing sequences; these are
almost martingales, but lack the required integrability.

Definition 1.1.14. A process (M;);s, is a local martingale if it is adapted to the
filtration (%), and there is an increasing sequence (7,),¢y of stopping times such
that 7, — oo and for each n, the process t = M; ., — M, is a martingale w.r.t. (%;),.

Proposition 1.1.15. Ifn is a progressive process satisfying (1.1.9), then the It6 integral
t fot ns dBs is a continuous local martingale.

Looking forward. The construction of the It6 integral may seem quite abstract; indeed,
we are sorely lacking in examples. At this juncture, it is common to work out simple
exercises such as computing fot B; dBs, and while this is pedagogically natural it is also
liable to mislead the reader into thinking that the main use of It6 integration is to solve
synthetic problems with no apparent purpose. As counterintuitive as it may seem, our
solution to the heavy amount of abstraction will be more abstraction. In the next section,
we will develop the single most important computation rule in stochastic calculus (along
with the It6 isometry (1.1.8)), called Itd’s formula, after which we will hardly need to
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return to the definition of a stochastic integral ever again. And even It6’s formula will be
abstracted out into the language of Markov semigroups in Section 1.2. The upshot is that
we introduced the It6 integral because it is the foundation of our field, but most of what
we have developed thus far is not necessary for the remainder of the book.

1.1.2 1It0’s Formula

With the It6 integral in hand, we consider the following class of processes.

Definition 1.1.16. A stochastic process (X;);», is an Ité process if it is of the form

t t
Xt:X0+/ bsds+/ o5 dBs, fort >0,
0 0

where (b;),s, takes values in R%, (0;),5, takes values in RN, and (B;),s is a standard
Brownian motion in RV,

Implicit in the above definition is that the process should be well-defined: the coeffi-
cients (b;),s, and (0;),>, should be progressive processes for which the integrals exist.
Also, the random variable X, should be #j-measurable, in which case the process (X;),s,
is also progressive.

We refer to (b;);, as the drift coefficient and (o), as the diffusion coefficient.
When the drift coefficient is zero, then (X;);>, is simply an It6 integral, and thus a
continuous local martingale (Proposition 1.1.15). Otherwise, for a non-zero drift coefficient,
the process (X;),s is no longer necessarily a local martingale. As a shorthand, we often
write the It process in differential form:

dXt = bt dt+0't dBt (1117)

Our goal is to understand how the Ito process transforms when we compose it with a
smooth function f : R? — R. This leads to It6’s formula, which is the bread and butter of
stochastic calculus computations.

Although the notation (1.1.17) is informal, it conveys the main intuition. For h > 0
small, we can approximate X;., =~ X; + hb; + Vho,&, where & ~ normal(0, Iy). Note
that the Vh scaling comes from the fact that the Brownian increment B;,; — B; has
the normal(0, hl;) distribution. Now suppose that f : RY — R is twice continuously
differentiable. Normally, to compute f(X;4) — f(X;) up to order o(h), a first-order Taylor
expansion of f suffices, but in stochastic calculus this would miss important terms arising
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from the Brownian motion: indeed, second-order terms in B;,; — B; are of order h and
hence not negligible.
Therefore, we carry out the Taylor expansion to an extra term:

JfXen) = f(Xe) = (VF(Xe), hby + hat§>+%<hbt+ hoi&, V2f(Xe) (hbe + Vhar§))

= h{(VF 00 b + 5 (0t V2P0 02) )+ VR (T (X0, ) + o).

This expression suggests that (f(X;)),s, is also an It6 process. The third term, which is of
order Vh, turns into an It6 integral once integrated. Perhaps the most interesting term is
the second term, 2 (6] V2f(X;) 01, €7y, which is a genuinely new feature of stochastic
calculus. If we sum up many of these increments, we end up with an expression like
% ZII;O <O.:-+kh V2 F(Xtskh) Orakn §k§g> If we replace each h §k§;<r by its expectation h Iy
(which must be carefully justified; see the calculation of quadratic variation in Section 3.1),
then this resembles a Riemann sum, which converges to the integral of % (V2f(X;), or0]).
This is formalized in the following theorem.

Theorem 1.1.18 (Itd’s formula). Let (X;),s, be an It6 process, dX; = b, dt + o; dB;, and
let f € C*(RY). Then, (f(X:));s is also an Ito process which satisfies, for t > 0:

£ = 00 = [ {T£00.b) +3 (TP ooD} s+ [ (oTTF06).dB).
0 0

We omit the proof, since the bulk of the intuition is carried in the informal Taylor
series argument described above. Observe that since It6 integrals are (under appropriate
integrability conditions) continuous martingales, the expectation of the last term in It6’s
formula is typically zero. Therefore,

EFOO) ~Ef00) = [ E[(VF00b) + 3 (PR ceD]ds (1119
or in differential form,
B LX) = B[(VF(X).bi) + 5 (VF(X), o).

It6’s formula can also be extended to time-dependent functions via

£ = F0.50) = [ (5.X0) + (T X0, b + 5 (FF (5. X, ]} s

3Even when the It6 integral is only a local martingale, one can usually justify the formula (1.1.19) anyway
using the localizing sequence and the dominated convergence theorem.
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' T
+ /0 (6IVf(s,X,),dB;) .

We revisit and streamline It0’s formula in Section 3.1.

1.1.3 Existence and Uniqueness of SDEs

Letbh : R, xR? - R%and o : R, xR? — RN We now consider the stochastic differential
equation (SDE)

dXt = b(t,Xt) dt+O'(t,Xt) dBt (1120)

Suppose we are given a complete filtered probability space (Q, #, (%;);s¢,P) which
supports a standard N-dimensional adapted Brownian motion B. A solution to the SDE
is an adapted R%-valued process X such that

t t
X; =X+ / b(s,X;s)ds + / o(s,X;)dBs.
0 0

The question we address in this section is under what conditions there exists a unique
solution to the SDE. This is a question of a technical nature, but the answer is instructive
because the proof introduces standard arguments that recur frequently in stochastic
calculus. The main result is that if the coefficients b, o are Lipschitz in space uniformly in
time, then the SDE admits a unique solution.

Before proceeding, we need the following lemma, which is used throughout the book.

Lemma 1.1.21 (Gronwall’s lemma). Let T > 0 and let g : [0, T] — [0, o) be bounded
and measurable. Assume there exists C1, Ca > 0 such that

t
g(t)SC1+C2/g, vt € [0,T].
0

Then,

g(t) < Crexp(Cat), VYt e [0,T].

Proof. By iterating the assumption, for each n € N,

t t S1
g(t) <Ci+GC / g(sl) d31 < Ci+CiCot + Cg / / 9(82) dSz dS1 <.
0 0 0
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< Z (Czt) Cn+1/ / 9(Sn+1) dspe1 - -

The remainder term is bounded by

t Sn g lsup ()™ nooo
C;H'l/() [) g(sn+1) d5n+1"'dsl‘ s (n+1)! >

which gives the result. ]
In the following theorem, for a matrix M,
|M||2g = tr(MMT) = tr(M" M)

denotes the Hilbert-Schmidt (or Frobenius) norm of M. The uniqueness result states that
if there are two solutions X, X to SDE on the same probability space, driven by the same
Brownian motion, then X = X.

Theorem 1.1.22 (existence and uniqueness of SDE solutions). Assume that b and o
are continuous, and there exists C > 0 such that for allt > 0 and x,y € RY,

16(2,x) = b(t. Yl V llo(t,x) = o(t, y)llas < Cllx —yll.

Then, for any complete filtered probability space (Q, F, (F;) 50, P) and x € RY, there
exists a unique solution (X;),c[o1) for the SDE (1.1.20) with Xo = x. Moreover, the
solution (Xt)e(o1) is @ Markov process.

Proof. Uniqueness. Fix a time T > 0 and suppose there exist two solutions (X;)e[o7]
and (Xt)te[o,T] of the SDE on [0, T] with X, = X,. For t > 0, we compute the difference

between X; and X; using the It6 isometry (1.1.8), the Cauchy-Schwarz inequality, and the
Lipschitz assumption:
t 2
| 11
0

t t
<287 [ 16530 b TP ds + [ (5. ) - 005, Kl o]
0 0

E[||X, - X% < ZE[H/t{b(s,Xs) _b(s, Xy +
0

t
<2C*(1 +T)E/ 1Xs — X;||% ds .
0
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From Gronwall’s lemma (Lemma 1.1.21), we obtain X; = )?t almost surely. Actually, this
proof has a gap: we have not fully justified why we can apply the Ito isometry. To get
around this, one may use technique of localization, the details of which are omitted.

Existence. We use a method of establishing existence of solutions to ODEs, known as
Picard iteration. We start by defining the process X(©) to be the constant process with
value x, and for n € Nt we let

t t
X" = x4 / b(s, X"V ds + / o(s, X" V) dB; . (1.1.23)
0 0

In other words, we “freeze” the coefficients of the SDE using the process from the previous
stage of the iteration. The stochastic integrals make sense because inductively, each X
is adapted and has continuous sample paths. Thus, since

t t
Xm0 _ xm /0 (b(s, X™) = b(s, X" V) ds + /0 {a(s, X'™) = o(s, X" )} dB,

we bound
u 2
Esup ||X"™Y - x| < ZE[ sup / {b(s, X™) = b(s, X" V)1 ds
[0,¢] u€e(0,t] 0
u 2
+ sup / {o(s, Xs(")) —o(s, Xs("_l))} dB; ]
uelo,t] "'/ 0

I+

The first term is handled via Cauchy-Schwarz:

t t
| < TE/ 15(s, X)) = b(s, X" V)2 ds < C2T/ Esup ||X™ - x| ds .
0 0 [0,5]

For the second term, recall that ¢t +— fot{a(s, Xs(n)) —o(s, Xs("_l))} dB; is a martingale. By
Doob’s L? maximal inequality (Corollary 1.1.31 in Section 1.1.4) and the It6 isometry (1.1.8),
we can bound

t 2 t
< 4| / (ot X") = (s, X"} dBy|| | = 4B / lo(s,X(™) = o (s, X" ) | ds
0 0

t
< 4C? / Esup ||X™ — x| ds .
0 [0,5]
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Putting these two bounds together,
t
Ewmwmm—XWWSZ@QHJU/TEwmww—X“dey
[0,t] 0 [0,s]

By induction (and using the fact that Esup, 1 IX — X2 < Cr for some constant
Cr < oo, which follows from similar arguments), we get

2C2T (4 + T)}"
E sup ”X(n) _X(n—l)”Z < CT { ( )}
[0.T] (n—1)!

If we sum this, then we obtain

EZ sup XMW = XD < 00 = Z sup I1X™ — X112 < 0o almost surely .
n=1 [O’T] n=1 [O’T]

By completeness of C([0,T]), it implies that X" converges uniformly on [0,T] to a
continuous process X as n — oo.
Using again the Lipschitz assumption on the coefficients of the SDE, we have

t t
/ O'(S,Xs(n)) dB; —/ o(s,X;)dB; — 0,
‘ t ¢ t
/b@ﬂ%&—/b@&ﬂpem

0 0
almost surely. Passing to the limit in (1.1.23) shows that X solves the SDE on [0, T].

There is one last argument to make, which is to find a solution for the SDE on the
entire time interval [0, o). For each t > 0, let T > t and define X; to be the solution of the
SDE on [0, T] at time ¢. The uniqueness assertion in the first half of the theorem shows
that this is well-defined (regardless of the choice of T), and it also shows that the resulting
process X is adapted, has continuous sample paths, and solves the SDE on [0, o).

We omit the proof that (X;)c[o ) is Markov. ]

Reflecting on the proof, the basic strategy is to coupling together two diffusions (with
the same driving Brownian motion), use Lipschitz bounds on the coefficients, and apply
Gronwall’s inequality. The same strategy will also be used to obtain convergence bounds
for sampling algorithms, albeit with a more quantitative goal in mind.

A theorem similar in spirit to Theorem 1.1.22 can be established under the assumption
that b and o are only locally Lipschitz, but in this case the solution to the SDE is not
guaranteed to last for all time. The issue is that when the coefficients grow faster than
linearly, there can be a finite (random) time e, called the explosion time, such that || X;|| — oo
ast — e. This phenomenon is already present for ODEs (see Exercise 1.4). For the purposes
of this book, the assumption of Lipschitz coefficients suffices.
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1.1.4 Appendix: Construction of the It6 Integral

To appreciate the construction, it may be helpful to first discuss some technical subtleties.
First, suppose that (7)), is deterministic (non-random). Since (B;),, has continuous

T : e
paths, one could try to define fo n: dB; as a Riemann-Stieltjes integral, but due to the
irregularity of Brownian motion this only works for integrands (7;),,, which are “locally
of bounded variation™; in particular not all continuous integrands are allowed. To get

around this, a standard idea is to approximate a continuous integrand (7;),, with a
sequence of integrands {(qt(k)) i>o * k € N} which have bounded variation. For each k, it

is no trouble to define fOT I]t(k) dB;, and then we can define fOT n¢ dB; as a suitable limit.
This idea can be carried out, but the notion of limit that is used is L2. In particular, the
limit may not exist in an almost sure sense.

Now suppose that (7;),s is a stochastic process. Then, it becomes technically challeng-
ing to carry out the requisite approximations; another idea is required. The new insight
is that if we consider integrands which are adapted to a filtration, then the stochastic
integrals t — /Ot ns dBs are martingales, and we can leverage their powerful convergence
theory to streamline the construction. We now proceed to implement this plan.

Throughout, we work on a complete, filtered, and right-continuous probability space
(Q,F, (F1) 50, P). We also recall the various classes of processes that we introduced in
Section 1.1.1.

Definition 1.1.24. Let (1;),, be a stochastic process.

1. (1), is a progressive process if for all T > 0, the mapping (w, t) - 7;(w)
is measurable w.r.t. 1 ® B[y 1], where %[ 1] is the Borel o-algebra on [0, T].

2. (1t);>¢ is an elementary process if it is of the form

k-1
M = ZHi 1{t € (t; tir1]}, (1.1.25)
i=0

where 0 < ¢y < t; < --- < t and for each i, H; is bounded and %;,-measurable.

3. (Mt)se[or) i @ square integrable process if it is a progressive process and

T
moreover E/O n?dt < oo.

The proof of the following technical result is omitted.

4See Section 3.1 for further discussion.
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Lemma 1.1.26 (approximation via elementary processes). For any square integrable
process (nt) (01> there is a sequence {(iyt(k))t20 : k € N} of elementary processes with

T
k
”U_U(k)”iZ(PT) :E/ |T7t—i7§ )|2dt -0 ask — oo.
0

Definition 1.1.27. Let (7;),5, be a progressive process.

1. If (7:),s, is an elementary process of the form (1.1.25), we define the It6 integral
of (1t);50 on [0, T] via

k-1
Tio71(1) = )" Hi Byt — Bur) - (1.1.28)

i=0

2. If (n:),s, is a square integrable process, then let {(iy,fk))tzo : k € N} be the

approximating sequence furnished by Lemma 1.1.26. In this case, we define the
It6 integral of (7;),., via

Tjoz) (n) = lim Tiory (™)

where the limit is taken in L?(P).

The second part of the definition requires some justification. We checked in (1.1.5)
and (1.1.6) that the It6 isometry holds for elementary processes: the mapping 7}y 7 is an
isometry from elementary processes equipped with the L?(Pr) norm, to the space L?(P)
of square integrable random variables. Through this isometry, we deduce from the fact
that {#® : k € N} is Cauchy that {Z1o1 (n®)) : k € N} is also Cauchy. Since L*(P) is a
complete metric space, there exists a limit Z[o7](#) of the latter sequence. We can then
deduce that the It6 isometry (1.1.8) holds for square integrable processes as well.

Upon trying to view t — 1o (n) as a stochastic process, we encounter the usual
measure-theoretic difficulty: for fixed t, Zjo;(7) is well-defined outside of a measure
zero event, but we have to contend with uncountably many values of t and the measure
zero events may accumulate. Overcoming this issue requires some principle that holds
uniformly over ¢ € [0, T]; in our case, this principle is Doob’s maximal inequality from
the theory of martingales.
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To set the stage, we can verify from the explicit formula (1.1.28) that t — o4 (n)
is a continuous martingale when (7;),, is an elementary process. Before proceeding
onwards, we need to further develop the theory of martingales.

Definition 1.1.29. A process (M;),s, is a submartingale w.r.t. the filtration (%) 5,
if for all t > 0, M; is #;-measurable and integrable, and

E[M; | F] = M, forallo <s<t.

The class of submartingales is far broader and more useful than the class of martingales.
For example, if (M;),s, is a martingale and ¢ : R — R is any convex function with
E|op(M;)| < oo for all t > 0, then Jensen’s inequality for conditional expectations implies
that (¢(M;)),s, is a submartingale.

One of the key facts about submartingales is that they easily converge, which is often
deduced from Doob’s maximal inequality.

Theorem 1.1.30 (Doob’s maximal inequality). Let (M;),, be a continuous and non-
negative submartingale. Then, for all A, T > 0,

E M
P(suthZ/l)S -
te[0T] A

Proof. We prove the theorem for discrete-time submartingales (M), <. The result for
continuous-time submartingales can then be obtained via approximation.
Let 7 := min{k € N : My > A}. On the event {r < N}, we have M; > A, so

N
/HP’( max M > /‘1) = AP(r < N) <E[M; 1{r <N} = ) 'E[M; 1{r = k}].
k=0,1,..,.N P

Next, since {7 = k} is F¢-measurable, the submartingale property yields
E[M 1{r = k}] <E[E[My | F] 1{r = k}| =E[My 1{r =k}].

Hence,

N
AP( max M, > /1) < E[MN > e = k}] — E[My 1{r < N}] < E My,
k=0,1,...N =0

where we used the assumption that the submartingale is non-negative. m]

It yields the following corollary, which we leave as Exercise 1.1.
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Corollary 1.1.31 (Doob’s L? maximal inequality). Let (M;),;, be a continuous and
non-negative submartingale. Then, forallp > 1 and T > 0,

P
||t:Ef)g] Mil|pp e < -1 Mrllece) -

We are now ready to finish the construction of the It6 integral.

Proof of Theorem 1.1.7. Let (7;),5, be a square integrable process, with approximating

sequence {(qt(k)) : k € N} obtained from Lemma 1.1.26. We define

t>0
k
Xt( )= Tion(n'®),

where 1o (1)) is defined by the explicit formula (1.1.28). For any k, £ € N, the process

t - |Xt(k) - Xt([)l2 is a continuous non-negative submartingale, so Doob’s maximal
inequality (Theorem 1.1.30) and the It6 isometry (1.1.8) yield

P( sup |Xt(k) —Xt(f)l > /'l) = P( sup |Xt(k) —Xt([)l2 > /12)
te[0,T] te[0,7]
k 14 (k) _ (02
3 E(XY - x O I =N,
As (7'®), . is Cauchy, we can pick a sequence ny < n; < ny < -- - of integers such that
k,¢ > n; implies lne) — n([)lliz(PT) < 273/, Take A = 27/ to obtain

P( sup |Xt(nj) —Xt(nj”)l > Z_j) <27,
te[0,T]

These probabilities are summable, so the Borel-Cantelli lemma implies

almost surely,  sup |Xt(nj ) Xt( anr1)| < 27/ for all but finitely many j .
te[0,T]

In particular, the paths {(Xt(nj )) i>0 : J € N} forma Cauchy sequence in C([0, T]) (equipped
with the supremum norm). As C([0,T]) is complete, there is a limit (Xt)>o Which
belongs to C([0,T]). A similar argument, this time using Doob’s L? maximal inequality
(Corollary 1.1.31), shows that Xt(nj) — X; in L?(P) as well. Since each t — Xt("j) is a
continuous martingale, so is t — Xj.

Finally, for any fixed ¢ € [0, 1], on one hand we have 7} (n(m)y = Xt(nj) — X; in
L*(P) as noted above. On the other hand, the Itd isometry implies 7o (™)) — I, [0.¢1(m)
in L*(P). Hence, almost surely, X; = 0, (). O
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1.2 Markov Semigroup Theory

More thorough treatments of Markov semigroup theory can be found in [BGL14; Han16].
We will revisit and expand upon many of the topics introduced here in Chapter 2.

1.2.1 Basic Definitions and Kolmogorov’s Equations

The core idea of Markov semigroup theory is to encode the behavior of a Markov process
(X:)s>0 via operators which act on functions. We will then develop calculus rules for
working with these operators, and we can study the operators via functional analysis. This
is analogous to how the linear algebraic study of the transition matrix of a discrete-time
Markov chain reveals properties (e.g., ergodicity, convergence) of the chain.

Definition 1.2.1. For a time-homogeneous Markov process (X;);s, its associated
Markov semigroup (P;),, is the family of operators acting on functions via

Pif(x) = E[f(Xi) | Xo = x].

The Markov property and iterated conditioning yields the following lemma (exercise).

Lemma 1.2.2. The Markov semigroup (P;),s, satisfies Py = id and PsP; = P;P; = Py,
foralls,t > 0.

In order to do calculus, we want to differentiate the semigroup t +— P;, which is
accomplished via the following definition.

Definition 1.2.3. The infinitesimal generator & associated with a Markov semi-
group (P;),s, is the operator defined by

P, f—
Lf = lim 2/ =1
t\,0 t

for all functions f for which the above limit exists.

Here we pause to warn the reader of some technical issues. The mathematical diffi-
culties of Markov semigroup theory arise in trying to answer the following questions:
on what space of functions is the generator defined, and in what sense is the above limit
taken? As we shall see, a natural space of functions to consider is L?(r), with 7 denoting
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the stationary distribution of the diffusion. However, the generator is usually a differential
operator, and not all functions in L*(rr) have enough regularity to lie in the domain of the
generator. The theory of unbounded linear operators on a Hilbert space was developed to
handle this situation, but it is rife with subtle distinctions such as the difference between
symmetric and self-adjoint operators. We will brush over these issues and focus on the
calculation rules.

Example 1.2.4. Let us compute the generator of the Langevin diffusion (1.E.1). In fact,
the following computation is simply a consequence of It6’s formula (Theorem 1.1.18),
but it does not hurt to derive this result from scratch. We approximate

t
Z,=Zy — / VV(Z)ds+ V2B, = Zy — t VV(Zy) + V2B + 0(2) .
0
Assuming that f € C?(R%) with bounded derivatives, we perform a Taylor expansion
of f to second order.
E f(Z) = E[f(Zo) + (Vf(Zy), =t VV(Zy) + V2 B;) + (V2f(Z) B1, B)] + 0(t) .
Since B; is mean zero and independent of Z;, with E[BtBtT] = tly,

E[f(Z) | Zo = z] = f(2) = t (Vf(2), VV(2)) + t tr V2 f(2) + 0(2)
= f(2) = t{Vf(2), VV(2)) + t Af (2) +0(2).

Hence,

Elf(Z) |20 =2] - f(2)
t

Zf(2) = lim = Af(2) - (VV(2), Vf(2).

The Markov semigroup and dynamics. As promised, the Markov semigroup captures
the information that was contained in the original Markov process. One way to demon-
strate this is to prove theorems which show that the Markov process can be completely
recovered from its Markov semigroup. Another approach, which we now take up, is to
show that the dynamics of the Markov process are captured via calculation rules involving
the Markov semigroup.
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Proposition 1.2.5 (Kolmogorov’s backward equation). For allt > 0, it holds that

8tPtf: gPtf:PtS/pf

In particular, & commutes with the semigroup (P;);s.

Proof. Observe that
P, -P P, —id
lim —th tf = lim =~
\0 h \0

P,f = ZPf.

Repeating the computation but factoring out P; on the left yields the second equality. O

There is a dual to this equation: let 7y denote the density of X,. Formally, we can write
Ef(X;) = [ Pif dmo = [ f dP}m, where P; is the adjoint of P;. This says that the law 7
of X; is formally given by P; my. Moreover, by Kolmogorov’s forward equation,

at/fdPt*ﬂo:at/Ptfdno:/Ptfffdno:/éZfdeer:/fdg*ano.

Since this has to hold for all functions f, we conclude the following.

Proposition 1.2.6 (Kolmogorov’s forward equation). Forallt > 0,

atP:ﬂ'() = g*P:JTO = P;kg*ﬂ'o o

Here is another illuminating way to express these equations. Let u; = P;f, and let
m; = P;my. Then:

oy = Luy, (Kolmogorov’s backward equation)

ormy = Ly (Kolmogorov’s forward equation)

The terms “backward” and “forward” are rather confusing, so we will not use them. Instead,
we will refer to the evolution equation for the density (Kolmogorov’s forward equation)
as the Fokker-Planck equation.

Consequently, we obtain characterizations of stationarity. Recall that r is stationary
for the Markov process if, when X, ~ 7, then X; ~ 7 forall t > 0.

Proposition 1.2.7 (stationarity). The following are equivalent.
1. 7 is a stationary distribution for the Markov process.

2. L*r=0.
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3. E, Zf =0 for all functions f.

Proof. The equivalence between the first two statements is the Fokker—Planck equation.
The third statement is the dual of the second statement. m]

Example 1.2.8. Consider again the Langevin diffusion. For functions f,g: R — R,

[2ra=[@ar-@v.9p1g= [ fiag+anigvny
where the second equality is integration by parts. This shows that
F*g=NAg+div(gVV).
From here, we can solve for the stationary distribution. Write
0= =An+div(z VV) =div(z (VInz + VV)).

This can be solved by setting In 7 = —V + constant, i.e. & o exp(-V).

Corollary 1.2.9. The stationary distribution of the Langevin diffusion (1.E.1) with
potential V is w o< exp(=V).

1.2.2 Reversibility and the Spectrum

Consider a Markov semigroup (P;),>, with generator Z and stationary distribution 7.
Then, the natural space of functions to study is the Hilbert space L?(r). The analysis of
the Markov process is particularly simple if the following condition holds.

Definition 1.2.10. The Markov semigroup (P;),, is reversible w.r.t. x if for all

f.g € L?(xr) and all t > 0,
/PtfgdnszPtgdn.
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Equivalently, for all f and g for which £ f and Zg are defined,

/gfgdn:/fzgdn.

If Xo ~ 7w and we take f = 14 and g = 1p for events A and B, then it implies

P{X; € A, Xy € B} =P{X, € A, X; € B},

i.e., (Xo, X;) has the same distribution as (X;, Xp). This is the sense in which the associated
Markov process is time-reversible.

The definition says that P, and # are symmetric operators on L?(r), and thus we
expect that P; and & have real spectra. Also, since 9;P; = £ P;, we can formally write P; =
exp(tZ), and so we expect P; to be a positive operator, meaning that f fPifdr >0 for
all f € L?(r), which can be checked from reversibility (write f fPfdr= / (Ptj2f )% dor).
Moreover, from the definition of P; and Jensen’s inequality,

{Pef(x)}* =E[f(Xp) | Xo = x]* <EB[f(X)? | Xo = x] = P(f*)(x) (1.2.11)

and integrating this yields [ (P.f)*dr < [P/(f*)dr = [ f?dr, where the equality
follows from stationarity of . This shows that P; is a contraction on L?(r) (in fact, on
any LP(r), p € [1, 00]). Combining this with P; = exp(tZ) leads us to predict that & is a
negative operator. Below, we will give a direct proof of this fact; unsurprisingly, the proof
of negativity of & still relies on the crucial fact (1.2.11).

Definition 1.2.12. The carré du champ is the bilinear operator I" defined via

[(f.9) = 3 (L)~ Lg-9 2}

The Dirichlet energy is the functional &(f, g) = f I'(f,g)dr.

Lemma 1.2.13. For any function f,T(f, f) > 0.

Proof. Recall from (1.2.11) that P;(f?) > (P,f)* for all t > 0. In terms of Z,

FPrtL(f)+0(t) 2 [f+tZLf+o))* = fFP+2t fLf +0(t)
and sending t \, 0 yields Z(f?) > 2f Zf. (This proof does not require reversibility.) O
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Theorem 1.2.14 (fundamental integration by parts identity). Suppose that the genera-
tor & and carré du champ T are associated with a Markov semigroup which is reversible
w.r.t. w. Then, for any functions f and g,

[rezgan= [ orrg0n= [ 1.9 02010

Since the identity implies that & is symmetric, the integration by parts identity is in
fact equivalent to reversibility. We can reformulate this identity in an illuminating way as

~F =V"V (1.2.15)

where (-)*”" denotes the adjoint in L?(x). This expression brings out the symmetry of &
and also makes the following corollary clear.

Corollary 1.2.16. For a reversible Markov semigroup, - > 0.

Proof of Theorem 1.2.14. Since f Zhdn = 0 for all functions h (due to stationarity of x),
the definition of T yields

[roou=3 [repganss [g-2rran

The two terms are equal due to reversibility. m]

It is usually convenient for our operators to be positive, so from now on we will instead
refer to the negative generator —<.

When we introduced Kolmogorov’s equations, we ended up with two PDEs, one
involving the generator & and one involving its L?(m) adjoint &*, where m is the
Lebesgue measure on R?. The issue is that we used the “wrong” inner product; Z is not
symmetric in L?(m). If we now switch to L?(), then instead of considering the density
7; with respect to m we should consider the density p; := m;/7 with respect to 7. Then,
the Fokker—Planck equation becomes

8tpt = gpt . (1217)

For the rest of the section, the Markov semigroup is assumed reversible.
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Example 1.2.18. Returning to the fundamental example of the Langevin diffusion, a
computation shows that

1
L(f.f) =1 {A(fY) = (V. V() = 2f (Af = (VV.V)} = IVFII*.
Incidentally, carré du champ means “square of the field” in French, and it is this

expression which gives it its name. More generally, I'(f, g) = (Vf, Vg).
The identity in Theorem 1.2.14 reads

/f(—Ag+<VV,Vg))d7T:/g(—Af+<VV,Vf))d7r:/(Vf,Vg}dn

which can be checked (using 7 o exp(—V)) via integration by parts (naturally!),
showing that the Langevin diffusion is indeed reversible w.r.t. 7.

Gradient flow of the Dirichlet energy. It turns out that a reversible Markov process
follows the steepest descent of the Dirichlet energy with respect to L?(r). To justify this,
for a curve t — u; in L?(), write 1, := d,u; for the time derivative. The L?(r) gradient of
the functional f - &(f) = &(f, f) at f is defined to be the element V2, & (f) € L?()
such that for all curves t — u; with uy = f, it holds that

8t|t=0 %(Ut, ut) = / 120 VLZ(”)%(f) dr.

From the integration by parts identity,

8t|t:0 %(ut, ut) = (9t|t:0 / U (—g)ut dr = 2/ l:l() (—g)fdﬂ' .

Therefore, V2, &(f) = -2Zf.
The steepest descent of & is the curve t > u; such that i, = V2, &(u;) = 2Zu;.
This is, up to a rescaling of time, precisely the equation satisfied by t — P, f.

Spectral gap and convergence. Consider a reversible Markov semigroup (P;),s, and
recall that P, f(x) = E[f(X};) | Xo = x]. We are interested in the long-term behavior of
P;f. If the process mixes, then by definition it forgets its initial condition, so that P; f
converges to a constant; moreover, this constant should be the average value / fdrat

stationarity. How do we establish a rate of convergence for P, f — / fdn?
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We may assume that / fdr = 0, so we wish to prove P;f — 0. Also recall that,
formally, P; = exp(tZ) with & < 0. If we have a spectral gap

-Z > )Lmin > 0’
then we would expect that
11y < exXP(~2hmint) [

This is indeed the case. However, observe that since P;1 = 1 for all + > 0 and hence
Z1 = 0, the spectral gap condition is only supposed to hold on the subspace of L?(r)
which is orthogonal to constants.

Definition 1.2.19. The Markov process is said to satisfy a Poincaré inequality (PI)
with constant Cp if for all functions f € L?(rx),

1 . 2 = Lvar
[ 5D =8 1) 2 1= i g = v

The Poincaré constant Cpj corresponds to the inverse of the spectral gap. Based on
the calculus we have developed so far, it is not too difficult to prove the following result
(differentiate t > ||P,f ||iz (”)), so we leave it as Exercise 1.8.

Theorem 1.2.20. The following are equivalent.
1. The Markov process satisfies a Poincaré inequality with constant Cpy.

2. Forall f € L*(xr) with [ fdr =0 and allt > 0,

2t
1P Wy < exp( =) 11

In particular, we can apply this result to the semigroup corresponding to the Langevin
diffusion (1.E.1) to obtain a spectral gap criterion for quantitative convergence. However,
this result is mainly of use when we are interested in a specific test function f. More
generally, it is useful to obtain bounds on the rate of convergence of the law 7; of X; to
the stationary distribution 7. Recall (from (1.2.17)) that the relative density p; := m; /7
solves the equation d;p; = Zpy, i.e., p; is given by p; = P;po. We can therefore apply the
preceding result to f = py — 1.
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For a probability measure y, we define the chi-squared divergence

d d
Xl n) = ||£—1||iz(n) :Varnﬁ ifpy<m,

with y2(u || ) := oo otherwise. The result can be formulated as follows.

Theorem 1.2.21. The following are equivalent.
1. The Markov process satisfies a Poincaré inequality with constant Cp.

2. For any initial distribution my and allt > 0,

2t
X Il ) < exp(—==) ¥ || m).
Pl

Example 1.2.22. For the Langevin diffusion, the Poincaré inequality reads
var, f < Cpi Ex[|IVSII’]

for all functions f : R? — R, where 7 « exp(=V).

1.2.3 The Log-Sobolev Inequality and Bakry-Emery Theory

For sampling applications, the convergence result under a Poincaré inequality is not
fully satisfactory because the chi-squared divergence at initialization is typically large,
scaling exponentially in the dimension. The approach we explore next is to use the
Kullback-Leibler (KL) divergence KL(- || 7r) as our objective functional, defined via

d d d
KL(u || ) ::/élnﬁdﬂzflnﬁdy iftu<xmr,

and KL(yu || 7r) = oo otherwise.
Recall the notation p; := m; /7 for the relative density of the Markov process w.r.t. 7.
Since 9;p; = £ p;, we can calculate via the integration by parts identity that

0 KL(7; || ) = o / prlnp,dr = /(lnpt +1) ZLprdr = -&(ps,Inpy) . (1.2.23)

Hence, if €(p;,In p;) 2 KL(7; || 7), then we obtain convergence to equilibrium for the
diffusion in KL divergence, at an exponential rate.
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Definition 1.2.24. The Markov process is said to satisfy a log-Sobolev inequality
(LSI) with constant Cyg; if for all densities p w.r.t. x,

C
KL(pr || 7) < % €(p,Inp).

Theorem 1.2.25. The following are equivalent.
1. The Markov process satisfies a log-Sobolev inequality with constant Cyg;.

2. For any initial distribution my and allt > 0,

2t
KL(; || 7) < exp(—a) KL (7o || 7).

By linearizing the LS, i.e., by taking p = 1 + ¢f for small ¢ > 0 and expanding both
sides of the LSI in powers of ¢, one can prove that the LSI implies a Poincaré inequality
with constant Cp; < Crg) (Exercise 1.9).

Example 1.2.26. For the Langevin diffusion, the LSI reads

2

K p K I
A KLl 7) < Bo{92, VI ) =5 [[in £1F] = 43, |7, 2]

The right-hand side of the above expression is important; it is known as the (relative)
Fisher information Fl(y || 7) := E,[||V In(x/7)||*]. In particular, the Fisher infor-
mation plays a central role in the study of non-log-concave sampling in Chapter 11.

The LSI often appears in many equivalent forms. For example, another formulation
is that for all functions f : R? — R, it holds that

ent,(f?) < 2C5 Ex[IIVFII],

where for a function g : R? — R, we define ent,(g) := E,(glng) — E, gInE, g. To
verify the equivalence, consider f = +/u/x.

Bakry-Emery condition. Although we have derived two criteria for convergence of
the Markov process, namely, the Poincaré inequality and the log-Sobolev inequality, we
have not yet addressed when these criteria hold. Introduce the following definition.
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Definition 1.2.27. The iterated carré du champ is the operator I'; defined via

L(f.9) = %{«?T(ﬁg) -I(f.Z9) -T(9.Zf)}.

Recalling that I'(f, g) = % {ZL(fg) — fZLg—gZLf}, we see that I, is defined analogously
to I, except we replace the bilinear operation of multiplication, (f, g) — fg, by the carré
du champ (f,g) = I'(f,g). Also, similarly to how the carré du champ appears when
computing the time derivative of functionals such as the chi-squared divergence and the
KL divergence, the iterated carré du champ appears when computing the second time
derivative. After some calculations, one arrives at the following criterion.

Definition 1.2.28. The Markov semigroup is said to satisfy the Bakry-Emery
criterion with constant ¢ > 0 if for all functions f,

L(f. ) z aT(f. f).

This condition is also known as the curvature-dimension condition CD(a, ).

We will prove the following theorem in Chapter 2.

Theorem 1.2.29 (Bakry-Emery). Consider a diffusion Markov semigroup. Assume
that the curvature-dimension condition CD(a, 00) holds. Then, a log-Sobolev inequality
holds with constant C g < 1/a.

We have not explained yet what a diffusion Markov semigroup is, but for now we can
think of the Langevin diffusion as a fundamental example. The key point is that once
the (iterated) carre du champ operators are known, the curvature-dimension condition
amounts to an algebraic condition which can be easily checked, which in turn implies
the log-Sobolev inequality (and hence the Poincaré inequality by Exercise 1.9). For the
Langevin diffusion, this condition amounts to the following theorem.

Theorem 1.2.30. For the Langevin diffusion (1.E.1), the curvature-dimension condition
CD(a, ) holds if and only if the potential V is a-strongly convex.

Although we have deferred the Markov semigroup proofs of these results to Chapter 2,
we will shortly prove these results using the calculus of optimal transport.
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Another point to address is the origin of the name “curvature-dimension condition”. In
fact this is part of a rich story in which Markov diffusions on Riemannian manifolds capture
the geometric features of the ambient space, such as its curvature. A picture emerges
in which curvature, concentration, and mixing of the diffusion all intertwine, and only
in this context is it appreciated that the curvature-dimension condition is appropriately
named. This is discussed more fully in Chapter 2.

1.3 The Geometry of Optimal Transport

In this section, we explain how the space of probability measures equipped with the
2-Wasserstein distance from optimal transport can be formally viewed as a Rieman-
nian manifold. The textbook [Vil03] is a standard reference for optimal transport; see
also [AGS08; Vil09b; San15] for more detailed treatments of Wasserstein calculus. We
remind readers that the “proofs” in this section are only sketched for intuition.

1.3.1 Introduction and Duality Theory

The optimal transport problem can be defined in great generality. Throughout this section,
P (X) denotes the space of probability measures on a space X.

Definition 1.3.1. Let X and Y be complete separable metric spaces, and consider a
cost functional ¢ : X XY — [0, co]. The optimal transport cost from p € P (X) to
v € P(Y) with cost ¢ is

T (p,v) = inf /c(x, y) y(dx, dy), (1.3.2)
yeC(pv)

where C(p, v) is the space of couplings of (p, v), i.e. the space of probability measures
y € P(X xY) whose marginals are y and v respectively.
A minimizer in this problem is known as an optimal transport plan.

An equivalent probabilistic formulation is that 7;(y, v) is the infimum of E (X, Y)
over all pairs of jointly defined random variables (X, Y) such that X ~ pand Y ~ v.

Theorem 1.3.3. If the cost c is lower semicontinuous, then an optimal transport plan
always exists.
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Proof. One can show that the functional y — / c dy is lower semicontinuous and that
C(p, v) is compact, where we use the weak topology on P (X X Y). It is a general fact that
lower semicontinuous functions attain their minima on compact sets. i

Historically, optimal transport began with Monge who considered the Euclidean cost
c(x,y) = |lx — y|]| on R? x R%. Moreover, he considered a slightly different problem
in which, rather than searching over all couplings in C(y, v), he restricted attention to
couplings which are induced by a mapping T : R¢ — R? satisfying Tyt = v; this is known
as the Monge problem. In the probabilistic interpretation, this corresponds to a pair of
random variables (X, T (X)) with X ~ p and T(X) ~ v. The physical interpretation of this
additional constraint is that no mass from p be split up before it is transported, which
may be reasonable from a modelling perspective but leads to an ill-posed mathematical
problem. Indeed, there may not even exist any such mappings T, as is the case when
1 = Oy places all of its mass on a single point and v does not. Consequently, the solution
to the Monge problem remained unknown for centuries.

The breakthrough arrived when Kantorovich formulated the relaxation of the Monge
problem introduced in Definition 1.3.1, which is therefore known as the Kantorovich
problem. As the product measure y ® v always belongs to C(y, v), we at least know that
the constraint set is non-empty, and Theorem 1.3.3 shows that the Kantorovich problem
is well-behaved. Moreover, the Kantorovich problem is actually a convex problem on
P (X x Y); indeed, the objective is linear and the constraint set C(y, v) is convex. Hence,
one can bring to bear the power of convex duality to study the Kantorovich problem
(historically, this study was actually the origin of linear programming).

Although a large part of optimal transport theory can be developed in a general
framework as above, for the rest of the section we will focus on the case c(x, y) = ||x—y||?
on R? x R? for the sake of simplicity.

Definition 1.3.4. The 2-Wasserstein distance between p and v, denoted W, (1, v),
is defined via

Wiu) = inf [yl yexdy). (135)
yeC(pv)

Write P5(R?) := {u € P(RY) | /||||2 du < oo} for the space of probability measures
on R? with finite second moment.

Duality and optimality. For this section, it will actually be convenient to consider the
cost c(x,y) = % |lx — y||? instead, i.e. we consider % W2 (p, v) instead of W2 (g, v).
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The key to solving the Kantorovich problem is duality. First observe that the constraint
that the first marginal of y is u can be written as follows: for every function f € L!(p),
it holds that f f(x)dy(x,y) = / f(x)du(x). Doing the same for the constraint on the
second marginal of y, we can write the Kantorovich problem as an unconstrained min-max
problem

2
swien = it swp | [ESI yaan + [ rau- [ ey

YEM, (RIXRA) fEL (,U)
+/9dv—/9(y)y(dx,dy)}-

geLl(v)
Here, M+(Rd X Rd) denotes the space of non-negative finite measures on R? x RY. Next,
if we switch the order of the infimum and the supremum, we arrive at the dual optimal
transport problem:

sp it | [ rans [gare [P g0 o] v ay)

fELl (ﬂ) y€M+ RdXRd)
geLl(v)

= sup {/fdy+/gdv}
(f.9)€D(pv)

where D(y, v) is the set of dual feasible potentials

I 2y” forall x,y € Rd}

D(pv) = {(f,9) € L'(w) x L' (v) | f(x) +9(y) <

Definition 1.3.6. Let y1, v € P5(R?). The dual optimal transport problem from
to v is the optimization problem

sup {/fd,u+/gdv}. (1.3.7)

(£.9)€D(p.v)

Since inf sup > supinf, the value of the dual problem is always at most 3 W2 (y, v).
On the other hand, if we find a transport plan y* and feasible dual potentials f*, g* such
that / lx — y||? dy*(x,y) = f frdu+ f g* dv, it implies that the primal and dual values
coincide and that y*, f*, and ¢g* are all optimal.

By carefully studying the dual problem, we will obtain a wealth of information about
the optimal transport problem. Our main goal now is to sketch the following theorem.
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Theorem 1.3.8 (fundamental theorem of optimal transport). Let y, v € P5(R%). Then,
the following assertions hold.

1. (strong duality) The value of the dual optimal transport problem from p to v equals
TW2(v).
2 2 s

2. (existence of optimal dual potentials) There exists an optimal pair (f*, g*) for the
dual optimal transport problem.

3. (characterization of optimality) The optimal dual potentials are of the form

=w—<p *=w—fp* (1.3.9)
2 ’ g 2 ’ o

f*
where ¢ : RY — R U {co} is a proper, convex, lower semicontinuous function and
@™ is its convex conjugate. If y* denotes the optimal transport plan, then for y*-a.e.
(x,y) € R x RY, it holds that p(x) + ¢*(y) = {x,y), i.e, y* is supported on the
subdifferential of ¢.

4. (Brenier’s theorem) Suppose in addition that yi is absolutely continuous w.r.t. the
Lebesgue measure on R?. Then, the optimal transport plan is unique, and moreover
it is induced by an optimal transport map T. The mapping T is characterized as
the (u-almost surely) unique gradient of a proper convex lower semicontinuous
function ¢ which pushes forward i tov: T = Vo and (V).p = v.

Various parts of this theorem can be proven separately; for example, strong duality
can be established by rigorously justifying the interchange of infimum and supremum via
a high-powered minimax theorem. Instead, we will outline a proof of the theorem which
simultaneously establishes all of the above facts.

Outline. In the proof, we abbreviate “proper convex lower semicontinuous function” to
simply “closed convex function”.

1. Optimal transport plans are cyclically monotone. Let y* be an optimal transport

plan, and suppose that the pairs (x1,y1), ..., (xn, yn) lie in the support of y*. Then,
it should be the case that we cannot “rematch” these points to lower the optimal
transport cost, i.e. for every permutation o of [n] we should have

n n
Dol = will* < > llxi = oo 17
i=1 i=1
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Equivalently,

n n
Z (xi, yi) 2 Z (X, Yor(i)) - (1.3.10)
i=1 i=1

Indeed, if this condition fails, then it is possible to construct a new transport plan
from y* by slightly rearranging the mass which has strictly smaller transport cost,
which is a contradiction; see [GM96, Theorem 2.3].

A subset S € R? x R? is said to be cyclically monotone if for all n € N*, all
pairs (x1, Y1), - - -, (Xn, yn), and all permutations o of [n], the condition (1.3.10) holds.
Thus, optimal transport plans are supported on cyclically monotone sets.

. Characterization of cyclically monotone sets. Remarkably, a complete characteriza-

tion of cyclically monotone sets is known. Suppose ¢ is convex and differentiable,
let x1,...,x, € R%, and let ¢ be a permutation of [n]. Then, from convexity,

P (x5-1(5)) — @(x1) 2 (Vo(xi), Xg-13) = Xi) - (1.3.11)

Summing this over i € [n], we obtain

D Vo), xiy = Y (Vo(xi), Xg(n) = D (Vo (xo(m), xi) -
i=1 i=1 i=1

More generally, if ¢ is not differentiable, then the subdifferential of ¢ at x; is defined
to be the set of vectors y; € R? such that (1.3.11) holds with y; replacing V¢ (x;). This
reasoning shows that the set dp = {(x,y) € R xR? | y € dp(x)} is a cyclically
monotone subset of R? x RY.

The converse is also true: if S € R? x R? is cyclically monotone, then it is contained
in the subdifferential of a closed convex function ¢. To prove this, one can pick any
(x0,Yo) € S and consider

o(x) = sup{z (Yi, xix1 — xi1) | n €N, (x,y1), ..., (Xn, Yn) €S, Xpp1 = x} )
i=0

This characterization is due to Rockafellar.

. Characterization of dual optimality. Now that we see the connection between con-

vexity and the primal problem, it is time to do the same for the dual problem.
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Suppose (f, g) is a feasible dual pair; if we hold f fixed, can we improve g? The
constraint on g says that for all x, y € RY,

[lx = ylI?
o) < I .
Hence, writing ¢ := ||-||?/2 — f, the optimal choice is
llyll?

o2
o) = inf (P70 gy = WD g (- p).
x€R x€eR4

The function ¢* defined by ¢*(y) := sup,pa{(x, y) — ¢(x)} is known as the convex
conjugate of ¢. To summarize, we have shown that for fixed f = ||-||?/2 — ¢, the
optimal choice for g is ||-||?/2 — ¢*. Similarly, if we fix g = ||-||?/2 — ¢*, the optimal
choice for fis ||-||?/2 — ¢**.

We have not yet established existence, but suppose for the moment that an optimal
dual pair (f*, g*) exists. The preceding reasoning shows that f* = ||-||?/2 — ¢ and
g* = |IlI?/2 — ¢*, where ¢** = @; otherwise the dual pair could be improved. Next,
it is known from convex analysis that ¢ = ¢™ if and only if ¢ is a closed convex
function. Thus, optimal dual potentials have the representation (1.3.9).

4. Proof of strong duality. Now consider the optimal transport plan y* (which exists;

see Theorem 1.3.3). We know that y* is supported on a cyclically monotone set,
which in turn is contained in the subdifferential of a closed convex function ¢.
Define the functions f* := ||-||/2 — ¢ and g* = ||-||?/2 — ¢*; these are dual feasible
potentials. Also, it is a standard fact of convex analysis that (x,y) € dg¢ if and only
if p(x) + ¢*(y) = (x,y). Since the support of y* is contained in 9,

2 2
3 [ -witvranan = R E - )t anay

2 2
=/(@+@—qo(x)—fp*(y))y*(dx,dy)

=/(¥—q))dﬂ+/(¥—rp*)dv
:/f*d,u+/g*dv.

This simultaneously proves that strong duality holds and that (f*, g*) is a pair of
optimal dual potentials.
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5. For regular measures, optimal transport plans are induced by transport maps. An-

other fact from convex analysis is that convex functions enjoy some regularity:
a closed convex function ¢ is differentiable at Lebesgue-a.e. points of the interior of
its domain. Consequently, if y is absolutely continuous w.r.t. Lebesgue measure,
then ¢ is differentiable p-a.e. This says that for y-a.e. x € RY, the gradient V¢ (x)
exists and d¢(x) = {Vp(x)}. Therefore, we can write y* = (id, V@), u. In particular,
(Ve).p = v, and Vo is the optimal transport map from y to v.

In our entire discussion so far, we started off with an arbitrary optimal transport
plan y*. Hence, we have shown that every optimal transport plan is of the form
(id, V).t for some closed convex function ¢.

6. Uniqueness of the optimal transport map. So far, we have not discussed uniqueness

of the solution to the Kantorovich problem, and in general uniqueness does not
hold. However, in the setting we are currently dealing with (the cost is the squared
Euclidean distance and p is absolutely continuous), we can use additional arguments
to establish uniqueness. We will show that if * = (id, V@),p is another optimal
transport plan where ¢ is a closed convex function, then V¢ = V¢ (u-a.e.). Note that
in particular, it implies that there is only one gradient of a closed convex function
which pushes forward p to v.

From our above arguments, we see that (||-||/2 — @, ||-]|/2 — ¢*) is a dual optimal
pair. Therefore,

[ +awiy@dn = [ o+ [gav=[odps [orar
- [ o+ 9 0y @nd = [ oty

Using y* = (id, Vo) ,p, it yields

/ (0(x) + 9" (Vo (x)) - (x. Vo(x))) u(dx) = 0.

On the other hand, by the definition of ¢*, we have ¢(x) + ¢*(y) > (x,y) for all
x,y € R with equality if and only if y € 9@(x). So, the integrand of the above
expression is always non-negative but the integral is zero, which combined with
the previous fact shows that Vo (x) € 9¢(x) for y-a.e. x. But for p-a.e. x, we also
know that ¢ (x) = {V@(x)}, and we conclude that Vo = V¢ (u-a.e.). ]

We refer to ¢ as a Brenier potential. From convex duality, Vo* = (Vo) ™'. So, if v is
also absolutely continuous, then the optimal transport map from v to p is V¢*. We often
write T,,_,, = Vg for the optimal transport map from y to v.
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In light of this discussion, it is natural to focus on the following class of measures.

Definition 1.3.12. The space P, ..(R?) is the set of measures in P, (R¢) which are
absolutely continuous w.r.t. Lebesgue measure.

Remarks on other costs. Many of the arguments can be generalized to other costs
c. For example, the supports of optimal transport plans can be characterized via c-
cyclical monotonicity (generalizing cyclical monotonicity) and optimal dual potentials
can be characterized via c-concavity (generalizing convexity). Arguing that the optimal
transport plan is induced by a transport map requires additional information about the
differentiability of c.

1.3.2 Riemannian Structure of the Wasserstein Space

Wasserstein space as a metric space. The following lemma is used to establish that
the triangle inequality holds for W;.

Lemma 1.3.13 (gluing lemma). Ify1, € P (X1 X X3) and y23 € P(X; X X3) have the
same marginal distribution on Xy, then there exists y € P (X; X Xz X X3) such that its
first two marginals are y, , and its last two marginals are y; 3.

Proof. Let p denote the common X,-marginal of y;; and y;3. The idea is to first draw
Xy ~ p. Then, draw X; from its conditional distribution given X; (according to y; 2), and
similarly draw X3 from its conditional distribution given X, (according to y,3). Then, take
y to be the law of the triple (X3, X5, X3).

The way to formalize this argument is via disintegration of measure. m]

Proposition 1.3.14. The space (P (R%), W,) is a metric space.

Proof. Clearly, W, is symmetric in its two arguments. It is also clear that y = v implies
Wa(p, v) = 0. Conversely, if W, (p, v) = 0, then there exists a coupling (X, Y) of (g, v) such
that || X — Y||? = 0 a.s., or equivalently X = Y a.s., which gives y = v.

To verify the triangle inequality, we use the gluing lemma. Let 11, 5, i3 € P2 (R?), let
Y1, be optimal for (u1, 412), and let y5; be optimal for (pz, p3). Let y be obtained by gluing
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Y1, and y5, and let y1 3 € C(u1, pi3) denote the (1, 3)-marginal of y*. Then,

Wa (1, p3) < \//||x1 — x3|2 y1,3(dxy, dx3)

< \// {21 = x| + [|2¢2 = x3]|}° y(dxy, dxg, dxs) .

Let f(xy, X2, x3) = [|x1 — x2|| and g(x1, x2, x3) = ||[x2 — x3]|. The above expression can be
written as || f + gl|;2(y). By applying the triangle inequality in L*(y),

W (p1s pi3) < NI fllzqy) + 1912y

= \// |1 — x2]|2 Y(dxl, doxy, dxs) + \// [lcz — x3]|? }’(dxl, dx, dxs)
- \/ [l el y ) + \/ JAEEEATACERSS

= Wa(p1, p2) + Wa (2, p13) - o

Since the next result is technical, we omit the proof.

Proposition 1.3.15. The metric space (P (R%), Ws) is complete and separable. Also,
we have W (ji, 1) — 0 if and only if i, — p weakly and [||-|* dpn — [ ||| dp.

The continuity equation. Next, we are going to consider dynamics in the space of
measures, i.e., curves of measures t — ;. Throughout, we assume these curves are
sufficiently nice, in the following sense.

Definition 1.3.16 (informal). We say that a curve t — p; € Py 4c (RY) is absolutely
continuous if for all ¢,

Wa (s,
1Al (t) = limM 2 G
s—t|s =t

The quantity || is called the metric derivative of the curve.

More generally, the metric derivative can be defined on any metric space and represents
the magnitude of the velocity of the curve, see [AGS08].
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It is helpful to adopt a fluid dynamics analogy in which we think of y; as the mass
density of a fluid at time ¢. There are two complementary perspectives on fluid flows:
the Lagrangian perspective which emphasizes particle trajectories, and the Eulerian
perspective which tracks the evolution of the fluid density.

Suppose that Xy ~ y and that t — X; evolves according to the ODE X; = v;(X;). Here,
(01) 0 is a family of vector fields, i.e. mappings R? — R?. Since the ODE describes the
evolution of the particle trajectory, it is the Lagrangian description of the dynamics. The
corresponding Eulerian description is the continuity equation.

Theorem 1.3.17. Lett — v; be a family of vector fields and suppose that the random
variables t +— X; evolve according to X; = 0/(X;). Then, the law of X; evolves
according to the continuity equation

8tyt + diV(/ltZ)t) =0. (1318)

Proof. Given a test function ¢ : R? 5 R,

/ 0 ot = / o = A E0(X,) = B(Vo(X,). X1} = B(Vo(X,), 0:(X,))

= /(Vq), Uy iy = —/ o div(poy) .

Since this holds for every ¢, we obtain d;y; + div(p0¢) = 0. O

The punchline is that every nice curve of measures t — p; can be interpreted as the
fluid flow along a family of vector fields, i.e., we can find vector fields ¢ + v; such that
the continuity equation (1.3.18) holds. First, however, note that there is no uniqueness:
if 9y + div(p0:) = 0 and for each t, w; is a vector field satisfying div(y;w;) = 0, then
the continuity equation also holds with the new vector fields v; = v; + w;. We will show
how to pick a distinguished choice of vector fields ¢t + v; which can be described in
two equivalent ways. First, among all vector fields making the continuity equation hold
true, we can choose v; to minimize / l|lo:|? dpr, which has the physical interpretation of
minimizing kinetic energy. Second, we can choose v; to be the gradient of a function; we
will see that this is natural in light of the characterization of optimal transport maps.

Theorem 1.3.19 (curves of measures as fluid flows). Lett — p; be an absolutely
continuous curve of measures.

1. For any family of vector fields t — 0; such that the continuity equation (1.3.18)
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Moreover, the distinguished vector field v; satisfies

2. Conversely, there exists a unique choice of vector fields t +— v; such that the

where Ty, .. is the optimal transport map from pi; to ;..
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holds, we have 1| (t) < [|0¢]|z2(4,) for allt.

continuity equation (1.3.18) holds and ||vt||12(,,) < |f2(¢) for all t. The choice
of vector fields is also characterized by the following property: the continuity
equation (1.3.18) holds and for each t, v, = Vi for a function ; : RY — R.

T,y . —id
v = lim 228 (1.3.20)
5\0 1)

Proof.

1. Proof of the first statement. Let § > 0 and consider the flow map F; ;s de-
fined as follows. Given any initial point x; € RY, consider the ODE x; = 01 (xt)
started at x;. Then, F; ;s maps x; to the solution x5 of the ODE at time ¢ + J.

If X; ~ i, then the continuity equation implies F; y45(X;) ~ fpys, .., Fyys is a valid
transport map from y; to y45. Hence, we can estimate

wzuzt,ums) \/ / ||Ftt+5—1d||2

However, F;;ys —id = 63; + 0(6), so letting § ™\, 0 we obtain |i[(t) < [|9;]z2(y,)-
(Actually, to prove this statement we should also consider the limit § 0 for
negative 9, but it is clear that the same argument works.)

. Uniqueness of the optimal vector field. Suppose we find t — v, satisfying the con-

tinuity equation and such that ||o;[[z2(,,) < |£|(#). In light of the first statement, it
implies that the zero vector field is the minimizer of |[v; + w¢||12(,,) among all vector
fields w; such that div(g;w;) = 0. This is a strictly convex problem so the minimizer
is unique, meaning that the family t — o, is uniquely determined.

. Gradient vector fields are optimal. Here, we show that if the continuity equation

holds for the family of vector fields t +— v; and that v; = Vi, for all ¢, then the
vector fields are optimal.

There are at least two ways of seeing why gradient vector fields should be optimal.
First, the continuity equation is equivalent to requiring that for all test functions
¢ : R? — R, it holds that 9, / pdy = / (Vo, v;) dy;. In this expression, the vector
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field v; only enters through inner products with gradients. To put it another way, if
we consider the space S := {Vi/ | ¢/ : R? — R} of gradients, viewed as a subspace
of L?(y;), then we can write L?(y;) = S @ S* (actually, to make this valid we should
take the closure of S, but we will ignore this detail). If we decompose v; according
to this direct sum, then v; = V¢; + w; for some function ¢/; and some w; which is
orthogonal (in L%(y;)) to S. If we replace v; by Vi, then the continuity equation
continues to hold, but we have only made the norm ||v;||;2(,,) smaller, hence the
optimal choice of v; should be a gradient.

(e

The second line of reasoning comes from the proof of the first statement: the reason
why the metric derivative |[(¢) was upper bounded by ||d;||;2(,,) is because the flow
map corresponding to t — 0; furnishes a possibly suboptimal transport map. To
fix this, the flow map for the optimal ¢ + v; should be approximately equal to the
optimal transport map, i.e. v; = (T, ,,s —id) /5. From the fundamental theorem of
optimal transport, however, T,,_,,,,s is the gradient of a convex function, so in the
limit v; should be as well.

Instead of using these arguments, we will instead provide a proof based on direct
computation. If v; = Vi), the continuity equation shows that

t Aptres — r
S Yedp 55 [ :/¢tatﬂt+0(1)=‘/¢tdiv(ﬂtV‘//t)+°(1)

- /||Vr//t||2 dy; +0(1).

On the other hand,

f Vr dppes — f Y dpiy / Ui o Ty s — Vi
5 - 5 d

Hi

Tt—> t+ —-id
:/(th, —IJ H55 >dﬂt+0(1)

<\ [tz LD o).

Taking § ™\, 0 yields [[o¢[|12(,) = IV¥illrzu,) < 1A1(D).

4. Existence of optimal vector fields. Finally, one can show for instance that vector

fields defined via limits of transport maps as in (1.3.20) indeed satisfy the continuity
equation and are gradient vector fields, and are therefore optimal. However, the
details are omitted. o
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From the theorem, we learn that the optimal vector field v, satisfies ||o;||z2(,,) = |[(t).
On the other hand, the metric derivative is supposed to be the “magnitude of the velocity”.
Our next goal is to interpret v; as the velocity vector to the curve, and ||v;||;2(,,) as its
norm, all through the lens of Riemannian geometry.

Background on Riemannian geometry. In the spirit of informality, we give a descrip-
tion of what a Riemannian manifold entails, rather than a precise definition. A manifold
M is a space which is locally homeomorphic to a Euclidean space. At each point p € M,
there is an associated vector space T,M, called the tangent space at p, which is the
space of all possible velocities of curves passing through p. The whole structure should
be smooth: the tangent spaces should vary smoothly in a suitable sense.

A Riemannian metric is a smoothly varying choice of inner products p = (-, -), on
the tangent spaces. The metric allows us to, e.g., locally measure the angles between two
intersecting curves. For our purposes, it is important to note that the metric allows us to
define the steepest descent direction for an objective function, which in turn allows us to
consider gradient flows.

The Riemannian metric induces a distance function (in the sense of metric spaces) via

1
dtp.) = inf{ [ 17Ol &t v: 0] = M y@ =p v =qf. (320

Here, y(t) denotes the tangent vector to the curve at time ¢. Note that the norm of the
tangent vector is measured w.r.t. the inner product on the tangent space T,(;)M, hence
we write ||y(¢)l,(;). If the infimum is achieved by a curve y, then y is referred to as a
geodesic (a shortest path); if t = ||y (#)|],(s) is constant, then it is called a constant-speed
geodesic. From now on, we will only consider constant-speed geodesics, and the words
“constant speed” will be dropped for brevity.

Given a functional J : M — R, the gradient of J at p is defined to be the unique
element VJF(p) € T,M such that for all curves (p;),.r passing through p at time 0 with
velocity v € T,M, it holds that d;|=0F (p;) = (VF(p), v).

Wasserstein space as a Riemannian manifold. Based on our discussion thus far, it
is natural to define the tangent space at ;1 € Py ,.(R?) as

LPruc(®Y) = (V9 | § € Co@D) ",

where the notation denotes taking the L?(y) closure. Equivalently,

LZ
Tyi)z,ac(Rd) ={A(T —1id) | A > 0, T is an optimal transport map} ® .
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We equip the tangent space T, P2 ,c(R?) with the L?(y) norm, which gives a Riemannian
metric. This does not define a genuine Riemannian manifold (e.g., it is not locally homeo-
morphic to a Euclidean space or even a Hilbert space), but we will treat it as one for the
purpose of developing calculation rules.

If the continuity equation 0;; + div(y0;) = 0 holds and v; € Tptpg,aC(Rd), then v, is
the tangent vector to the curve at time ¢. The condition v; € T, P ac (Rd) is equivalent to
saying that v; is the optimal vector field considered in Theorem 1.3.19.

There are two questions to address. First, is this Riemannian structure compatible
with the 2-Wasserstein distance? In other words, we know that a Riemannian metric
induces a distance function; is the distance function induced by the Riemannian structure
of Py.ac(RY) equal to W,? Second, what are the geodesics? We answer both questions via
the following theorem.

Theorem 1.3.22 (Wasserstein geodesics). Let p, 1 € ?z,ac(Rd). Then,

1
Wajan, ) = inf{ [ otz de [ o+ divuo) =0 (1329
0

The infimum is achieved as follows. Let Xy ~ po and X; ~ p; be optimally coupled
random variables, let X; = (1 —t) Xo + t X1, and let yi; := law(X;). Then, t — p; is the
unique constant-speed geodesic joining iy to .

Proof. Suppose that 9,y + div(yv;) = 0. Then, f01||0t||L2(p,) dt > /Ollﬂl(t) dt. For a
partition 0 < t) <t < --- <t <1,

k 5w (tiz1, &)
2\ti—-1» l
Wa (po, p1) < Z Wa(ti-1, ti) Z —ti_1).

i=1 i=1 —tig

As the size of the partition tends to zero, we obtain Wa (g, p11) < fol |f2| (¢) dt. This shows
that W, (o, p11) is at most the value of the infimum.

To show that equality holds, let X; be defined as in the theorem statement and note that
E[1X:|1?] = ||o: ||i2 () by the correspondence of the Lagrangian and Eulerian perspectives.

(This can be verified by writing the vector field explicitly as v; = (T — id) o T, !, where
T, = (1 —1t)id +t T, ., —exercise!) Since E[I1X:]1?] = E[|X1 — XolI?] = W2 (po, p1) does
not depend on time, the curve has constant speed, and /01 Noellz2 () dt = Wa (o, p1).

To show uniqueness, again work in the Lagrangian perspective: suppose we have an
evolution t — X, of random variables such that t — E[||X;]|?] is constant, and Xy ~ o,
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X1 ~ py. Then, we have

2 r ) 1 2
| <5 [0l de = ( [ Mol )
0 0

where the last equality follow from the constant-speed assumption. In order for the first
inequality to be equality, (Xp, X;) is an optimal coupling. In order for the second inequality
to be equality, strict convexity of ||-||? implies that X; is constant in time and equal to its

average /01 X, dt = X1 — X,. O

1
Wy (o, p1) < B[lIX1 = XolI°] = E[”/ X; dt
0

Definition 1.3.24. Let p, 1 € Pz,ac(Rd), and let Xy ~ po, X1 ~ p1 be optimally
coupled. Let X; := (1 —t) X +t X3, and let p; = law(X;). Then, the curve t — p is
called the Wasserstein geodesic joining y to p. It is also called the displacement
interpolation or McCann’s interpolation.

Exponential map and logarithmic map. On a Riemannian manifold M, the Rie-
mannian exponential map exp, : T,M — M takes a tangent vector v € T,M to the
endpoint at time 1 of the constant-speed geodesic emanating from p with velocity v. The
logarithmic map is then defined to be the inverse mapping log,, : M — T, M. Actually,
in general, the exponential map is only defined on a subset of the tangent space, because in
many manifolds (e.g., the sphere), geodesics cannot continue indefinitely while remaining
shortest paths between their endpoints. On Euclidean space R, we have exp p(v) =p+vo
and log, (q) = g - p.

We can identify these maps for (Pya.(RY), Wy). If (Ht)ieqo,1) 1s @ Wasserstein geodesic
and V¢, is the optimal transport map from yq to p1, then the tangent vector to the
geodesic at time 0 is V¢, —id. This implies that log,, (11) = Vgy,—y, —id. The inverse
mapping is then given as follows: if Vi € T, P ac (R%) is such that id + Vi is the gradient
of a convex function, then exp, (V{) = (id + V¢/),po.

Geodesically convex functionals. Over a Riemannian manifold M, the correct way
to define convexity is as follows.

Definition 1.3.25. Let M be a Riemannian manifold and let & : M — R U {oo} be
smooth. For a € R, we say that J is a-geodesically convex if one of the following
equivalent conditions hold:
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1. For all geodesics (pt);c[o) and ¢ € [0, 1],

t(1-1t)

F(pr) < (1= 1) F(po) + T (p1) = ———— d(pu.p1)”,

where d is the induced Riemannian distance (1.3.21).

2. Forall p,qg e M,

F(q) > F(p) + (VF(p). log,(9))y + 5 d(p, )"

Here, V denotes the Riemannian gradient.

3. For all constant-speed geodesics (pt),c[o,] With tangent vector vy € Tp, M at
time 0, it holds that

#oF(pr) = allwoll?, -

1.4 The Langevin SDE as a Wasserstein Gradient Flow

We are now ready to interpret the Langevin diffusion (1.E.1) as a gradient flow in the
Wasserstein space (Py.a.(R?), Ws). Once we have done so, we will quickly deduce conver-
gence results for the Langevin diffusion based on gradient flow computations.

1.4.1 Derivation of the Gradient Flow

Let T : Py..(RY) — RU{co} be a functional over the Wasserstein space. We now compute
the Wasserstein gradient of F at y, i.e., the element Vy, F(y) € T,Psqc (RY) such that for
every curve t — p; with po = p, if vy is the tangent vector to the curve at time 0, then
I l=0F (ptr) = (Vw, F (1), v0)» where (-, -), is the inner product on T,,Pg,ac(Rd).

We will give a formula in terms of the first variation of J at y, denoted 6J (p). The
first variation is a function R? — R which satisfies 9;|—oF () = f 0F () o¢|i=ops. This
is almost the same as the L?(m) gradient of F, where m is the Lebesgue measure on RY,
except for a few differences: (1) there is no guarantee that 5F(u) € L?(m); (2) in order
to consider the L?(m) gradient, we would want F to be a functional defined over all of
L?(m), not just probability densities, and similarly we would have to consider all curves
in L?(m) rather than curves of probability densities.

As a consequence of looking only at probability densities, the first variation is only
defined up to an additive constant. Indeed, o;|;=op; always integrates to 0, so we can add
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any constant to the first variation. This does not cause any ambiguity, as we now see.

Recall that v; is the tangent vector to the curve of measures at time ¢ if the continuity
equation d;pi; + div(y;0;) = 0 holds and v; € T, Paac (RY). Using the continuity equation
with a curve such that py = g,

o3 = [ 87y al g == [ 65 divioun) = [ (Vo3G.00) dy.

(Here, the V is the Euclidean gradient.) Since VO (y) is the gradient of a function, from
our characterization of the tangent space we know that V6F (u) € TyPZ,aC(Rd). Therefore,
the equation above says that the Wasserstein gradient of I at p is VOF (p).

Theorem 1.4.1. Let F : P, ,.(RY) — R U {co} be a functional. Then, its Wasserstein
gradient at i is

Vw,F () = VoF (p),

where §F () is a first variation of F at p.

Since we take the Euclidean gradient of the first variation, the fact that the first variation
is only defined up to additive constant does not bother us.

The Wasserstein gradient flow of J is by definition a curve of measures t — p; such
that its tangent vector v; at time ¢ is v; = —Vy, I (). Substituting this into the continuity
equation (1.3.18), we obtain the gradient flow equation

oy = div(,utvwsz(yt)) = div(,uthSS’(yt)) .

Example 1.4.2. Consider F = KL(- || #) where 7 = exp(—V). This functional can

also be written as
_ e
?(u)—/,uln——/Vd,u+/,ulny.
T

These two terms have the interpretation of energy and (negative) entropy. From this,
we can compute that

0F (u) =V +In p + constant
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and therefore
Vi, T () =VV +Vinpu= Vln%.
The Wasserstein gradient flow of J satisfies
Oy = div(p,VIn %) )
Comparing with the Fokker-Planck equation d;71; = Z*m; and the form of the
adjoint generator <" for the Langevin diffusion (see Example 1.2.8), we obtain a

truly remarkable fact: the law t — m; of the Langevin diffusion with potential V is the
Wasserstein gradient flow of KL(- || 7).

The calculus of optimal transport was introduced by Otto in [Ott01], and it is often
known as Otto calculus; the interpretation of the Langevin diffusion in this context
was put forth in the seminal work [JKO98]. The paper [Ott01] also raises and answers a
salient question: given that we can view dynamics as gradient flows in different ways (e.g.
the Langevin diffusion can be either viewed as the gradient flow of the Dirichlet energy
in L?(7), or the gradient flow of the KL divergence in P;,.(R%)), what makes us prefer
one gradient flow structure over another? Otto argues that the Wasserstein geometry
is particularly natural because it cleanly separates out two aspects of the problem: the
geometry of the ambient space, which is reflected in the metric on P; ¢ (Rd), and the
objective functional. Moreover, the objective functional in the Wasserstein perspective is
physically intuitive because it has an interpretation in thermodynamics. From a sampling
standpoint, the Wasserstein geometry is undoubtedly more compelling and useful.

In our exposition, we focused on the calculation rules for Wasserstein gradient flows,
but this is not how they are normally defined. Instead, one usually considers a sequence
of discrete approximations to the gradient flow and proves that there is a limiting curve;
this is called the minimizing movements scheme and it is developed in detail in [AGS08].

1.4.2 Convexity of the KL Divergence

The key to studying gradient flows is to understand the convexity properties of the
objective functional. For the specific functional F = KL(- || ) with target 7 = exp(-V),
our next goal is therefore to compute the Wasserstein Hessian of 3. When we computed
Wasserstein gradients, we were free to differentiate I along any curve t +— p; of measures,
but we have to be more careful when computing the Hessian. If we take a function



48 CHAPTER 1. THE LANGEVIN DIFFUSION IN CONTINUOUS TIME

f: RY — R on Euclidean space and a curve t > x;, then 9, f (x;) = (Vf(x;), %:) and

G (xr) = (VEF(x2) K, %) + (VF (), o) -

Here, instead of just obtaining the Hessian, we have an additional term. However, if
t — x; is a constant-speed geodesic, then it has no acceleration (X; = 0), and the extra
term vanishes.

In the same way, let (p) ;[ ;) denote a Wasserstein geodesic. Explicitly, if T denotes
the optimal transport map from g to py, then py = [(1 —¢)id + t T].po. We will calculate
02]1=0F (p1t), as a function of the tangent vector T — id € T, P2 (R%); this is interpreted
as (V5 F (ko) (T = id), T — id)y,. If we can lower bound this by & ||T - id|[},, for all 4 and
all optimal transport maps T, it means that J is a-strongly convex.

Write E(p) = / V du for the energy and H(u) = f i 1n p for the entropy. We deal
with the two terms separately. First, for X; = (1 —t) Xy + ¢t T(X) and X, ~ po,

3 &(u) = EV(X;) = E<VV(Xt),Xt> =E(VV(Xy), T(Xo) — Xo),
|,y & () = E(VZV (Xp) (T(Xo) — Xo), T(Xo) — Xo) -
If V is a-strongly convex, then this is lower bounded by « ||T — id||20, which means that €
is a-strongly convex.

The entropy is slightly trickier. Write T; := (1 —t)id + ¢t T. Since (T;).p0 = 4, the
change of variables formula shows that

o _ det VT;.
pro Ty

Therefore,

?C(ut)=/ﬂtlnut=/uoln(ﬂt°Tt)=/uoln defowt
:J{(yo)—/,uolndet((l—t)Id+tVT).

Already from the fact that — In det is convex on the space of positive semidefinite matrices,

we can see that 9?3 (y;) > 0. A more careful computation (Exercise 1.19) based on the
derivatives of —In det shows that

& _ I () = / IVT = Iyli4s duo = 0. (1.43)

We have obtained the following result.
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Theorem 1.4.4. If & « exp(—V), where V is a-strongly convex, then KL(- || 7r) is also
a-strongly convex along Wasserstein geodesics.

Consequences of strong convexity. The strong convexity of the KL divergence implies
the following statement (c.f. Definition 1.3.25).

Theorem 1.4.5. If & « exp(—V), where V is a-strongly convex, then
KL(v | 7) > KL(u || 7) + (v1n Ty ld> + = Wz(y, V)

for all p, v € Py ac(RY).

We now explore the implications of this fact for the gradient flow. If t +— p; is the gradient
flow for a functional F with inf F = 0, then

aF () = (Vw,F (), =V F () Dy = =IIVw, T (I,
~—— —
tangent vector of the curve

So, t — F(p;) is always decreasing, and if the condition
IV, F(WI% > 20 F(p)  forall p € Pyac(R?)

holds, then the gradient flow converges exponentially fast, F(p;) < exp(—2at) F(pp), as a
consequence of Gronwall’s lemma (Lemma 1.1.21). This condition is known as a gradient
domination condition, or a Polyak-Lojasiewicz (PL) inequality. It is implied by strong
convexity: starting from

, a
F(v) = F(w) +(Vw,F(p), Ty — id), + 9 M’zz (V) (1.4.6)
we take v = p* = argmin J so that F(v) = 0, yielding

. a 1
F(p) < ~(Vw, F(p), Tymyyr — idy, — EM/ZZ(.U’.U*) < o IV, F (12,

where the last line uses Young’s inequality and ||T,_,,+ — id||, = Wa(p, #*). Therefore,
strong convexity implies exponentially fast convergence of the gradient flow. If we apply
this to the Langevin diffusion, we deduce that a-strong convexity of V implies

”|| - — FI(,u I7)  forall p € Pyac(RY). (1.4.7)

1
KL(p || 7) < > |V In
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This is precisely the log-Sobolev inequality (see Example 1.2.26); we have recovered the
Bakry—Emery theorem (Theorem 1.2.29) that CD(«, o) implies an LSI, as well as Theo-
rem 1.2.25 which asserted that an LSI yields exponentially fast decay in the KL divergence.

Next, starting from the strong convexity inequality (1.4.6), we take y = p* so that
Vi, F(p*) = 0, and hence

F(v) = % sz(v, ) forall v e Py, (Rd) )

This is a quadratic growth inequality; as the name suggests, it asserts that I’ must grow
quadratically away from its minimizer. For the Langevin diffusion, it says

KL(x || 7) > %%2(/1, 7)  forall p e Prac(RY). (1.4.8)

This is known as Talagrand’s T, inequality and it is an example of a transportation
inequality. Such inequalities have been closely studied in relation to the concentration of
measure phenomenon (see [Han16, Chapter 4)).

It is a general fact that the PL inequality implies the quadratic growth inequality.
When applied to the Langevin diffusion, it says that the LSI implies the T, inequality,
which is known as the Otto—Villani theorem [OV00]. See Exercise 1.17 for a proof.

Strong convexity also implies another fact: the gradient flow contracts exponentially
fast. Namely, if we have two gradient flows ¢t — p; and ¢t — v; for a strongly convex
functional &, then

Wy (pr, ve) < exp(—2at) Wy (o, vo) - (1.4.9)

In particular, if we take v; = p* for all ¢, then we obtain exponentially fast convergence to
the minimizer in Wasserstein distance. For the Langevin diffusion, inequality (1.4.9) is
implied by the following theorem (see Exercise 1.18).

Theorem 1.4.10. Suppose that V’V > aly for some a € R. If (Z;);5 and (Z}),5,
denote two copies of the Langevin diffusion (1.E.1) with potential V and driven by the
same Brownian motion, then

E[l|Z: - Z{II*] < exp(-2at) E[l|Zo — Z;|I°] -

Finally, in the case a = 0, so that J is weakly convex, we can also obtain a convergence
result by considering the Lyapunov functional £; =t F () + % W2 (py, ). In order to
differentiate this Lyapunov functional, we need the following theorem.
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Theorem 1.4.11. Forv € Py,.(RY), the Wasserstein gradient of i Wi (p, v) at p is
given by =2 (T, —id).

Proof. See [Vil09b, Theorem 23.9]. O

In general, on a Riemannian manifold, the gradient of d(-, ¢)* at p is —2 log,(q). Check

that this formula makes sense on Euclidean space R?.
Differentiating in time and applying (1.4.6) and the lemma,

L = F(p) = t IV, T (o), + (VT (), Ty — i), < 0.

<=F (i)

Hence, £; < Ly, which implies

1
T(pe) < o Wy (pos ) (1.4.12)

1.5 Overview of the Convergence Results

1.5.1 Convergence Results

The main convergence results we have developed can be summarized as follows.

o KL(-|| ) is a-strongly convex along W, geodesics if and only if V' is strongly convex,
if and only if: for all yo, v € Po(RY), if (Ht);s0> (Vi)so are Langevin diffusions
started at yo and vy respectively, then W2 (p, vi) < exp(—2at) W (po, o).

« The target x satisfies the log-Sobolev inequality (LSI) with constant 1/« if and only
if for all 7y € P;ac (RY), along the Langevin dynamics t + 7; started at r it holds
that KL(7; || 7) < exp(—2at) KL(7 || 7). The LSIis a gradient domination condition
in Wasserstein space.

« The target 7 satisfies the Poincaré inequality (PI) with constant 1/« if and only if
for all my € Pg,ac(Rd), along the Langevin dynamics t +— 7; started at 7 it holds
that y?(m; || r) < exp(—2at) y*(m || 7). The Poincaré inequality is a spectral gap
condition for the generator of the Langevin diffusion.

The conditions are listed from strongest to weakest: a-strong log-concavity implies
a~'-LSI, which implies &~*-Poincaré. In addition:
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« If the target 7 is log-concave, then along the Langevin dynamics ¢ +— ; it holds

that KL(7; || 7) < o W7 (o, 7).

When we turn towards discretization analysis, there are two main ways in which the
continuous-time result affects the analysis: the strength of the continuous-time result,
and the metric in which we must perform the analysis.

Regarding the first point, the first two results are generally more useful because at
initialization, we typically have W} (ro, ), KL(7o || r) = O(d) (at least when  is strongly
log-concave). Hence, exponential convergence in W and KL both imply that the amount
of time it takes for the Langevin diffusion to reach ¢ error is O(log(d/¢)). In contrast, the
chi-squared divergence is typically much larger at initialization: y?(mo || 7) = exp(O(d)).
Therefore, the chi-squared result implies that the Langevin diffusion takes O(d Vv log(1/¢))
time to reach ¢ error.

Regarding the second point, the W, contraction under strong log-concavity is the
easiest to turn into a sampling guarantee for the discretized algorithm. This is because
to bound the W, distance, we can use straightforward coupling techniques. On the other
hand, a continuous-time result in KL or y? often requires the discretization analysis to
also be carried out in KL or y?, which is substantially trickier.

1.5.2 Appendix: Divergences between Probability Measures

As we have already seen, the analysis of Langevin introduces many different notions of
divergences between probability measures. Therefore, it is important to develop a healthy
understanding of the relationships between these divergences.

First of all, there is a distinction between the Wasserstein metric, which is a transport
distance (measuring how far we must move the mass of one measure to the other), and
information divergences which are defined directly in terms of the densities such as the
KL divergence and the chi-squared divergence. Note that the latter two divergences are
infinite unless the first argument is absolutely continuous w.r.t. the second, which is
certainly not the case for the Wasserstein metric.

We introduce another important metric.

Definition 1.5.1. The total variation (TV) distance between probability measures

1, v € P(X) is defined via

= vl = sup uA) = (A = s | [rau- [ ray

ACX f:x—[0,1




1.5. OVERVIEW OF THE CONVERGENCE RESULTS 53

1 (dy dv
= inf [ 1 dedy) = = [ |1 - Lan,
yelC‘fr(ly,v)/ {x # y}y(dr,dy) 2/ & @l

where A is a common dominating measure for y and v.

The TV metric is indeed a metric on the space £ (X) (in fact, it can be extended to a
norm on the space M(X) of signed measures). The TV distance can be thought of as both
a transport metric (with cost (x,y) — 1{x # y}; in fact, the TV distance is a special case
of the W; metric introduced in Exercise 1.12) and an information divergence.

The family of information divergences can be further expanded by introducing the
following definition.

Definition 1.5.2. Let p,v € £(X), and let f : Ry — R be a convex function with
f(1) = 0. Then, the f-divergence of u from v is

d
Dr(pll v) ::/f(d—l:)dv, ifu<v.

In general, if y < v, we let p,, p, denote the respective densities of y and v w.r.t. a
common dominating measure. Then,

Dyl v) = / 0f(@) &+ /(o0 gy = 0}
pv>

v

For example, the TV distance corresponds to f(x) = % |x — 1|, the KL divergence corre-
sponds to f(x) = xInx, and the y? divergence corresponds to f(x) = (x — 1)>. When f
has superlinear growth, then f”(c0) = co and hence D¢ (y || v) = co unless y < v, but the
second more general definition given above is necessary to recover the TV distance.

We always have y* > In(1+ x*) > KL > 2]|-||3, (the last inequality is Pinsker’s
inequality, see Exercise 2.13), and under a T, transport inequality with constant ™!
(which is implied by a~'-LSI) we have KL > % W7. This chain of inequalities helps to
explain why, if the KL divergence is of order d, then the y? divergence is of order exp d.

In Section 2.2.4, we will also introduce the closely related family of divergences known
as Rényi divergences.

We conclude by stating a few key facts (without complete proofs) about f-divergences.
The first is the data-processing inequality. Below, given a Markov kernel P and a mixing
measure j, we write pP := f P(x,-) p(dx) for the mixture distribution.
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Theorem 1.5.3 (data-processing inequality). Suppose that p, v € P (X) and that P is
any Markov kernel. Then, for any f-divergence, it holds that

Dy(pP || vP) < Dr(pllv).

Equivalently, D¢(- || -) is jointly convex in its two arguments.

Proof sketch. To simplify, we will abuse notation and identify all probability measures
with densities. Then, by Jensen’s inequality,

Dy || v) = / f(%) v(dx) P(x, dy)
3 p(x) P(x,y), v(dx) P(x,y)
‘/ oy~ b T

p(x) P(x,y) v(dx) P(x, y) uP(y)
Z/f(/voc)P(x,y) ) P - /f VB(y)) T O

The remaining facts are specific to the KL divergence. The Donsker—Varadhan theorem
expresses the KL divergence via a variational principle.

Theorem 1.5.4 (Donsker—Varadhan variational principle). Suppose that i, v € P(X),
where X is a Polish space. Then,

KL(p || v) = sup{Eyg —InE,expg | g : X — R is bounded and measurable} .

The theorem asserts that the functionals p — KL(z||v) and g — InE, exp g are convex
conjugates of each other. See [DZ10, Lemma 6.2.13] or [RS15, Theorem 5.4] for careful
proofs, or see the remark after Lemma 2.3.4.

Lastly, we have the chain rule for the KL divergence.

Lemma 1.5.5 (chain rule for KL divergence). Let Xy, X, be Polish spaces and suppose
we are given two probability measures p, v € P (X1 X Xy) with u < v. Let i1 be the X4
marginal of 1, and let pi5)1 (- | -) be the conditional distribution for y on X, conditioned
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on Xi; likewise define vi and v,)y. Then, it holds that

KL(u 11 v) = KL(u [ 1) + / KL (a1 2) || v - | 20)) ()

We invite the reader to prove the chain rule in the discrete case (X; and X, are finite
sets), free of measure-theoretic guilt.

Bibliographical Notes

Much of the material in this chapter is foundational, with entire textbooks giving com-
prehensive treatments of the topics. For stochastic calculus, there is of course a long list
of textbooks, but as a starting place we suggest [Ste01; Le 16]. For Markov semigroup
theory, see [BGL14; Han16]. For optimal transport, the core theory is developed in [Vil03;
San15], and for a rigorous development of Otto calculus see [AGS08; Vil09b].

The notion of solution used in Section 1.1.3 is more typically called a strong solution to
the SDE, because given any Brownian motion B we can find a process X which is driven
by B and which satisfies the SDE. There is also a notion of weak solution, in which we are
allowed to construct the probability space (Q, #, (%#);>(, P) and the Brownian motion B
together with the solution X. We will not worry about the distinction in this book, since
strong solutions suffice for our purposes.

See [San15, §1.6.3] for an elegant proof of strong duality for the optimal transport
problem via convex duality.

The perspective of the Langevin diffusion as a Wasserstein gradient flow was intro-
duced in [JKO98]; the application of Otto calculus to functional inequalities was given
in [OV00]; and the calculation rules for Otto calculus were set out in [Ott01]. These three
papers are seminal and are worth reading carefully. An alternative (but related) approach
to functional inequalities via optimal transport is given in [Cor02]. The formal proof of
the Otto—Villani theorem in Exercise 1.17 was made rigorous via entropic interpolations
in [Gen+20]; see [BB18] for a generalization.

The Efron-Stein inequality in Exercise 1.2 is just one example of the use of martingales
to derive concentration inequalities; see [BLM13; Han16] for more on this topic. We will
also revisit the martingale method in the next chapter; see Exercise 2.15.

The upper bound (1.E.2) in Exercise 1.11 is surprisingly sharp: it holds that

Lo 12 12 /2 «1/2
S 1m0 = 21 s < WE o) = llmo = mall? < 1155 = 21 s

see [CV21, Lemma 3.5].
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The proof of the dynamical formulation of dual optimal transport in Exercise 1.13 is
carried out rigorously in [Vil03, §8.1]. We mention that the Hamilton—Jacobi equation
has a close connection with classical mechanics; in particular, the characteristics of the
Hamilton-Jacobi equation are precisely Hamilton’s equations of motion [Eval0, §3.3].
In the context of optimal transport, the Hamiltonian consists only of kinetic energy (no
potential energy) and hence the characteristics are straight lines traversed at constant
speed; this is of course consistent with the description of Wasserstein geodesics. The
Hamilton-Jacobi equation, the Hopf-Lax semigroup, and their connection with optimal
transport can also be generalized to other costs; see [Vil03, §5.4].

Exercises

A Primer on Stochastic Calculus

> Exercise 1.1 (Doob’s L” maximal inequality)

Prove Doob’s L? maximal inequality (Corollary 1.1.31) for discrete-time submartingales.
Hint: Start with the inequality AP(My, > A1) < E[My 1{My, = A}] from the proof

of Theorem 1.1.30, where M}, := maxy—;,.,v Mx. Compute the L?(P) norm of My, by

integrating the tails, and apply the above inequality together with Holder’s inequality.

> Exercise 1.2 (orthogonality of martingale increments)
Let (M), be a discrete-time martingale which is adapted to a filtration (%), and
satisfies E[M?] < oo for all n € N. Let A, := M,4+; — M, denote the martingale increment.

1. Prove that for m,n € N with m # n, E[A,;A,] = 0: the martingale increments are
orthogonal. In particular, if My = 0, then E[M?] = 3} E[A?].

2. Let (X;)[-, be independent random variables taking values in some space X, and
suppose that the function f : X" — R is bounded and measurable. Check that if
My = E[f(X1,...,Xp) | X1,...,Xk], then the Doob martingale (My);_, is indeed
a martingale. Then, using the previous part, prove the following tensorization
property of the variance:

var f(X1,...,X,) < EZVar(f(Xl,...,Xn) |X_k),
k=1

where X_i = (X1, ..., Xi—1, Xis 1 - - - Xn).
3. Define the discrete derivative

Dif(x) = sup f(X1, ..., X1, Xpo Xka1s - - - » Xn)
x,;ex
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- i,rgcf(xl,...,Xk_l,x,Q, Xt - - s Xn) -

Prove the inequality
1 n
var f(X1, ..., X,) < ZEZ (Def (X1, ..., X))
k=1

This inequality, known as the Efron-Stein inequality, expresses the fact that
a function f of independent random variables which is not too sensitive to any
individual coordinate has controlled variance. This is a concentration inequality
which has useful consequences in many probabilistic settings, see, e.g., [BLM13].

Hint: First prove that a random variable which takes values in [a, b] has variance
bounded by 41} (b —a).

> Exercise 1.3 (L? bounded martingale convergence theorem)
Let (M) ey be a discrete-time martingale which is adapted to a filtration (%) <. Assume
that the martingale is bounded in L?(P): sup,.yE[M2] < B? < oo. Prove that the
martingale converges a.s. and in L?(P) to a limit M, with E[M2] < B2
Hint: For the a.s. convergence, it suffices to show that for all ¢ > 0, the event
{ lim sup |[My,—M,| > 8}
M= yeN, n>m
has probability zero. To do so, use Doob’s maximal inequality (Theorem 1.1.30) and
orthogonality of martingale increments (Exercise 1.2).

> Exercise 1.4 (explosion of ODEs)
Solve the following ODE on R: x; = b(x;) with initial condition x, € R, where b(x) = |x|%,
a > 0. Show that

1. when 0 < a < 1, there are multiple solutions to the ODE (with initial condition
Xo = 0) so that uniqueness fails;

2. when o = 1 (and hence b is globally Lipschitz), there is a unique solution to the
ODE which is finite for all time;

3. when o > 1, then the solution to the ODE blows up in finite time.

> Exercise 1.5 (Ornstein—-Uhlenbeck process)
One of the most important diffusions that we will encounter is the Ornstein-Uhlenbeck
(OU) process, which solves the SDE

dX, = —X, dt + V2 dB, .
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Give an explicit expression for X; in terms of X, and an It6 integral involving (B;);s.
From this expression, can you read off the stationary distribution of this process?
Hint: Apply It6’s formula to f(¢,X;) = X; expt. To find the stationary distribution,

justify the following fact: if (1), is a deterministic function, then /OT n¢ dB; is a Gaussian

: . T
with mean zero and variance fo n? dt.

Markov Semigroup Theory

> Exercise 1.6 (generator for general SDEs)
Compute the generator for a general time-homogeneous SDE dX; = b(X;) dt + o(X;) dB;.

> Exercise 1.7 (basic properties of the Markov semigroup)
Let (P);>( be a Markov semigroup with carré du champ T

1. Prove that if ¢ : R — R is convex, then P;¢(f) = ¢(P.f) and LP(f) > ¢'(f) Lf

whenever the expressions are well-defined.

2. If (X;);»( denotes the Markov process associated with the semigroup and f is smooth,

then the process t — f(X;) — /Ot Z f(X;) ds is a continuous local martingale. In
particular, (f(X;)),s, is a continuous local martingale if and only if Z f = 0.

3. Prove that for f,g € L?(7) in the domain of the carré du champ, we have the
Cauchy-Schwarz inequality I'(f, g) < \/I'(f, f) T'(g, 9).
Hint: For A € R, consider 0 < I'(f + Ag, f + Ag) and use bilinearity.

> Exercise 1.8 (functional inequalities and exponential decay)

Prove the equivalence between the Poincaré inequality and exponential decay of variance
(Theorem 1.2.20), and the equivalence between the log-Sobolev inequality and exponential
decay of entropy (Theorem 1.2.21).

> Exercise 1.9 (log-Sobolev implies Poincare)
Linearize the log-Sobolev inequality to obtain the Poincaré inequality.
Hint: Argue that if f € C®(RY) satisfies /fdﬂ =0, then

KL((1+ef) 7 || =) = %/f2 dr +o(€?). (1.E.1)

> Exercise 1.10 (mixing of the Ornstein—Uhlenbeck process)

Consider the Ornstein-Uhlenbeck process (X;),s, introduced in Exercise 1.5. Note that

2
this is just an instance of the Langevin diffusion with potential V(x) = @
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1. Using the explicit solution of the OU process, show that the semigroup has the
explicit expression

Pif(x) = E f(exp(—t) x + /1 — exp(-2¢) ), &~ normal(0,1) .

Using this expression for the semigroup, compute the generator by hand and check
that it agrees with the general formula obtained in Example 1.2.4.

2. Show that for the OU process, VP, f = exp(—t) P;Vf. Next, by differentiating the
Dirichlet energy t — & (P, f, P;f), show that &(P;f, P;f) < exp(-2t) &(f, f). Ex-
plain why this implies a Poincaré inequality for the standard Gaussian distribution.

Hint: For a general Markov semigroup, show that var, f = 2 fooo &(Pif, P f)dt by
differentiating t + var,(P;f).

In Chapter 2, we will generalize these calculations to prove Theorem 1.2.29.

The Geometry of Optimal Transport

> Exercise 1.11 (optimal transport between Gaussians)

Let po = normal(mg, %y) and p; := normal(my, %1); assume that ¥y > 0. Compute the

optimal transport map from g to y, as well as the cost Wy (po, p11). [By Brenier’s theorem,

it suffices to find the gradient of a convex function which pushes forward g to ;.]
Also, exhibit a coupling to prove the upper bound

WE (g0, ) < llmo = mal|* + (125 = =121 - (1E.2)

Finally, suppose that vy, v; are probability measures, and suppose that po, p; are
Gaussians whose means and covariances match those of vy and v; respectively. Then,
prove that Wa(vg, v1) = Wa (o, pi1).

Hint: For the last statement, use the fact that the dual potentials for optimal transport
between Gaussians are quadratic functions.

> Exercise 1.12 (optimal transport with other costs)
In this exercise, we consider optimal transport with a general cost function c as in (1.3.2).

1. By following the proof of Theorem 1.3.8, argue that the optimal dual potentials
(f,g) are c-conjugates, i.e., f = ¢g° and g = f° where

9°(x) = ;25{0(’“’ -9}, [y = SuDIg{C(x, y) = f(¥)}, (1LE.3)
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and that

Te(pv) > sup {/fd,u+/fcdv},

fel'(w)

Under general conditions, equality holds; see [Vil09b, Theorem 5.10].

Functions of the form (1.E.3) are called c-concave.

2. Let X = Y be a metric space with metric d. For all p > 1, we can define the
p-Wasserstein distance

W;(y, v) = inf / d(x,y)? y(dx,dy) .
ye€(py)

Let #,(X) denote the space of probability measures 1 over X such that for some
xo € X, f d(xo, -)? du < co. Show that (P, (X), W,) is a metric space.

3. In the case p = 1, show that if (f,g) are d-conjugates, then f = —g and f is
1-Lipschitz. Deduce the duality formula

Wi(p,v) = sup{/ fdu— / fdv ‘ f: X > Ris 1-Lipschitz} . (L.E4)

> Exercise 1.13 (dynamical formulations of optimal transport)

The formula (1.3.23) shows that the W, distance between py and p; equals the smallest
arc length of any curve joining py and p;. It is also true that the squared W, distance
minimizes the energy or action of any curve joining yy and i, in the following sense:

1
W2 (o, ,ul):inf{ / lodl122,,, dt | deps + div(paoe) :o}. (LE.5)
0

Although the problems (1.3.23) and (1.E.5) both identify geodesics in the Wasserstein space,
the latter problem has more favorable properties. Namely, the minimizing curves in (1.3.23)
are geodesics, but they may not have constant speed (indeed, the arc length functional
is invariant under time reparameterization of the curve); in contrast, minimizing curves
in (1.E.5) necessarily have constant speed. Also, we can reparameterize problem (1.E.5)
by introducing the momentum density p; = p;0; and write

1
VVZZ(IJO, ﬂl) = lnf{/ ( ||Pt
0 Ht

[§

)dt ‘ Sty + div py = o}, (1E.6)
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which is now a strictly convex problem in the variables (y, p). This convenient reformula-
tion is known as the Benamou-Brenier formula [BB99].

Just as (1.E.5) describes the dynamical version of the static optimal transport prob-
lem (1.3.5), there is a dynamical formulation of the dual optimal transport problem (1.3.7),
in which the dual potential evolves according to the Hamilton-Jacobi equation

1
8tut + 5 ”Vut”Z =0. (1E7)
Then, it holds that

1 1
~ W (o, 1) = sup] / uy dpy — / o dpo | s+ | Vu? = 0f (LE.8)

The goal of this exercise is to justify and understand these facts.

1. Show that the mapping R.o X R — R, (1, p) + ||pl|?/p is strictly convex. Also,
compute the convex conjugate of this mapping. Deduce that the Benamou-Brenier
reformulation (1.E.6) is a strictly convex problem.

2. Ignoring issues of regularity, show that the solution u; of the Hamilton-Jacobi
equation with initial condition uy = f is described by the Hopf-Lax semigroup

W) = Quf () = inf {F(w) + 5 Iy =7}

3. Following the proof of Theorem 1.3.8, show that the dual optimal transport prob-
lem (1.3.7) can be written

%sz(llo,lll) = sup {/ Q1f dm _/fdﬂo}’

feL(po)

where Q; denotes the Hopf-Lax semigroup at time 1. From this, deduce that the
formula (1.E.8) holds.

4. Although the previous part gives a proof of the dynamical formulation (1.E.8), it
is unsatisfactory because it only involves an analysis of the static primal and dual
problems. Here, we present a purely dynamical proof. The continuity constraint
oy +div p; = 0 in (1.E.6) can be reformulated as follows: for any curve of functions
[0,1] xRY > R, (t,x) — u(x),

1 1
/u1 dy; — / updpy = / (8t/ Us d,ut) dt = / (/ (Oruy py + uy 8t,ut)) dt
0 0
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= ‘Al(/ (Qruy + <Vut, %)) d,ut) dt.

This can be incorporated as a Lagrange multiplier in (1.E.6):

1, . b lpl?
EWZ (pos 1) = inf sup {/ —dt+/u1 d,ul—/uod,uo
0

p:[0,1] xR R, u:[0,1]XR4—-R 2t

p:[0,1]xR4—R?
1
- /0 (/ (8tut + <Vut, %>) dﬂt) dt}

Assume that the infimum and supremum can be interchanged (here, we are invoking
an abstract minimax theorem, which crucially relies on the convexity of the problem
established in the first part). Use this to prove that

1 1

5 sz()uO:,ul) = Sup{/ [Z5] d/ll - / Ug d/l() 8tut + 5 ||Vut||2 < 0}

and that equality holds only if the Hamilton-Jacobi equation (1.E.7) holds, and
if Vu; = v; = py/p;. Note that this also establishes that the optimal vector fields
(0t)teq0,1] are gradients of functions.

5. Let t — p; be a Wasserstein geodesic and let ¢t — v; be its associated curve of
tangent vectors. Prove that d;0; + Vo, 0; = 0. (This statement follows from the
previous part by differentiating the Hamilton—Jacobi equation in space. Try to also
give a more direct proof of this equation.)

Hint: If X, = v;(x;), then because particles travel with constant velocity along
Wasserstein geodesics, ¢ — x; is constant.

> Exercise 1.14 (Wasserstein space has non-negative curvature)
Let t — p; denote a Wasserstein geodesic. By finding an appropriate coupling, prove that
for all t € [0,1] and all v € P5(RY),

Wy (i v) 2 (1= 1) Wy (o, v) + t Wy (an, v) — £ (1 = ) Wi (o, p1r) - (1E.9)
Compare this to the following equality on R%: if x; = (1 — t) xo + t x1, then
e = yll* = (1= 1) llxo = ylI” + £ llxer = yll* = £ (1= 1) [|x0 = x| (1E.10)

The equality (1.E.10) expresses the fact that R? is flat, whereas the inequality (1.E.9)
expresses the fact that P,(R?) (equipped with the W, metric) is non-negatively curved,
like a sphere. See Section 2.6.2.
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The Langevin SDE as a Wasserstein Gradient Flow

> Exercise 1.15 (reconciling the SDE and Wasserstein perspectives)

Let ¢ : R? — R be a smooth test function and let § > 0. First, consider the Langevin
diffusion dZ; = -VV(Z,) dt + V2 dB; started at Z, ~ Ho, and compute E ¢(Zs) up to first
order in é.

Next, if oy = div(p,V In(p /7)), with 7 oc exp(—V), then we can interpret this as a
fluid flow: let Xy ~ o, and X; = =V In(y;/7)(X;), so that X; ~ y;. Compute the quantity
E ¢(Xs) up to first order in 6.

Check that the two expressions you computed match (up to first order in J). Note that
these calculations are implicit in §1.2 and §1.4, but it is illuminating to directly connect
the Langevin diffusion to the Wasserstein gradient flow.

> Exercise 1.16 (Wasserstein calculus for f-divergences)
Compute the Wasserstein gradient of the functional y?(- || 7). Use the rules of Wasserstein
calculus to compute 8; y*(r; || 7r), where t + 7; is the law of the Langevin diffusion with
stationary distribution 7. Check that the result agrees with a calculation based on Markov
semigroup theory.

More generally, let f : R — R, and consider the f-divergence

Dyl 7) = /f(%) dr .

Compute the Wasserstein gradient of D¢ (- || ). For bonus points, calculate the Wasserstein
Hessian as well.

> Exercise 1.17 (Otto—Villani theorem)

Consider the gradient flow t +— p; of a functional J with inf § = 0. Assume that the
PL inequality ||Vw,F (1) ||f, > 2a F(p) holds, and that the gradient flow converges to the
minimizer of F. Argue that o;Wa (s, pto) < ||Vw, F () ll1,» and then show that

8t(\/ng(ut, Ho) + v?(#t)) <0.

Conclude that a quadratic growth inequality holds.

> Exercise 1.18 (contraction of the Langevin diffusion)
In this exercise, we explore different proofs of contraction.

1. Suppose that V : R? — R is a-strongly convex. Let t > x;, t +> y; be two gradient
flows for V. Show that ||x; — y;||* < exp(—2at) ||xo — yoll?.
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2. Next, prove Theorem 1.4.10. In fact, show that we have the almost sure contraction
1Z: = Z[|| < exp(—at) ||Zo — Zgl.

Hint: Apply 1t6’s formula (Theorem 1.1.18) to f(z,2’) = ||z — 2||%.

3. Let F : P2ac(RY) — Rbe an a-convex functional, and let (p;),5¢, (Vi);50 be gradient
flows for J. Prove that

sz (pe, vi) < exp(—2at) sz (1o, Vo)

using the following steps. First, compute the derivative of t +— W} (py, v;) us-
ing Theorem 1.4.11. Next, apply the strong convexity inequality (1.4.6) to obtain
two inequalities F(y;) > F(v;) +--- and F(vy) > F(ip) + - - -. Adding these two
inequalities, deduce that 3tWZ2 (e, ) < —2a sz (s> vp).

> Exercise 1.19 (smoothness along Wasserstein geodesics)
For a functional J over the Wasserstein space, let us say that it is f-smooth if, for all
constant-speed geodesics (4),c[o;; With initial tangent vector vy = T - id, it holds that

Fle=oF () < BIIT = id]l7,.

1. Show that the potential energy functional € corresponding to a potential V with
V2V < Bl is B-smooth.

2. Establish the expression (1.4.3) for the entropy JH and argue that J{ is non-smooth.

Overview of the Convergence Results

> Exercise 1.20 (divergences at initialization)
Let 7 « exp(=V) where al; < V2V < BI;. Assume in addition that V is minimized at
0. Let k := f/a denote the condition number. Show that if we initialize at the measure
o = normal(0, B711;), then In sup(pp/7) < %ln k. What does this imply about the size of
KL(po || 7r) and y?(po || 7r) at initialization?

What can you say about W (g, 77)?



CHAPTER 2

Functional Inequalities

In this chapter, we explore the connection between functional inequalities, such as the
Poincare and log-Sobolev inequalities, and the concentration of measure phenomenon.

2.1 Overview of the Inequalities

2.1.1 Relationships between the Inequalities
The main inequalities that we study in this chapter are the following:

« the Poincaré inequality (PI), as specialized to the Langevin diffusion (see Exam-
ple 1.2.22):

varg(f) < Cpi Ex[|IVfII?],  for all smooth f : R? -» R,

« the log-Sobolev inequality (LSI), as specialized to the Langevin diffusion (see Ex-
ample 1.2.26):

ent,[(fz) < 2CLsi E”[||Vf||2] , for all smooth f : RY 5 R,

« and Talagrand’s T, inequality

1
KL >
() > 5=

T

Wi (p, 1), for all 1 € P,(RY).

65
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In addition, using the W; metric introduced in Exercise 1.12, we consider
« Talagrand’s T; inequality

1

KL >
(ullm) 2 5

WE(p, 1), for all u € P (RY).

1

In many cases, arguments involving Poincaré and log-Sobolev inequalities hold more
generally in the context of reversible Markov processes, and when this is case we will try
to use notation from Markov semigroup theory (e.g., writing E, T'(f, f) or &(f, f) instead
of E;[||VfII?]) to indicate that this is the case. However, for clarity of exposition, we do
not dwell on this point, and we urge readers to focus on the case in which the Markov
process is the Langevin diffusion.

Although the Poincaré and log-Sobolev inequalities are stated above for smooth func-
tions f : R* — R, once established they can be extended to a wider class of functions (e.g.,
locally Lipschitz functions) by arguing that smooth functions are dense w.r.t. appropriate
norms. Throughout the chapter, we omit mention of such approximation arguments.

Write PI(C) to denote that the Poincaré inequality holds with constant C, and similarly
for the other inequalities. We have the following relationships.

+ The Bakry—Emery theorem (Theorem 1.2.29) shows that a-strong log-concavity of
m implies that 7 satisfies LSI(a™?).

« The Otto—Villani theorem (Exercise 1.17) shows that LSI(C) implies T»(C).

« Since W; < W,, then T,(C) obviously implies T;(C). On the other hand, we will
show below that T,(C) implies PI(C) as well. Combined with the previous point,
this shows that LSI(C) implies PI(C), which was shown directly in Exercise 1.9.

« In general, Pl and T; are incomparable (Exercise 2.14).

2.1.2 Linearization of Transport Inequalities

To prove that T,(C) implies PI(C), we linearize the transport cost. It will be convenient
for future purposes to prove a more general version of the linearization principle.

Proposition 2.1.1 (linearization of transport cost). Letc : R x R — R, be a lower
semicontinuous cost function. Assume that c(x,x) = 0 forall x € R, that there exists
8 > 0 for which c(x,y) > 68 ||x — y||? for all x,y € R?, and that there is a measurable
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mapping x — Hy > 0 such that for each compact K C R?,

suplc(x+hx)——(hHh>|—o(||h||) ash — 0.
xeK

Then, for any y € P(R?) and f € C=(R?) with /fd/l =0, it holds that

(f £ dp)’
2 [(Vf(x),Hy! VF(x)) p(dx)

1
liminf 5 %e(u (1+ef) u) 2

Proof sketch. Fix A € R. Using the dual formulation given in Exercise 1.12,

> [eraus [Geprav= [ Geprar

Here, (Aef)“(x) = infjcpa{c(x+h, x)—Aef (x+h)}, and using the assumption on ¢ together
with the compact support of f, one can justify that the infimum is attained at a point h
with ||h|| = O(¢). Then,
1
(Aef)"(x) = infd{é (h, Hxh) = Aef (x) = Ae (Vf(x), h) } +o(&?)
heR

> ~Aef(x) - £<Vf(x) H Vf(x)) +0(e) .

Hence,

2 2
Tl e i) =22 [ = (970012 9760y i

and the result follows by optimizing over A. O

Corollary 2.1.2 (T, implies Pl). If & satisfies T,(C), then it satisfies P1(C).

Proof. Let f € C=°(RY) and apply the linearization in the preceding proposition to the
quadratic cost c(x,y) = % llx = y||? with Hy = I, for all x € R%. Then, T,(C) yields

£2 24 2
(/f +o(?).

2CKL((1+gf)7T||7T)ZW2( (1+ f) )—W
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On the other hand, the linearization (1.E.1) of the KL divergence in Exercise 1.9 yields

2
KL((1+ef) || n) = % /f2 dr +o0(£%) .
Comparing terms proves the result. ]

In Exercise 2.1, we explore a perhaps more intuitive approach to linearizing the 2-
Wasserstein distance via the Monge—Ampere equation.

2.2 Proofs via Markov Semigroup Theory

2.2.1 Commutation and Curvature

In Section 1.2.3, we introduced the iterated carré du champ operator I,, as well as the

curvature-dimension condition I (f, f) > aT'(f, f) (denoted CD(«, c0)). Since this con-

dition plays a key role in the subsequent calculations, our goal is to demystify this idea.
By definition, the iterated carré du champ is

L) = S LT ) - 2T 20}

For the case of the Langevin diffusion with carré du champ T'(f, f) = ||Vf|%

L) = S AZAVFID) - 2 (VL VL) (.21)

Recall that Zf = Af — (VV,Vf), where V is the potential. Let us begin with the simple
case in which V = 0, so Z is the Laplacian A (the generator of V2 B, where B is standard
Brownian motion). In this case, the iterated carré du champ turns out to simply be the
operator I (f, f) = ||[V?fll%, which is known as the Bochner identity:

%A(IIVfIIZ) = (VAL V) + IVl (2.2.2)

Consequently, A satisfies CD(0, 00).

It may seem strange at first sight to give such a fancy name to the seemingly innocuous
identity (2.2.2), which is a simple exercise in calculus. However, the importance of the
Bochner identity begins to reveal itself through the following fact: the identity continues
to make sense on a Riemannian manifold, except that there is an extra term involving the
Ricci curvature of the manifold.

% AIVEI®) = (VAL V) + IVl + Ric(V£, V) .
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We will defer a fuller discussion of Riemannian geometry for later, but for now we can
get a hint at the role of the curvature by observing that the Bochner identity (2.2.2) on R¢
follows from the equation’

VAf —AVFf =0 (2.2.3)

by taking the inner product with Vf and applying the identity

S AIVFIP) = div(V2f V) = (AVF V1) + IVl

In turn, the equation (2.2.3) shows that the Laplacian commutes with the gradient operator,
which is true because partial derivatives commute on RY: this is a manifestation of the
fact that R? is flat. In contrast, the very definition of curvature on a Riemannian manifold
is usually based upon the lack of commutativity of differential operators.?

Turning now to the Langevin generator Z, the identity (2.2.3) is replaced by

VLf-ZVf=-VVVFf. (2.2.4)

Hence, the commutator of V and & brings out the curvature of the measure 7 « exp(-V),
and the plan is to exploit this in order to prove functional inequalities. The identity (2.2.4)
then yields the following formula for the iterated carré du champ:

L(f. ) = IV flifs + (V. V2V V). (2.2.5)

In particular, if V2V > al; > 0, then the curvature-dimension condition CD(«, o) holds,
which was asserted as Theorem 1.2.30.

2.2.2 The Brascamp-Lieb Inequality

As a first illustration of the use of curvature, we prove the Brascamp-Lieb inequality,
which is a strong form of the Poincaré inequality. This inequality will also gain a natural
interpretation via a diffusion process in Section 10.2.

The proof method in this section is known as Hérmander’s L?> method. The starting
point is to write down a dual form of the Poincaré inequality.’

Here, A acts on Vu component by component.

Loosely speaking, the idea of curvature is that travelling in direction u and then direction v is not
exactly the same as travelling in direction v and direction u. Algebraically, this is captured by studying the
difference between differentiating along vector field X and then vector field Y, or vice versa.

3The idea of dualizing the Poincaré inequality also appears in Exercise 2.1, in which the Poincaré
inequality is deduced from an inequality on (-Z)~".
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Lemma 2.2.6. Let 7 « exp(—V) be a probability measure on R¢, where V is contin-
uously differentiable; let £ be the corresponding Langevin generator. Suppose that
A : RY — PD(d) is a matrix-valued function mapping into the space of symmetric
positive definite matrices such that for all smoothu : R — R,

E.[(Zu)?] > E,(Vu, AVu). (2.2.7)
Then, for all smooth f : R* — R it holds that

vary f < B (Vf, AT Vf).

Proof. Assume that E,; f = 0. Recall that E;, Zu = 0 for any u, sothat E, f = 0isa
necessary condition for the solvability of the Poisson equation —Zu = f. For simplicity,
we will assume that this condition is also sufficient.

If we express E, [ f%] terms of u and apply integration by parts (Theorem 1.2.14) and
Cauchy-Schwarz, we obtain

Ex[f?] = 2B [f (-2) u] — Ex[(Lu)’]
< 2E,(Vf,Vu) —E(Vu, AVu)
< 2VEAVF, ALV E(Vu, AVu) — BE(Vu, AVu) < E(Vf{,A'Vf). @O

The point is that the condition (2.2.7) can now be checked with the help of curvature.
Suppose that 7 o« exp(—V) where V is twice continuously differentiable and strictly
convex. Then, using integration by parts (Theorem 1.2.14),

1
Er[(Zu)%] = —Ex(Vi, VLU) = Br [D(u,u) — = Z([IVull®)] = ExTa(u,u)
2 |
because E,; £=0

by (2.2.1)
= Ex[[IVullfs + (Vu, V2V V)] .

by (2.2.5)

Applying the lemma, we obtain the following result.

Theorem 2.2.8 (Brascamp-Lieb inequality). Let & o exp(—V), where V is strictly
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convex on R? and twice continuously differentiable. Then, for all f : R — R,

var, f < E(Vf, (V2V) 1 VF).

When V2V > al; > 0, then this implies that a Poincaré inequality holds for x with
constant Cp; < 1/a. However, the Brascamp-Lieb inequality is much stronger, as it allows
us to take advantage of non-uniform convexity.

In Exercise 2.3, we give another proof of Theorem 2.2.8 by linearizing a transport
inequality. First, we introduce the transport cost.

Definition 2.2.9. The Bregman transport cost for the potential V, denoted Dy, is
the transport cost associated with the Bregman divergence

Dy(x,y) =V(x) - V(y) —(VV(y),x - y),

i.e., we set

Dy(p,v) == inf / Dy (x,y) y(dx,dy) .
ye€(py)

The Bregman transport cost will also play a key role in Section 10.2, in which we will
prove the following transport inequality.

Theorem 2.2.10 (Bregman transport inequality). Suppose that V : R? — R is contin-
uously differentiable. Then, for & « exp(=V) and all i € P(R?),

Dy (p, ) < KL(p || 7).

Actually, convexity of V is not necessary for the theorem to hold, although the Bregman
transport cost Dy is only guaranteed to be non-negative when V' is convex. Notice that
when V is strongly convex, V2V > al; > 0, then Dy (x,y) > % ||lx — y||%, so the Bregman
transport inequality implies Ty (a™?).

2.2.3 Proof of the Bakry—Emery Theorem

In this section, we generalize the calculation in Exercise 1.10 from the Ornstein-Uhlenbeck
diffusion to the Langevin diffusion, and thereby prove the Bakry-Emery theorem (Theo-
rem 1.2.29). Recall from that exercise that the Ornstein-Uhlenbeck semigroup satisfies the
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identity VP, f = exp(—t) P,V f. In the next result, we show that more generally, CD(«, c0)
implies I'(P,f, P; f) < exp(—=2at) P,I'(f, f).

Theorem 2.2.11 (local Poincareé inequality). Assume the Markov semigroup (Py),;s is
reversible and let a € R. Then, the following are equivalent.

1. The curvature-dimension condition CD(a, 00) holds.

2. Forall f andt > 0,
L(Pif, Pif) < exp(=2at) PL(f, f) -

3. Forall f andt > 0,

1 — exp(—2at)
a

Pi(f*) - (Pif)* < PI(f. f).

Proof. (2) = (3): Markov semigroup calculus yields

3 [Po((Pr—s)")] = Po(L ((Pi—sf)*) = 2Prsf LPrsf)
On the other hand, recall the definition of the carré du champ: Z(f?) —2f Zf = 2T'(f, f).
Using this along with (2),
Os [Ps((Pt—sf)z)] = ZPSF(Pt—sf’ Pt—sf) <2 exp(—20( (t- s)) Ptr(f’ f) .
Integrating this from s = 0 to s = ¢ yields (3).
(1) = (2): Similarly, differentiating
O [PT(Pr—sf, P—sf)] = Ps(LT(Pr=sf, Pi—sf) = 2V (Pr—s f, L Pi—sf))

and applying the definition of the iterated carré du champ yields

as [Psr(Pt—sf’ Pt—sf)] = ZPSFZ(Pt—sf’ Pt—sf) 2 2a Psr(Pt—sf’ Pt—sf) .

Integrating this from s = 0 to s = t yields P,I'(f, f) > exp(2at) T(P;f, P:f).
(3) = (1): We leave this as Exercise 2.6. O

Observe that if we take expectations of both sides of the third statement above w.r.t.
x and send t — oo, then we see that CD(a, o) for a > 0 implies PlI(a~!). However, the
local decay asserted above is much stronger than Pl(a™?).

To proceed further, we introduce the notion of a diffusion semigroup.
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Definition 2.2.12. The Markov semigroup (P;),s, is a diffusion semigroup if for
all functions f,g € L?(x) in the domain of the carré du champ I' and all ¢ : R — R,
the chain rule holds:

L(¢of.g9)=¢"(NHT(f.9).

More generally, for functions fi,. .., fy and ¥ : RF - R,

k
T(¥(fir- s fi)o9) = D @i, fOT(fig)
i=1

The chain rule is satisfied for the Langevin diffusion whose carré du champ is given by
I'(f,g9) = (Vf,Vg), and more generally this assumption encodes the fact that the Markov
process is a diffusion. Since we are mainly interested in diffusion processes, this is not
a restrictive assumption, but it indicates that the following proof will fail for Markov
processes on discrete state spaces.

Proof of the Bakry-Emery theorem (Theorem 1.2.29). Given a smooth positive function f
and a function ¢ : R, — R, we differentiate ¢ / ¢ (P;f) dm. We are primarily interested
in the case ¢(x) := xInx, but carrying out the calculation for a general ¢ clarifies the
structure of the argument. Using the Markov semigroup calculus,

5 / $(P.f) dr = / & (Pof) LP.f dn = —E(§ o PLf.P.S).

This yields the representation

ent;éf::/gb(f)dn—qs(/fdn):—/Ooo(at/QS(Ptf)dn) dt

_ /m%(g{;’oPtf,P[f) dt.

0

We now specialize our calculations to the entropy function ¢(x) = xInx and use
reversibility of the semigroup.

& (P’ o Pif, P f) :/(lnPtf) (—Q)Ptfdn:/(lnPtf)Pt(—gf) drx
:/PtlnPtf(—Z)fdﬂ:/F(PtlnPtf,f)dﬂ
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I'(f.f)
S\// 7 dn/fF(PtlnPtf,PtlnPtf)dn

where the last line uses the Cauchy-Schwarz inequality (Exercise 1.7). By the chain rule
for the carré du champ, we have

T(Inf, f) = F(J;;f) .

By applying the local Poincaré inequality (Theorem 2.2.11) and the chain rule,

E(InPf,Pf) < exp(—oct)\// I'(Inf,f) dﬂ/fPtI‘(lnPtf,lnPtf) dr

= exp(—at)\// I'(Inf,f) dﬂ'/ PifT(InPf,InPf)dn

:exp(—at)\// I'(Inf,f) dﬂ/F(lnPtf,Ptf) dr

which is rearranged to yield

E(InPif, f) < exp(—2at)E(nf, f).

This shows that under CD(a, 00), the Fisher information (introduced in Example 1.2.26)
decays exponentially fast.
Substituting this into the representation above,

ent,; f = /0 E(InPf,Pf)dt < %(lnf,f)./0 exp(—2at) dt < % E(nf,f),

which is the log-Sobolev inequality. ]

2.24 Convergence in Rényi Divergence

One curiosity is that the log-Sobolev inequality directly implies a Poincareé inequality
(Exercise 1.9), and yet the convergence guarantees implied by these inequalities for the
Langevin diffusion are incomparable, because they apply to different metrics (y? vs. KL).
It turns out that these convergence guarantees can be placed in the same framework
by introducing the family of Rényi divergences. Rényi divergences have also gained
importance in recent research due to applications to differential privacy [Mir17].
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Definition 2.2.13. For q > 1, the Rényi divergence of order ¢ between p and 7 is
defined by

d
Ry(p || 7) = ﬁln/(ﬁ)qdn (2.2.14)

if y < 7, and Ry(p || ) := 400 otherwise.

Rényi divergences are monotonic in the order: if 1 < g < ¢’ < oo, then R; < Ry (this
follows from Jensen’s inequality). Some notable special cases include:

1. For ¢ \, 1, we have R, — KL.
2. For q = 2, we have Ry = In(1 + x?).

3. For q /" oo, we have R; /" Reo, where Roo (1 || 7) = In ||g—f[||L°°(n)~

Remarkably, Vempala and Wibisono [VW19] show that a Poincaré inequality or a log-
Sobolev inequality imply convergence of the Langevin diffusion in every Rényi divergence.
We will prove the following theorem.

Theorem 2.2.15 ([VW19]). Let (P;),s, be a reversible diffusion Markov semigroup, and
let (1;);>( denote the law of the Markov process associated with the semigroup.

1. Suppose that a log-Sobolev inequality holds with constant Cis. Then, for allq > 1,
2t
Ry(m1 11 7) < exp(=—=—) Ry(mo | 7).
qCsi

2. Suppose that a Poincareé inequality holds with constant Cp|. Then, for all ¢ > 2,

2t

Ry (7o | 7) = —=—, if Rq(me || ) 2 1,
gCpi

exp(——qcpl) Rg(mo ), if Ry(mo [l ) < 1.

Proof. We begin by differentiating the Rényi divergence in time. Let p; = % = P;py.
Applying the chain rule for the carré du champ,

1 afpldn g [pl Zpdn g [T p)dr
i1 [pldr a1 Jplar a1 [eldr

o Rq(m || ) =
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= _é (g(p?/z’plc‘]/z)

9 [pldn

Log-Sobolev case. The log-Sobolev inequality reads (due to the chain rule) as

2CLs1 & (f. f) > ent(f?).

Applying this to f = p?/2, we obtain

2CL51 & (p??, p9/?) > q/ pllnpdr - (/ pl drr) ln(/ pl dn’)
=q8q/pqd7r—(/pqdn)ln(/pqdn)
and hence

4 E(pil2, pal? 2 2
L8P > 8q1n/pq dr - ln/pqdﬂ
q [pidr Cusi qCLs|

2(q—1)
qCLsi

2
= L al(g~ 1) Ry(pr I m)] - Ry(pr Il 7)
LSI
2 2(q-1 2(q-1
= 2 gyprlim+ 2D o R o m) - 29D g (o )
Csi Csi —— ~  ¢qCu
>0

2
> Relpr || 7
4Cus q(P | )

where we used the fact that the Rényi divergence is monotonic in the order.
Poincaré case. Next, applying a Poincaré inequality to f = p9/2,

2

Cpi %(Pq/z,pq/z) > var,,(p‘I/z) = / pddr — (/ pq/Z dﬂ')

((q = 2) Rypz(pm || 7))
o b SRy

> (/ p? dﬂ') {1-exp(-Rq(pr || 7))}

where we used the monotonicity of the Rényi divergence in the order. Hence,

4 &(pi/?, pil?) . 4

7 qu x> O {1 — exp(—qu(pﬂ | ﬂ))}
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>i 1, if Ry(pr || m) > 1,
~qCp | Ry(pr |l ), if Ry(pr |l ) < 1.

To interpret this theorem, the Poincaré result states that after an initial waiting period
of time O(qCp| Ry(7o || 7)), the Rényi divergence starts decaying exponentially fast. On
the other hand, the log-Sobolev inequality implies exponentially fast convergence from
the outset. In particular, for ¢ = 2, we see that whereas a Poincaré inequality implies
exponential decay of y?, a log-Sobolev inequality implies exponential decay of In(1 + y?),
which is substantially stronger.

2.3 Operations Preserving Functional Inequalities

To further expand the class of distributions known to satisfy functional inequalities, we
will show in this section that functional inequalities are stable under various common
operations on probability measures.

We let Cp () denote the Poincaré constant of a probability measure , and similarly
write Crsi(7), Cr, (), etc.

2.3.1 Bounded Perturbation

Suppose that 7 satisfies a functional inequality, and that y is another probability measure
satisfying 0 < ¢ < S—Z < C < oo. Then, it often follows that y also satisfies the same
functional inequality, with a worse constant. This furnishes a large class of examples of

non-log-concave measures satisfying functional inequalities.

Proposition 2.3.1 (Holley-Stroock perturbation). Suppose that x satisfies either a
Poincareé or log-Sobolev inequality. Then, if u satisfies 0 < ¢ < S—Z < C < oo, then p also
satisfies the corresponding functional inequality with constant

Cri(p) < %Cm(n) or  Csi(p) < %CLSI(”)

respectively.

Proof. The key is to find a variational principle for the variance or for the entropy. For
the variance, for any v € P (Rd) and f : R? > R,

var, f = inf E,[|f — m|?].
meR
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From this,
var, f = iréfREy[|f— m|*] <C iréfREﬂ[lf— m|?] = Cvar, f
< CCP|(7T) E,[F(f,f) < %Cm(ﬂ') Ey F(f,f)

The proof for the log-Sobolev inequality is similar once we have the variational principle

entvf:itglgEv[fln];—f+t]

—— e
>0

for any f : RY — R,, which we leave as Exercise 2.9. O

One can also state a perturbation principle for the T, inequality, but it is more involved
and the constants are less precise, see [BGL14, Proposition 9.6.3].

Proposition 2.3.2. Suppose that 7 satisfies a Ty inequality. If p € Py(RY) satisfies
0<C?t< g—fé < C < o, then p also satisfies a T, inequality, where Cr,(p) is bounded
in terms of C and Cr, () only.

2.3.2 Contractive Mapping

Another simple but useful condition which enables us to transfer functional inequalities
from 7 to y is the existence of a Lipschitz mapping which pushes forward = to p.

Proposition 2.3.3. Suppose that = € P (R?) satisfies either a Poincaré or a log-Sobolev
inequality, and that there exists an L-Lipschitz map T : R* — R such that y = Ty
Then, p also satisfies the corresponding functional inequality with constant

Cpi(p) < L*Cpi() or  Cusi(p) < L*Crsi(n)

respectively.

Proof. Assume for simplicity that T is continuously differentiable, so that ||[VT||,p, < L.
Then, for f : R — R, by applying the Poincaré inequality for 7,

vary f = vat (f o T) < Coi(n) Ex [IV(f o T)II] < Cpi(7) Ex[IIVTIlG, IIVf o TII*]
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< Cpi(7) L E[|IVf o TIIP] = Cei(7) LB, [IIVSII°] -
The proof for the log-Sobolev inequality is similar. O

This result becomes particularly powerful when combined with Caffarelli’s contrac-
tion theorem, which states that the optimal transport map from the standard Gaussian
to an a-strongly log-concave measure is a 2_Lipschitz. As it is often easier to prove
functional inequalities for the standard Gaussian, this principle then quickly implies
Poincaré and log-Sobolev inequalities (as well as many other functional inequalities) for
strongly log-concave measures. We will return to this in Section 3.5.

2.3.3 Convolution

Next, we show that if & = m; * 75 is a convolution of two measures, where both m; and
satisfy a functional inequality, then so does 7. This is a consequence of the subadditivity
of variance and entropy. We begin with a variational principle for the entropy.

Lemma 2.3.4 (variational principle for entropy). For f : RY — R,

ent, f = sup{E,[fg] | g: R? 5 R such that E, expg < 1}.

Proof. We may assume that E; exp g = 1, and define y via g—ﬁ := exp g. Then,

T
ent, f =E,[fIn E, | =E, [fexp( g)In E,[f exp(—g)]

=ent, (f exp(~g))20

+Ex([fgl.

Equality holds if g = In(f/E f). m]

. The variational principle above is essentially a reformulation of the
Donsker-Varadhan variational principle (Theorem 1.5.4).

Lemma 2.3.6 (subadditivity of variance and entropy). If Xy, ..., X, are independent
random variables, then

var f(Xi,...,X,) < EZVar(f(Xl, LX) | X),
i=1
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n

ent f(Xi,...,X,) <E ent(f(Xl,...,Xn) |X_l-).
i=1

Here, var(- | X_;) and ent(- | X_;) denote the conditional variance and entropy respec-
tively when all variables except X; are held fixed, i.e.,

Var(f(Xl, o Xn) | X_; = x_i) =var f(x1, ..., Xi—1, Xis Xi+1, - - - » Xn) s
ent(f(Xl, oo Xn) | Xoi=x) =ent f(x,..., Xi—1, Xis Xit1, - - - Xn) -

Proof. The subadditivity of the variance was established in Exercise 1.2, so we turn towards
the entropy. Let Z = f(X3,...,X,) and

Ai = II’IE[Z | Xl,.. .,Xi] —II’IE[Z | Xl,. . '>Xi—1] s
so that

entZ =E[Z(InZ —-InEZ)| = E[ZZAi] .
i=1
Since

E[E[Z | X1,....X] | X_i]
Elexp A; | Xi] = E[ZI;Q < X 2o,

the variational principle yields

E[ZA,] = EE[ZAl | X_i] < Eent(Z | X—i) . O

Proposition 2.3.7. Suppose that & = m; * m, € P(R?), where ; and m, both satisfy
either a Poincaré or a log-Sobolev inequality. Then, r also satisfies the corresponding
functional inequality with constant

Cpi() < Cpi(y) + Cpi(2) or  Cusi(m) < Cusi(my) + Cusi(m2)

respectively.

Proof. Let X ~ my and Y ~ 7, be independent, and let f : R — R. Using the subadditivity
of the variance,

vary f =var f(X+Y) <Evar(f(X+Y) | Y)+Evar(f(X+Y) |X)
< {Cpi(m1) + Cri(m) YE[|IVF(X + V)],

and a similar argument holds for the entropy. m]
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2.3.4 Mixtures

Suppose that 7 is a mixture, 7 = pP = f Py p(dx), where p € P (X) is the mixing measure
and (Py) <y is a family of probability measures on R? indexed by X (in other words, a
Markov kernel). For example, when X = [k], then pP is a mixture of k distributions
Py, ..., P, with mixing weights given by . When X = R? and Py is the translation of a
fixed probability measure v € P (R?) by x, then uP = y * v is the convolution of y and v.

Under general conditions on the mixture, it turns out that if each P, satisfies a func-
tional inequality, then so does the mixture yP. The simplest demonstration of this idea is
for the Poincaré inequality. Although the arguments in this section apply more generally
to mixtures pP on arbitrary state spaces, we focus on the R? case for simplicity.

Proposition 2.3.8 (PI for mixtures, [Bar+18]). Let uP be a mixture and assume that
each P, satisfies a Poincaré inequality with constant Cpi(P). Also, assume that

Cp = sup X2(Px || Py) < o0. (2.3.9)
x,x’ €supp(p)

Then, P satisfies a Poincareé inequality with constant

C.
Cri(pP) < (1+TX)CP1(P)-

Proof. Let f : R? - R, and let X, X’ iid. u. By the total law of variance,
var,p f = Evarp, f +varEp, f.

The first term is easy to control, because we can apply the Poincaré inequality for Py
inside the expectation, so the main difficulty lies in the second term. Here,

1 dpP 2
varEp, f = —E[|Ep, f — ]pr,f| ‘/f X _1 dPy- ]
2 dPy-
1
<5 E[(varp,, f) x*(Px || Px)] < TEvarPxf
Hence,
C, C
var,p f < ( 5 ) Evarp, f < (1+ T) Cri(P)EEp, I'(f, f) . O

————

=Eup T(f.)
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Our aim is to extend this idea to the log-Sobolev inequality, which will require a few
preliminaries. Rather than aiming to directly prove a log-Sobolev inequality, we will
instead prove a defective log-Sobolev inequality: for all f : R — R,

ent, (%) < 2CE,T(f,f) + DE,[f*]. (2.3.10)

Although the defective LSI involves an extra term on the right-hand side of the inequality,
the extra term can be removed via a Poincaré inequality. The following two results show
how this is achieved.

Lemma 2.3.11 (Rothaus lemma). Let f : R? — R. Forallc € R,

ent, ((f +¢)%) < ent, (f?) +2E.[f*] .

Proof. Omitted; see [BGL14, Lemma 5.1.4]. O

Lemma 2.3.12 (tightening a defective LSI). Suppose that & satisfies the defective
log-Sobolev inequality (2.3.10), together with a Poincaré inequality. Then, 7 satisfies an
log-Sobolev inequality with constant

CrLs1 < C+Cp (1+§).

Proof. Using the Rothaus lemma, the defective log-Sobolev inequality, and the Poincaré
inequality, we obtain

CE-I'(f.f) + (2+ D) var(f)

ent, (f%) < ent, ((f — Ex f)?) + 2var,(f) < 2
< (2C+Cp (2+ D)) E, (1. f). o

We also need one change of measure lemma.

Lemma 2.3.13 ((CCN21]). Suppose that y, v are probability measures and f is a positive
function. Then,

E.(f)

El:(f) < ent, (f) +E,(f) ln(l e v)) )

Ey(f)In
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Proof. By rescaling, we may assume I, f = 1. Recall the Donsker—Varadhan variational
principle (Theorem 1.5.4), which states

KL(n || n") = sup{E,7 g—InE, expg | g : X — R is bounded and measurable} .

If we take n = fy, n’ = v, and g = In(f/E, f), then

Ey[fln%v] =E, ln%p < KL(p || v) + InE, %C = Eu[fln(f%)] -
—_———

=0
By subtracting E,(f In f) from both sides, we obtain

1 1
E,f E, f

Next, applying the Donsker—Varadhan principle a second time with 5 = fu, n’ = f,

d
E,[fln =—] < E,[fIn d—‘v‘] .

In

and g = In % yields

du du
Ey[flna] =By In 5

d
L <KL(y || p) +InE, d—’v‘ = ent, f+1In(1+ x*(u || v)).

which is what we wanted to show. m]

We can now prove the log-Sobolev inequality for mixtures.

Proposition 2.3.14 (LSI for mixtures, [CCN21]). Let uP be a mixture and assume that
each P, satisfies a log-Sobolev inequality with constant Cis(P). Also, assume that

Cp = Sup Xz(Px || Pxr) < 0.
x,x" €supp (1)

Then, P satisfies a log-Sobolev inequality with constant

C.2 In(1+C,.
Csi(pP) < Cisi(P) {2+ (1+ ;‘ )(1+¥)}

< 6Cs1(P) (1 \ sz In(1+ C)(z)) .

Proof. We begin, as in the proof of Proposition 2.3.8, with a decomposition of the entropy:

entﬂp(fz) = Eentp, (f*) + ent Ep, (f?).
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As before, it is the second term that is difficult to control.
Applying Lemma 2.3.13,

EPX (f2)
E,uP(fz)

entEp, (f*) = E[Ep, (f*) In | < Elentp, (f*) + Ep, (f*) In(1+ y*(Px || uP))]
< Eentp, (f*) +In(1+C,2) Eup(f?) .

Hence,

ent,p(f%) < 2Eentp, (f%) +In(1 + Cp2) E,up(f?)
<4Cs(P)Ep T(f, f) +In(1+C,2) Eup(f?),
where we have applied the log-Sobolev inequality for Px. This is a defective log-Sobolev in-

equality for pP; by applying the Poincaré inequality from Proposition 2.3.8 and tightening
the inequality via Lemma 2.3.12, we conclude the proof. O

Example 2.3.15 (LSI for Gaussian mixtures). Suppose that y is supported on a ball
B(0,R), and that for each x € R%, P, = normal(x, 0%I;). Then, ;P is the convolution
i * normal(0, 0%I;). Since Cy5(P) = o% and

» [lx — x’||? 4R?
X (Py || Pyr) :expT—l < exp?—l

for x, x" € B(0, R), we deduce that P satisfies a log-Sobolev inequality with constant

4R?
Cisi(pP) < Y (R2 exp ?) )

Hence, Gaussian convolutions of measures with bounded support satisfy a log-Sobolev
inequality. The exponential dependence on R?/c? is unavoidable in general.

We extend the results of this section in Exercise 2.11.

2.3.5 Tensorization

A key feature of these functional inequalities which makes them crucial for the study of
high-dimensional (or even infinite-dimensional phenomena) is that they often hold with
dimension-free constants, as demonstrated in the next result.
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Theorem 2.3.16 (tensorization). Suppose that my, ...,y € P(RY) satisfy either a
Poincaré inequality or a log-Sobolev inequality. Then, for any N € N¥, the product mea-
sure w == (X),_, 7 also satisfies the corresponding functional inequality with constant

Cpi(7r) = max Cpy(71;) or Cisi () = max Cys(7r;)
i€[N] ie[N]

respectively.

Proof. The proof is a straightforward consequence of subadditivity (Lemma 2.3.6). Indeed,
if f: RN? — R and if X; ~ 7; are independent for i € [N],

N
var, f =var f(Xi,...,XN) < EZvar(f(Xl,...,XN) |X_l-)

i=1
N
< Coi(m)E Y E[|IVif(Xy,.... X017 | Xo;
max Cpi() Zl [IVif (X I | X
= Cpi(m) EL-[IIVFII?] .
g[% pi(m) Ex[IIVFI]

The proof is the same for the log-Sobolev inequality. ]

There is also a tensorization principle for transport inequalities, which however re-
quires some additional work to prove. We formulate a general result which applies to
many different transport inequalities (not just the T; and T, inequalities).

Theorem 2.3.17 (Marton’s tensorization). Let Xy, ..., Xn be Polish spaces equipped
with probability measures r, . . ., mn respectively. Let X := Xy X - - - X Xy be equipped
with the product measure 7 == 1, ® - - - @ 7IN.

Let ¢ : [0,00) — [0, 0) be convex and fori € [N], letc; : X; X X; — [0,00) be a
lower semicontinuous cost function. Suppose that

ér(lf )q)(/ ci dyi) <202 KL(v; || mp), Vv; € P(X;), Vie [N].
Yi€llm,vi
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Then, it holds that

N

inf (p(/ ci(x;, y;) y(dxy.N, dyl;N)) < 2¢° KL(v || 7), Vv e P(X).
yeC(m,v) Py

Proof. The proof goes by induction on N, with N = 1 being trivial. So, assume that the
result is true in dimension N, and let us prove it for dimension N + 1.

Let v € P(X) = P(X; X -+ X Xn41), let vi.n denote its Xy X --- X Xy marginal,
and let vy,qj1:n denote the corresponding conditional kernel (and similarly for ). Let
K denote the set of conditional kernels y1.x = yn+11:8(- | y1:nv) such that for vi.y-ae.
y1.N € X1 X -+ - X X, it holds that yny11:8 (- | y1:8) € C(N+1, V411N (- | Y1:n)). Instead
of minimizing over all y € C(r, v), we can minimize over couplings y such that for all

bounded f € C(X x X),

/fd}’ = /(/ f(X1;N+1,y1:N+1) YN+1|1:N(dXN+1,dyN+1 | y1;N)) }’1:N(dx1:N, dy1:N),

for some y1.x € C(mi:n, vin) and yniipnv € K.* Thus,
N+1

inf (p(/ c,-(xi, yi) y(dX1:N+1,dy1;N+1))
yeC(x,v) =

N
< inf {Z fp(/ ¢i(xi, yi) yrn (dxiN, dyl:N))

Yi:N€EC(m1N,V1:N) P

+ inf tp(/(/ N+t dynejn G | yin)) yin (dxpy, dyl:N))}

N
< inf {Z qo(/ ci (x5, y;) yin (dxpN, dymv))

Yl:Nee(ﬂltN,Vl:N) i=1

+ inf / q)(/ CN+1 d}’N+1|1:N(' | ylzN)) }/1:N(dx1:N, dylzN)}-

YN+1j1:NEK

Then, after checking that the integrands are indeed measurable,

inf /‘P(/ CN+1 dYN+1|1:N(‘ | ylzN)) Yl:N(dxlst dylzN)

YN+11:N€EK

*Suppose N = 2 and (X1, Xz) ~ 7 and (Y3, Y2) ~ v. Observe that a general coupling p € C(, v) factorizes
as p(x1, X2, Y1, Y2) = px, (x1) px, (x2) Py, v, 1%, (Y1, Y2 | X1, x2). In contrast, we are restricting to couplings
of the form p(x1, x2, Y1, y2) = px, (x1) py;1x, (Y1 | x1) px;, (%2) Py, 171 (Y2 | X2, 1)
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/ inf 4’(/ cn+1 dyns N (| y1:N)) YN (dx1.N, dyrn)
YN+111:N EC(AN+LVN+11:N (Y1N))

202/ KL(vNs1118 G | y1n) || 72ven) yiw (dxa, dyin)

IA

= 20'2/ KL(vN+11:8C | Y1N) || min+1) vin (dyin)

where we used the assumption. On the other hand, the inductive hypothesis is

N
inf 3o [ etnu) yv(driv. i) < 207 KLy [T ).

Yi:N€C(mLNVIN) =

The chain rule for the KL divergence (Lemma 1.5.5) yields

KL(v || ) = KL(vi.n || 71:8) +/ KL(vNs1118 G | yn) || 72ven) vin (dyan) -

Therefore, we have proven

N+1

inf q)( / e (xi 7i) y(dx1;N+1,dy1;N+1)) < 26 KL(v || 7). 0
yeC(m,v) Py

The preceding proof is supposed to be a straightforward proof by induction, but it is
rather cumbersome to write out precisely.
As our first application of the tensorization principle, we will examine the tensorization

properties of the T; inequality. Recall that on a general metric space, the Wasserstein
distances are defined as in Exercise 1.12.

Example 2.3.18 (tensorization of T;). We will use the cost ¢; = d;, where d; is a lower
semicontinuous metric on X;, and we take the convex function ¢(x) := x2. Suppose
that for each i € [N], the measure 7; € P (X) satisfies the T; inequality

Wi (vi, m) < 20° KL(v; || 1), Vv € P(X;) .

Let 7 := 11 ® - - - ® 7y be the product measure and let v € P (X; X - - - X Xy). Suppose
also that a4, ..., ay > 0 are numbers with Zf\il ociz = 1. Then, Marton’s tensorization
(Theorem 2.3.17) yields

N N 2
20 KL(v || ) > (Z aiz) inf )Z (/ di(xi, yi) y (dxin, dylzN))

i=1 rel(mv) 4=
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N
> inf (/Zaidi(xisyi)}/(dxlzN,dylzN))z,
i=1

y€C(m,v)

where we used the Cauchy-Schwarz inequality. This is a T; inequality for the weighted
distance d,(x1.N, y1.N) = Zﬁl o (x5, ;).

Together with results from the next section, this tensorization result is already powerful
enough to recover the bounded differences concentration inequality (see Exercise 2.15),
but it is not fully satisfactory as it yields a transport inequality for a weighted metric.

A more satisfactory result is obtained by applying Marton’s tensorization (Theo-
rem 2.3.17) with the convex function ¢(x) := x and cost functions ¢; := d?, with d; a lower
semicontinuous metric on X;. This immediately yields the following corollary.

Corollary 2.3.19 (tensorization of T;). Suppose that for eachi € [N], m; € P(X;)
satisfies a T, inequality with parameter c* with respect to the metric d;. Then, the
product measure m; ® - - - ® my satisfies a T, inequality with the same parameter o*
with respect to the metric d(x1.n;, yLN)2 = Zfil d(x;, yi)2 on Xy XX Xn.

2.4 Concentration of Measure

We now turn towards the close relationship between functional inequalities and the
concentration of measure phenomenon, the latter of which is an indispensable tool in
high-dimensional probability and statistics. Since many of the arguments hold on a general
Polish space (that is, a complete separable metric space) (X, d) equipped with a probability
measure 77, we will work in this setting unless explicitly stated otherwise.

2.4.1 Blow-Up of Sets and Concentration of Lipschitz Functions

Loosely speaking, the concentration of measure phenomenon holds when a huge fraction
of the mass of 7 is concentrated on a relatively small set. Another way of capturing
this idea is to assert that whenever a set has a non-trivial amount of mass under 7, then
expanding the set slightly causes it to capture almost all of the mass of 7. The following
definitions formalize this idea.

Definition 2.4.1. For a Borel subset A C X and ¢ > 0, we let A® denote the e-blow-up
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of A, defined by
AP ={x e X |d(x,A) < ¢}.

The concentration function a, : R, — [0, 1] is defined via

ar(€) = sup{”((AE)C) | A C X is a Borel subset with 7(A) > %} .

Typically, we have a,(¢) < Cyexp(—¢/Cy) or a,(e) < Cyexp(—e®/C;) for some con-
stants Cyp, C; > 0; hence, as we increase ¢, the blow-up A® captures a (often substantially)
larger fraction of the mass of 7. In the next sections, we will develop tools to upper bound
concentration functions. For now, however, we wish to develop an equivalence between
the formulation of concentration of measure via blow-up of sets, and with another in-
volving concentration of Lipschitz functions. Although the former has a more striking
geometric interpretation, the latter is often how concentration is used in applications.

Given a real-valued random variable X, we abuse notation and let med X denote any
median of X, that is, any number m such that P{X < m} AP{X > m} > %

Theorem 2.4.2 (blow-up and Lipschitz functions). Suppose that (X, d, ) has concen-
tration function a,. Then, for any 1-Lipschitz function f : X — R and € > 0,

m{f > med f + e} < a,(e).
Conversely, suppose that for all 1-Lipschitz functions f : X — R, it holds that
m{f > med f +¢e} < f(e).

Then, the concentration function a, of (X, d, ) satisfies a, < p.

Proof. (= ) Consider the set A := {f < med f}. We claim that A* C {f —med f < €}.
To prove this, let x € A®. By definition, there exists y € A such that d(x,y) < ¢, so

f(x) —med f = f(y) —med f + f(x) — f(y) <d(x,y) < e. Hence,
a{f -medf < e} > n(A%) > 1-a(e).

( &) The function f := d(+, A) is 1-Lipschitz, and if 7(A) > % then 0 is a median of
f. Thus, it holds that

m(AY) =x{f —-med f <e} >1-f(e). m|



90 CHAPTER 2. FUNCTIONAL INEQUALITIES

More broadly, it is a general principle that many statements about sets have an
equivalent reformulation in terms of functions. We will see more instances of this idea
throughout the book.

Some statements regarding concentration, such as the theorem above, are more easily
phrased in terms of concentration around the median rather than around the mean. The
following result shows that, up to numerical constants, the mean and the median are
equivalent. To state the result in generality, we introduce the idea of an Orlicz norm.

Definition 2.4.3 (Orlicz norm). If ¥/ : [0, c0) — [0, o) is a convex strictly increasing
function with ¢/(0) = 0 and {/(x) — o0 as x — oo, then it is an Orlicz function.
For a real-valued random variable X, its Orlicz norm is defined to be

) < 1}.

X

IX|ly = inf{t > 0| Eg&(T

Examples of Orlicz functions include /(x) = x? for p > 1, for which the corresponding
Orlicz norm is the L? (P) norm, and y/,(x) := exp(x*) — 1 for which the Orlicz norm || X]|y,
captures the sub-Gaussianity of X.

Lemma 2.4.4 (mean and median). Let be an Orlicz function and let X be a real-valued
random variable. Then,

1
~IIX = EX[ly < [IX ~ med Xly < 31X ~EX]ly.

Proof. We can assume that X is not constant; from the properties of Orlicz functions,
1~ 1(t) is well-defined for any ¢ > 0. Then,

IX -EX]ly < |IX —medX]||, + |[med X — EX]|,
= ||IX —med X||y + lmed X — EX]| ||1]l
< |IX —med X||y + E[X —med X]| [|1]] .

Since

El//( |X — med X| )> ( E|X — med X| )_l//( 1 ) =
BIX —med X[ 1],/ = Y \EIX - medx{ [l =\l

it implies E|X — med X| [|1][; < [|X — med X||.
Next, assume that med X > E X (or else replace X by —X). Then,

5

1
2 <P{X>medX} <P{{IX-EX|>medX - EX}
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1
= J(medX —EX)/IX —EX],)’

so that
ImedX —EX| <y~ (2) X —EX|ly .
Therefore,
IX - med X[}y < [IX —EX[ly + [EX - medX|ly < (1+ 1]l ¥~"(2)) X — EX]ly .
Note, however, that [|1]|; = 1/¢~'(1). Since ¥(~'(2)/2) < 1 by convexity (and the

property 1(0) = 0), it implies /"1(2) < 2¢/71(1), and we obtain the result. m

2.4.2 The Herbst Argument

In this section, we specialize to the case where (X, d) is the Euclidean space RY,

To put it succinctly, the idea of the Herbst argument is to apply functional inequalities,
such as the Poincare inequality or the log-Sobolev inequality, to the moment-generating
function of a 1-Lipschitz function f : R? — R in order to deduce a concentration inequality
for f. We illustrate this with the log-Sobolev inequality, which implies, for any 1 € R,

ent, exp(if) < 2000 B4 |22 ) - L g fepa pw s .
245
< Gl g epaf).

The next lemma shows how to apply this inequality.

Lemma 2.4.6 (Herbst argument). Suppose that a random variable X satisfies
Ao?
entexp(AX) < N E exp(AX) foralll > 0.

Then, it holds that

A2a?
Eexp{A (X —EX)} < exp —— forallA > 0.
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In particular, via a standard Chernoff inequality,

tz
P{X>EX+t} < exp(—ﬁ) forallt > 0.
o

Proof. Let (1) = A 'InEexp{A (X — EX)}. We leave it to the reader to check the
calculus identity

1 ent exp(AX)

"= T Eeapx)

(2.4.7)

Since 7(1) — 0as A\, 0, the assumption of the lemma yields 7(1) < Ac?/2. O

The calculation in (2.4.5) shows that the assumption of the Herbst argument is satisfied
for all 1-Lipschitz functions f, with 62 = Cis;. Hence, we deduce a concentration inequality
for Lipschitz functions, which we formally state in the next theorem together with the
corresponding result under a Poincaré inequality. The Poincareé case is left as Exercise 2.12.

Theorem 2.4.8. Let 7 € P(RY), and let f : R — R be a 1-Lipschitz function.

1. If & satisfies a Poincareé inequality with constant Cp,, then for allt > 0,

2{f —Bnf > t} < Sexp(—\/%m).

2. If  satisfies a log-Sobolev inequality with constant Cis,, then for allt > 0,
2

a{f —Exf >t} < exp(—

Example 2.4.9. Suppose that y is the standard Gaussian measure on R?. From the
Bakry-Emery theorem (Theorem 1.2.29), y satisfies the log-Sobolev inequality with
Cis) = 1. For Z ~ y, since E[||Z]|?] = d, the Poincaré inequality applied to the norm
|||l shows that var || Z|| < 1,ie., Vd — 1 < E||Z|| < Vd.

The concentration result above now shows that the standard Gaussian “lives” on

a thin spherical shell of radius Vd and width O(1).




2.4. CONCENTRATION OF MEASURE 93

2.4.3 Transport Inequalities and Concentration

Next, we will show that a T; transport inequality is equivalent to sub-Gaussian concen-
tration of Lipschitz functions, which was proven by Bobkov and Gétze. The proof shows
that in a sense, the two statements are dual to each other.

Theorem 2.4.10 (Bobkov-Gotze). Let w € P1(X). The following are equivalent.

1. The function f is c*-sub-Gaussian with respect to r, in the sense that

2 2

By exp{A (f = Bx )} < exp 2l

foralll e R,

for every 1-Lipschitz function f : X — R.

2. The measure r satisfies T1(c?).

Proof. Let Lip, (X) denote the space of 1-Lipschitz and mean-zero functions on X. Lipschitz
concentration can be stated as

Ao?
sup sup {ln/ exp(Af)dr — —} <0.
AeR feLip, (X) 2
By Donsker—Varadhan duality (Theorem 1.5.4), this is equivalent to
Ao?
sup sup  sup /fdv—/fdﬂ — KL(v || n)——} <0,
AeR feLip, (X) veP(DC) 2

where we recall that / fdr=0for f € Lip,(X). If we first evaluate the supremum over
A € R, then we obtain the statement

1 2
sup  sup {—2 (/fdv—/fdﬂ) — KL(v || ”)} <0,
feLip, (X) veP(X) 20

If we next evaluate the supremum over functions f € Lip,(X) using the Kantorovich
duality formula (1.E.4) for W; from Exercise 1.12, we obtain

WP (v, 7)
sup {T — KL(v || 77.')} <0

veP(X)
which is the Ty inequality. ]

Using the fact that the W distance for the trivial metric d(x,y) = 1{x # y} coincides
with the TV distance®, the Bobkov-Gétze theorem implies that two classical inequalities in

3One has to be slightly careful since for the trivial metric, (X, d) is usually not separable.
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probability theory, Hoeftding’s inequality and Pinsker’s inequality, are in fact equivalent
to each other (see Exercise 2.13).

Although the T, inequality implies sub-Gaussian concentration for all Lipschitz func-
tions, it is in fact equivalent to sub-Gaussian concentration of a single function, the
distance function d(-, xy) for some xy € X. The next theorem is not used often because
the quantitative dependence of the equivalence can be crude, but it is worth knowing.

Theorem 2.4.11. Let & € P1(X) and xy € X. The following are equivalent:
1. 7 satisfies a Ty inequality.

2. There exists ¢ > 0 such that B, exp(c d(-, x9)?) < 0.

Transport inequalities offer a flexible and powerful method for characterizing and
proving concentration inequalities, as we will see in the next section. Before doing so,
however, we wish to also demonstrate how concentration of measure, formulated via
blow-up of sets, can be deduced directly from a T; inequality.

Suppose that T;(c?) holds, i.e.,

le(,u, 7) < 20 KL(p || ) forallpy e P1(X), p<x .

For any disjoint sets A, B, with 7(A) 7(B) > 0, if we let 7(- | A) (resp. #(- | B)) denote
the distribution 7 conditioned on A (resp. B), then

d(A,B) < Wi(x(- | A), n(- | B)) < Wi (x(- | A), w) + Wi (= (- | B), )
< \/202 KL((- | A) || m) + \/202 KL(r(- | B) || ).

However,

[ n(dx) 11
KL(z(- | A) | n)_/A s lnm—lnﬂ(A),

so that

1 1
d(A,B) < [20%1 +./20%In ——.
A < \atn oot
In particular, if we take B = (A?)¢ where 7(A) > %, then d(A, B) > ¢. Hence, for all
e > 2Y202In 2, it holds that £ < [202In =) Or

2

7((A9)°) < exp(—é) foralle > V8In2o. (2.4.12)
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2.4.4 Tensorization and Gozlan’s Theorem

Our goal is now to investigate the relationship between concentration and tensoriza-
tion. Although results like the Bobkov-Goétze theorem (Theorem 2.4.10) provide us with
powerful tools to establish concentration results, so far there is nothing inherently high-
dimensional about these phenomena.

Indeed, to discuss dimensionality, we should move to the product space XN and ask
when concentration results can hold independently of N. If such a statement holds, then
the concentration inequality typically becomes stronger® as N becomes larger.

For instance, when X = R, then we know from Theorem 2.3.16 that the Poincaré and
log-Sobolev inequalities both tensorize: if they hold for 7 € P (R) with a constant C,
then they also hold for 7~ € P(RY) with the same constant C. Since these inequalities
imply powerful concentration results (Theorem 2.4.8), they yield examples of genuinely
high-dimensional concentration.

For transport inequalities, the tensorization for the T; inequality is unsatisfactory in
the sense that once we equip X with the product metric d(x;.y;, xizN)2 = Zg\il d(x;, x;)z,
the validity of T;(C) for 7 € P(X) does not imply the validity of T;(C) for 7N € P(XN)
with the same constant C. In fact, from Example 2.3.18, we expect that the T; constant
for 78N can grow as VN. On the other hand, from Corollary 2.3.19, we know that the
T, inequality tensorizes. Since the T, inequality on X implies the T; inequality on
XN (trivially), it in turn implies high-dimensional concentration via the Bobkov-Gotze
equivalence (Theorem 2.4.10).

In this section, we will prove the surprising fact that high-dimensional concentration
is actually equivalent to the T, inequality, in a sense that we shall make precise shortly.

First, we need a few preliminary results, which we shall not prove. The first one is a
straightforward technical lemma (see Exercise 2.16).

Lemma 2.4.13. Let 1 € P,(X).

1. The mapping (xi,...,xn) — Wo(N"' 3N 8, 7) is N"V2-Lipschitz.

2. (Wasserstein law of large numbers) Suppose that (X;)i~, 2 7, and that for some

%Here, the word “stronger” is not precisely defined but it means something akin to “more useful” or
“produces more surprising consequences”.
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xo € X and some ¢ > 0, it holds that E[d(x,, X1)2+g] < o00. Then,

N
E%(%Z5Xi,n)—>0 asN — 0.
i=1

The second result, Sanov’s theorem, is a foundational theorem from large deviations.
Although Sanov’s theorem is of fundamental importance in its own right, it would take
us too far afield to develop large deviations theory here, so we invoke it as a black box.

Theorem 2.4.14 (Sanov’s theorem). Let (X;)i2, S o and let N = N7 Zf\il Ox,
denote the empirical measure. Then, for any Borel set A C P (X), it holds that

1
i1nrt1£ KL(- || ) < 111511_}011f ~ InP{ny € A}

1
< lim sup W InP{zy € A} < —inf KL(- || 7).
A

N—>oo

We are now ready to establish the equivalence.

Theorem 2.4.15 (Gozlan). The measure 1 € Po(X) satisfies T2(0?) if and only if
for all N € N* and all 1-Lipschitz f : XN — R, the centered function f — E e~ f is
o?-sub-Gaussian under 7N .

Proof. It remains to prove the converse implication. Fix ¢t > 0 and apply the assumption
statement to the N_l/z-Lipschitz function (xi,...,xy) — Wo(N! Zﬁl Ox,» ). It implies

N{t—sz(nN,n)}z)
: ,

P{Ws (N, ) > t} < exp(— o

where 7y = N7' 3N 6x., with (X;) ;e & 7 On the other hand, the lower semicon-
tinuity of W, implies that {v € P(X) | Wa(p,v) > t} is open. By Sanov’s theorem

(Theorem 2.4.14), we obtain

1
—inf{KL(v || ) | Wa(v, ) >t} < ligfninfﬁlnP{Wz(ﬂN, ) >t}
{t —EWp(ny, m)}* 1

< —limsu —,
N—)oop 202 202
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where the last inequality comes from the Wasserstein law of large numbers (our assump-
tion implies that 7 has sub-Gaussian tails, which in particular means E[d(x, X;)?] < oo
for any x € X and any p > 1).

We have proven that Wy (v, ) > t implies KL(v || ) > t2/(20?), which is seen to be
equivalent to the T, inequality. O

Observe in particular that this theorem implies the Otto—Villani theorem (Exercise 1.17):
due to tensorization (Theorem 2.3.16) and the Herbst argument (Lemma 2.4.6), a log-
Sobolev inequality implies high-dimensional sub-Gaussian concentration of Lipschitz
functions, which by Goézlan’s theorem is equivalent to a T, inequality.

2.5 Isoperimetric Inequalities

In Section 2.4.1, we introduced the concentration function «, of a measure ;. Thus far, we
have provided tools to upper bound the concentration function; for example, in (2.4.12),
we showed that if 7 satisfies T;(¢?), then

2

€

ay(e) < exp(—ﬁ) foralle > V8In2o.
o

Observe that this provides no information when ¢ is small, whereas by definition we know

that a,(0) = % In this section, we will study finer questions about the concentration

function. More generally, for p € (0,1) and ¢ > 0, we introduce the quantity

wr(p, €) = inf{m(A®) | Ais a Borel set with 7(A) = p},

and we can ask about the deviation of w,(p, ¢) from p when ¢ is small. In some special
cases, we can even determine the function w, exactly. The study of this question will bring
us to the classical geometric problem of isoperimetry. In its simplest guise, it asks: among
all plane curves which enclose an area of a prescribed area, which ones have the least
perimeter? Unsurprisingly, among regular curves, it is well-known that circles provide
the answer to this question. As we shall see, the isoperimetric question, once generalized
to abstract spaces, contains a wealth of information about concentration phenomena.

2.5.1 Classical Isoperimetry Results

The connection between concentration and isoperimetry began with the work of Levy,
who found the isoperimetric inequality on the sphere.
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Theorem 2.5.1 (spherical isoperimetry). Let o; denote the uniform measure on the
d-dimensional unit sphere S%, and let A C S be a Borel subset with o4(A) ¢ {0,1}. Let
C be a spherical cap with the same measure as A. Then, for all ¢ > 0,

04(A%) = 04(C).

We give a few reminders about spherical geometry. We equip S¢ with its geodesic
metric d, so that the distance between two points x,y € S? is equal to the angle between
x and y. A spherical cap is a geodesic ball, that is, it is a set of the form B(xy, r) for some
Xo € S9 and r > 0, where the balls are defined w.r.t. d.

Note that Theorem 2.5.1 identifies the exact function wg,.

To see how an isoperimetric result naturally leads to a concentration result, suppose
that A has measure % Then, the corresponding spherical cap C can be taken to be half of
the sphere, C = B(xq, g), and so

T
04(A%) = 04(C%) = O'd(B(xO, 2 + 5)) .
To obtain an upper bound on the concentration function a,,, it therefore suffices to lower

bound the volume of the spherical cap. It leads to the following result, which we leave as
an exercise (Exercise 2.17).

Theorem 2.5.2 (concentration on the sphere). Let o, be the uniform measure on the
unit sphere S¢ in dimension d > 2, equipped with the geodesic distance d. Then,

d—1)é
ag,(e) < exp(—%), foralle > 0.

There is also an isoperimetric result for the standard Gaussian measure y; on R%. In
this case, the optimal sets are given by half-spaces, i.e., sets of the form

Hy ;= {x e RY| (x,x,) < t}.

0

Theorem 2.5.3 (Gaussian isoperimetry). Let y; denote the standard Gaussian measure
onR%, and let A C R? be a Borel subset with yg(A) # {0,1}. Let Hy,; be a half-space
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with the same measure as A. Then, for all e > 0,

va(A®) 2 ya(Hy,,) -

We can write this result more explicitly as follows. By rotational invariance of the
Gaussian, we can take xj to be any unit vector e, in which case the measure of H,; is
Ya(Hey) = ®(t), where @ is the Gaussian CDF. Since H;; = He 4, then

ya(A%) = ®(@7' (ya(A)) +¢) . (2.5.4)

In particular, if y;(A) = %, then @1 (%) =0, so

2
ay,(e) < P(-¢) < %exp(—%) .

We now pause to give a remark on proofs. Since these isoperimetric inequalities require
a detailed understanding of the measure (including the optimal sets in the inequality), they
are considerably more difficult to prove than the other results we have seen so far (e.g.,
a log-Sobolev inequality). In particular, usually they can only established for measures
which are simple in some regard, e.g., they enjoy many symmetries. Hence, we will not
prove them here.

It is often convenient to pass to a differential form of the isoperimetric inequality,
which is obtained by sending & ~\ 0. This is formalized as follows.

Definition 2.5.5 (Minkowski content). Given a non-empty Borel set A and a measure
7 on a Polish space (X, d), the Minkowski content of A under 7 is

m(A%) — (A) ‘

7t (A) := liminf
£\,0 £

Definition 2.5.6 (isoperimetric profile). For a measure 7 on a Polish space (X, d),
the isoperimetric profile of 7, denoted 7 : [0,1] — Ry, is the function

I (p) := inf{n*(A) | A is measurable with 7(A) = p}.

For the standard Gaussian, a Taylor expansion of (2.5.4) yields

Ya(AY) 2 ya(A) +§(27 (ya(A))) e +0(e),
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where ¢ = @’ is the Gaussian density. Hence, we can identify the isoperimetric profile of
the standard Gaussian as

I,(p) = (@ (p)) - (2.5.7)

Actually, the result (2.5.7) is equivalent to the Gaussian isoperimetric inequality (2.5.4).
Here, (2.5.4) is called the integral form of the inequality, whereas (2.5.7) is called the
differential form. The following theorem shows how to convert between the two forms.

Theorem 2.5.8 ([BH97]). Let 7 : (0,1) — R.q. Define the increasing function
F such that F(0) = % and f o F~! = I, where f = F’; equivalently, we can take
Fl(p) = 11/)2 T (t)"' dt. Then, the following statements are equivalent.

1. For all ¢ > 0 and all Borel A with t(A) ¢ {0, 1},

n(A%) > F(F ! (n(A)) +¢).

2. For all Borel A with n(A) ¢ {0,1},

7t (A) = I(n(A)).

Proof sketch. Let &(p,e) = F(F'(p) + ¢). Then, & satisfies the semigroup property
a(o(p,e),€) = a(p, e+ ¢€), and using this one can show that to prove 7(A°) > w(7n(A))
it suffices to consider ¢ ~\ 0. A Taylor expansion yields
(A% > r(A)+ 77 (A) e+o(e),
o (m(A), e) = m(A) + I (n(A)) e+o0(e),

from which we deduce that 7*(A) > 7 (x(A)) for all A if and only if 7(A?) > @ (7n(A), ¢)
for all A and all € > 0. O

2.5.2 Cheeger Isoperimetry

We now consider a class of probability measures which is characterized by a lower bound
on the isoperimetric profile.

Definition 2.5.9. A probability measure 7 satisfies a Cheeger isoperimetric in-
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equality with constant Ch > 0 if for all Borel sets A C X,

7 (A) > é 7(A) m(A°) (25.10)

For the two-sided exponential density x — u(x) = % exp(—|x|), the isoperimetric
profile is known to be Z,(p) = min(p, 1 — p). Hence, the Cheeger isoperimetric inequality
roughly asserts that the isoperimetric properties of 7 are at least as good as those of p.

The inequality in (2.5.10) is the differential form of the inequality. By applying Theo-
rem 2.5.8, one shows that the inequality (2.5.10) implies, for any ¢ € [0, Ch],

T(AY) = m(A) > ﬁ 7(A) m(A) . (2.5.11)

For all ¢ > 0, Theorem 2.5.8 also implies that

ax(e) < exp(-2).
so 7 enjoys at least subexponential concentration.

Such isoperimetric inequalities will play a key role when we study Metropolis-adjusted
sampling algorithms in Chapter 7. For now, however, our goal is to establish an equivalence
between the Cheeger isoperimetric inequality and a functional version of it.

To pass from a functional inequality to an inequality involving sets, we can usually
apply the functional inequality to the indicator of a set. To go the other way around, we
need to represent a function via its level sets, which is achieved via the coarea inequality.

Theorem 2.5.12 (coarea inequality). Let f : X — R be Lipschitz. Then,

[ivstarz [“xir>na

. On a general metric space (X, d), we define

. |f(x) = f(y)l
v = 1 Ll S
IV £l (x) yeaérﬂl(iz?\o i)

In “nice” spaces, the coarea inequality is actually an equality, but we will not need this.

Proof. By an approximation argument we may assume that f is bounded, and by adding
a constant to f we may suppose f > 0. Let fo(x) = supy, ). f and A; := {f > t}. We
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can check that A7 = {f; > t}, and for g > 0 we have the formula f gdr = /Ooo m{g > t}dt.
By applying thisto g = f and g = f,

/ =S gy = /oo TA) —rA
€ 0

&

Now let £ Y\ 0 using Fatou’s lemma and dominated convergence. O

Theorem 2.5.14. Let & € P1(X) and let Ch > 0. The following are equivalent.
1. 7 satisfies a Cheeger isoperimetric inequality with constant Ch.
2. For all Lipschitz f : X — R, it holds that

Exl|f - Ey f| < 2ChE,||Vf]l. (2.5.15)

Proof sketch. (2) = (1): Apply (2.5.15) to an approximation f of the indicator function
14, sothat E;|f —E, f| = 27(A) (1 — n(A)) and E.||[Vf|| = 7" (A).

(1) = (2): Let A; = {f > t}. Applying the coarea inequality and the Cheeger
isoperimetric inequality,

2ChE,||VSfl > 2Ch/ a{f >t}dt

—00

>2 [ atapntanat= [ Bt - ntanla

(o) —00

> sup /m(/g{ﬂAt—n(At)}dn)dt

Igllzeo (ry<1 &/ =00

= sup [:(/{Q_Eng}ﬂA,d”)dt: sup /{Q_Eng}fd”

19l oo () <1 gl oo () <1

=Ex|f - Ex fl. O

2.5.3 LP-L91Poincaré Inequalities

In this section, we work on Euclidean space for simplicity.
The inequality (2.5.15) can be considered an “L! variant” of the Poincaré inequality.

More generally, we can define the following family of inequalities.
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Definition 2.5.16 (L?-L7 Poincaré inequality). For p,q € [1, 0] with ¢ > p, the
LP-L9 Poincaré inequality asserts that for all smooth f : R — R,

If = Ex fllze(zy < Cpg || IV ||Lq(ﬂ) :

In this new notation, the usual Poincaré inequality is an L?~L? Poincaré inequality
with Cy, = v/Cp|, whereas the inequality (2.5.15) is an L'-L! Poincaré inequality.
These inequalities form a hierarchy via Holder’s inequality.

Proposition 2.5.17 ([Mil09]). Suppose p,q,p,q € [1, 0] are such that p < p and
gq< g andp —q'=p"1 =G Then,

Proof. Let f satisfy med, f = 0, which we can arrange by adding a constant. Define the
function g := (sgn f) |f|?/?, which still satisfies med,; g = 0. By using the equivalence be-
tween the mean and the median (Lemma 2.4.4) and applying the L?-L7 Poincaré inequality
to g together with Holder’s inequality,

”f - mednf”iléz()ﬁ) = ||9 - medi‘[ g”LP(n) < ||9 - Eﬂ' g”LP(ﬁ) < Cp,q || ”Vg“ ||Lq(”)

) ;%cp,q AP NV F 1 oy

=& Coq I = mede FILT 1951 s

where we leave it to the reader to check that the exponents work out correctly. If we
rearrange this inequality and apply Lemma 2.4.4 again, then

b
I ~Be Flisy  I1f = mede Fllipiny < 5 Coa |19 - 0
Thus, we have the following implications: for any p € (2, 00),
(L'-LY) = (I1*-1%) = --- = (IP-IP).

In particular, the first implication together with the equivalence in Theorem 2.5.14 shows
that the Cheeger isoperimetric inequality implies the Poincaré inequality.
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Also, given any LP-L9 Poincaré inequality, by Jensen’s inequality we can trivially
make it weaker by decreasing p or increasing g; hence, every LP—L? Poincaré inequality
implies an L'-L* Poincaré inequality. On the other hand, for any 1 < p < g < o0, an
L'-L' Poincaré implies an L?~L? Poincaré, which trivially implies an L?-~L? Poincaré
inequality. We conclude that among these inequalities, the L'~L' inequality is the strongest
and the L'-L* inequality is the weakest.

We now wish to sketch the proof of a deep result by E. Milman, which states that for
log-concave measures, the hierarchy can be reversed. The formal statement is as follows.

Theorem 2.5.18 (reversing the hierarchy). Let = € P(RY) be log-concave. Then,

Cl,l < Cl,oo .

As a consequence, suppose that 7 is a-strongly log-concave. By the Bakry—Emery
theorem (Theorem 1.2.29), 7 satisfies a Poincaré inequality with C;, = Cpj < 1/a. By
reversing the hierarchy, we see that this implies a Cheeger isoperimetric inequality.

Corollary 2.5.19. If 7 € P(RY) is a-strongly log-concave, then r satisfies a Cheeger
isoperimetric inequality with constant Ch < 1/+/a.

The proof of Milman’s theorem will require some preparations. The first fact that
we need is a deep result in its own right. Typically it is proven with geometric measure
theory by studying the isoperimetric problem, and we omit the proof.

Theorem 2.5.20. If & is log-concave, then its isoperimetric profile 1, is concave.

The isoperimetric profile satisfies 7, (0) = 0, and it is symmetric around %, so it suffices
to consider p € [0, %] By concavity,

L) 2 L(3)p. (25.21)

Hence, in order to prove Cheeger’s isoperimetric inequality, we need only find a suitable
lower bound for I,,(%).

The next idea is that instead of applying the L'-L*® directly to an indicator function
14, we will first regularize 1, using the Langevin semigroup (P;);>, with stationary
distribution 7. We start with a semigroup calculation.
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Proposition 2.5.22. Assume that the Markov semigroup (P;),s, is reversible and
satisfies the curvature-dimension condition CD(a, o) for some a € R.

1. Forall f andt > 0,

exp(2at) — 1
o

P,(f*) - (Pf)* > T(P.f, Pif), (2.5.23)

exp(2at)—1
a

where we interpret = 2t when a = 0.

2. Ifa =0, then forallt > 0 and p € [2, 0],

1
INELfPE) (o < 75z e (2.5.24)
and
If = Pefllzicry < V2t | VO £) g - (2.5.25)

Proof. We recall the calculation that we performed for the local Poincaré inequality
(Theorem 2.2.11):

3 [Py((P—sf)")] = 2PT (Pi—s f, Posf) -
From the second statement of Theorem 2.2.11, we have
I'(Psg, Psg) < exp(—2as) PI'(g,9) .
Taking g = P;_f, we deduce that
PT'(Pi—sf, Pi—sf) > exp(2as) T (P:f, P f) .
Integrating this from s =0 to s = t,

% I(Pf.P.f).

P(f?) = (Pif)? z 2T (P.f, Pif) / t exp(2as) ds =
0

This establishes the first inequality. In particular, for & = 0,

VTSP < \/i_ NXTS)

2t
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so that

VPSP oy < = (B P (fINYP < T— ey

The last inequality is the dual of the p = oo case. Indeed, for g with ||g[r~(r) < 1,

o [(r-rpgan=- [ pzfein= [r(.pgar
and hence, by the Cauchy—Schwarz inequality for the carré du champ (Exercise 1.7),
[-rpatr= [([riroar)as< [ [VFGATEGPg i) as
<INTFD s /0 | NTPogPeg) [ s
< INEG P s Mol [ =05 < VEINET - 0

Remarlk 2.5.26. The inequality (2.5.23) can be regarded as a “reverse Poincaré” inequality
because it upper bounds the size of the gradient via a variance term. Similarly to Theo-
rem 2.2.11, the inequality (2.5.23) can also be shown to be equivalent to CD(a, ).

We are now ready to prove Milman’s theorem.

Proof of Milman’s theorem, Theorem 2.5.18. By approximating the indicator function 14
with a smooth function and applying the inequality (2.5.25), we can justify the bound

Var 7 (A) 2 114 = Pelallp () -
Next, a calculation shows that

Exlla - Plal = 2 {n(A) n(A°) = E[(14 — 7(A)) (P14 — 7 (A))]}
> 2{m(A) n(A°) — || 1a — w(A) Iz () 1Pt 1a = (A1 (m) } -

<1
From the L!-L® Poincaré inequality and (2.5.24),

Cloo Cloo

Pilg—7m(A)||11, < Cirooll||VP: 1 o < Tallzeo(r < .
1Py 1a = 7(A)llpi) < Creo || IVPLAI |, ) S T 1L allzer) Vi
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Hence, we have

V2t 77 (A) > 2 {ﬂ'(A) m(A°) - Cl—m} .
Vet
Now choose V2t = 2C; o,/ (7(A) 7(A°)) to obtain

7(A)? m(A9)?.

1
A) >
JT()_C

1,00

This inequality is not fully satisfactory, but if we take 7(A) = % then we deduce from this
that 7;(3) > 1/(32C1,), and from (2.5.21) we conclude. O

2.5.4 Gaussian Isoperimetry

The Cheeger isoperimetric inequality asserts that for small p, 7,(p) = p. On the other
hand, one can check that the Gaussian isoperimetric profile 7,,(p) = ¢(®~'(p)) has the

asymptotics 7, (p) ~ p/2In(1/p) asp \, 0.
As with the Cheeger isoperimetric inequality, isoperimetry of Gaussian type can also
be captured via a functional inequality. The following result is due to Bobkov.

Theorem 2.5.27 (Gaussian isoperimetry, functional form). Suppose that = € P (R?)
is a-strongly log-concave for some a > 0. Then, for all f : R — [0,1],

V& I, (Bx f) < Bx\Ja ()2 +T(F.f). (25.28)

As this formulation suggests, Theorem 2.5.27 has a proof via Markov semigroup theory,
for which we refer readers to [BGL14, §8.5.2]. By converting the functional inequality
back into an isoperimetric statement, one can deduce the following comparison theorem.

Theorem 2.5.29 (Gaussian isoperimetry comparison theorem). Suppose that the
measure r € P (R?) is a-strongly log-concave for some o > 0. Then,

Iy 2 Val,.

We explore these results further in the exercises.
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2.6 Metric Measure Spaces

In this section, we revisit the curvature-dimension condition. As we hinted at in Sec-
tion 2.2.1, the commutation relation which underlies the curvature-dimension condition
captures the underlying curvature of both the ambient space and the measure. This
observation leads not only to an extension of the ideas we have been considering thus far
to weighted Riemannian manifolds, but in fact provides an avenue towards developing
geometric analysis on non-smooth spaces which a priori have no differential structure.
The key to this program is that, whereas the Ricci curvature tensor cannot be defined on
such spaces, the convexity of the KL divergence w.r.t. an appropriate Wasserstein space
continues to make sense as a “synthetic” notion of a Ricci curvature lower bound.

To aid the reader who is unfamiliar with Riemannian geometry, we will provide a
brief review of the main concepts. In this section, we shall omit many of the proofs, as
the goal is simply to acquaint the reader with the general picture in a geometric context
without delving into the details.

2.6.1 Riemannian Geometry

Basic concepts. We recall some of the definitions from Section 1.3.2. A Riemannian
manifold M is a space which is locally homeomorphic to a Euclidean space, such that
at every point p € M there is an associated vector space T, M, called the tangent space
to M at p, equipped with an inner product (-, -),. The tangent space T,M represents the
velocities of all curves passing through p. We can collect together the different tangent
spaces into a single object called the tangent bundle,

™ = U ({p} X T,M).
peM

The Riemannian metric p + (-, ), is required to be smooth in a suitable sense.

A smooth function f : M — R has a differential df : TM — R, defined as follows.
Given a point p € M and a tangent vector v € T,M, let (p;),.r be a curve on M with
po = p and with velocity v at time 0. Then, (df),v = d|t=of(p:). One can check that
this definition does not depend on the choice of curve (p;),.r and that (df) » is a linear
function on T, M. Note that the differential can be defined on any manifold, even if it does
not have a Riemannian structure, but (df) p 1s not an element of T,M; it is an element
of the dual space T, M, called the cotangent space. The Riemannian metric allows us
to identify (df) » with an element of T, M: there is a unique vector Vf(p) € T,M such
that for all 0 € T,M, it holds that (df),0 = (Vf(p),0),. The vector Vf(p) is called the
gradient of f at p. The gradient depends on the choice of the metric, and we can then
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define the gradient flow of f to be a curve (p;),., such that the velocity p; of the curve
equals =V f(p;) forall t > 0.

We pause to give a simple example. Suppose that M = R% and we pick a smooth
mapping p — A, where A, is a positive definite d x d matrix for each p € R?. This
induces a Riemannian metric via (u,v), = (u, A, v), where (-,-) (without a subscript)
denotes the usual Euclidean inner product. If (p;),.p is a smooth curve in R? and its usual
time derivative is (p;),cp, then we know that o, f (p;) = (Vf(pr), pr) = <A1;t1 VE(pe), Pe)p,-
Hence, the manifold gradient Vyf is given by Vyf(p) = A;l Vf, where Vf is the
Euclidean gradient. When A, = V¢(p) is obtained as the Hessian of a mapping ¢, then
M is called a Hessian manifold.

A vector field on M is a mapping X : M — TM such that X(p) € T,M forall p € M.
A single vector v € T,)M can be thought of as a differential operator; for f € C*(M), we
can define the action of v on f via o(f) := (df) 0 Similarly, a vector field X acts on f and
produces a function X f : M — R, defined by X f(p) = X(p) f for all p € M. For example,
on R%, a vector field can be identified with a mapping R? — RY, and it differentiates
functions via X f(p) = (Vf(p), X (p)).

We would also like to differentiate vector fields along other vector fields, and there are
two main ways of doing so. The first is called the Lie derivative, and it can be defined on
any smooth manifold without the need for a Riemannian metric, and is consequently less
important for our discussion. The second is the Levi—Civita connection, which given
vector fields X and Y, outputs another vector field VxY. This connection is characterized
by various properties, including compatibility with the Riemannian metric: for all vector
fields X, Y, and Z, we have the chain rule

Z(X,Y) = (VX, Y) + (X, V,Y). (2.6.1)

Here, the vector field Z is differentiating the scalar function p — (X(p), Y(p)),. Since we
do not aim to perform many Riemannian calculations here, we omit most of the other
properties for simplicity. However, we mention one key fact, which is that for any smooth
function f, it holds that V¢xY = f VxY, where fX is the vector field (fX)(p) = f(p) X(p).
This property implies that the mapping (X, Y) — VxY is tensorial in its first argument,
that is, (VxY)(p) only depends on the value X (p) of X at p.

The tensorial property of the Levi—-Civita connection allows us to compute the deriva-
tive of a vector field Y along a curve ¢ : R — M. Namely, for t € R, we can define
DY (t) := (Vg)Y)(c(t)), which makes sense because we can extend ¢ to a vector field
X on M and deduce that (VxY)(c(t)) only depends on X(c(t)) = ¢(t) (and not on the
choice of extension X). Then, DY is called the covariant derivative of Y along the curve

’Geometers would say that X is a section of the tangent bundle.
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c. From there, we can define the parallel transport of a vector vy € T,(p)M along the
curve c to be the unique vector field (v(?)),.r defined along the curve ¢ with v(0) = v,
such that the covariant derivative vanishes: D .o = 0. The parallel transport is a canonical
way of identifying two different tangent spaces on M. Due to compatibility with the
metric, it has the property that if ¢(0) = p, c(1) = g, and P.o € T,M denotes the parallel
transport of v € T,M along c for time 1, then P, : T, M — T,M is an isometry.

We already have seen the idea of a length-minimizing curve, or a geodesic. Recall
that the Riemannian metric induces a distance on M via

1
dtp.) = inf{ [ 170 de [ 10) = . v(1) = ]

If there is a minimizing constant-speed curve y in this variational problem, we say that y
is a geodesic joining p and q. By taking the first variation of this problem, one shows that
a necessary condition for y to be a geodesic is for the covariant derivative of its velocity to
vanish: D,y = 0. We will write this, however, with the more familiar notation j = 0, which
in Euclidean space means that there is zero acceleration (and hence Euclidean geodesics
are straight lines). The converse is not true; if j = 0, it does not imply that y must be a
shortest path between its endpoints (but it means that y is locally a shortest path).

If p € Mand v € T,M, then exp,(v) is defined to be the endpoint (at time 1) of a
constant-speed geodesic emanating from p with velocity o, if such a geodesic exists. In
general, the exponential map may only be defined in a neighborhood of 0 on T, M. The
logarithmic map is the inverse of the exponential map: given g € M, log,,(g) is the unique
vector v € T,M, if this is well-defined, such that exp . (v) =q.

Given a vector field X on M, the divergence of X is the function divX : M — R
defined as follows: (divX)(p) is the trace® of the linear mapping v — (V,X)(p) on
T,M. Also, f € C*(M), we define the Hessian of f at p to be the bilinear mapping
VZf(p) : M x T,M — R given by

Ve f(p) o, w] = (Vo VI(p), why -

Even though we have not given all of the definitions precisely, we will now work through
one example to give the reader the flavor of the computations. Suppose that (p;),.p is a
curve on M; then we know that o; f (p;) = (Vf(p:), pr)p,- If g(p) = (Vf(p), p),, then by
definition we have 3*f(p;) = p:(g) (p:). By compatibility of the Levi-Civita connection
with the metric (2.6.1), this equals (V;, V£ (p:), pr)p, + (Vf(pt), V,P1)p, The first term is

¥The trace is defined as usual, namely if A is a linear mapping on T,M, then after choosing an arbitrary
orthonormal basis ey, . . ., eq of T, M (w.r.t. the Riemannian metric), we have tr A = Z‘iizl (ei, Ae)p.
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V2 (pt) [P, pr]. For the second term, if p is a geodesic, then the term V;, p; vanishes. This
shows that it is convenient to pick geodesic curves when computing Hessians.’

For f € C*(M), the Laplacian of f is the function Af : M — R defined by
Af = tr V2f. In the Riemannian setting, A is usually called the Laplace-Beltrami
operator. The Riemannian metric induces a volume measure, which we always denote
via m. Throughout, when we abuse notation to refer to the density of an absolutely
continuous measure p € P (M), we always refer to the density w.r.t. the volume measure,

ie., j—]ﬁ;. We have the integration by parts formula

/ Afgdm = /ngdm = —/(Vf,Vg} dm,
provided that there are no boundary terms.

Curvature. For a two-dimensional surface, it is easier to define the notion of curva-
ture: one has the Gaussian curvature, which associates to each point p € M a single
number K(p) € R. It is the product of the two principal curvatures at p. The celebrated
Theorema Egregium (“remarkable theorem”) of Gauss asserts that the Gaussian curvature
is unchanged under local isometries, i.e., the Gaussian curvature is intrinsic to the surface.
(In contrast, there are other extrinsic notions of curvature, such as the mean curvature,
which rely on the embedding of the manifold in Euclidean space.)

In higher dimensions, we are not so fortunate and it requires much more geometric
information to fully capture the idea of curvature. In fact, at each point p € M, we
associate to it a 4-tensor, called the Riemann curvature tensor. It is defined as follows:
given vector fields W, X, Y, and Z,

Riem(W, X,Y, Z) = <VXva - VwVxY + V[W,X] Y, Z> .

Here, [W, X] is the Lie bracket of W and X, which is the vector field U defined as the
commutator: Uf := WX f — XW f. This tensor is obviously an unwieldy object, and it is
unclear whether anyone fully understands its complexities. Nevertheless, we may begin
to get a handle on it by observing that at its core, it measures the lack of commutativity of
certain differential operators, which we stated was the basis for curvature in Section 2.2.1.

"When computing first-order derivatives, it is only important that the first-order behavior of the curve is
correct (i.e., the curve has the correct tangent vector). When computing second-order derivatives, it should
come at no surprise that the second-order behavior of the curve begins to matter.

Incidentally, if Vf(p;) = 0, i.e., we are at a stationary point, then the second term vanishes regardless
of the curve p. Hence, the Hessian of f can be defined on any smooth manifold without the need for a
Riemannian metric, provided that we restrict ourselves to stationary points of f. This observation is used
heavily in Morse theory.
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On Euclidean space, it vanishes: Riem = 0. Also, the Riemann curvature tensor is fully
determined by the sectional curvatures of M: given a two-dimensional subspace S of
T,M, the sectional curvature of S can be defined as the Gaussian curvature of the two-
dimensional surface obtained by following geodesics with directions in S. Thus, we can
view the Riemann curvature tensor as collecting together all of the curvature information
from two-dimensional slices.

Luckily, the Riemann curvature tensor contains information that is too detailed for our
purposes. With an eye towards probabilistic applications, we focus mainly on properties
such as the distortion of volumes of balls along geodesics, which only requires looking at
certain averages of the Riemann curvature. More specifically, for u,v € T,M, let

Ric,(u,v) = tr Riem(w, -, 0,") .

The tensor Ric is called the Ricci curvature tensor. It is a powerful fact that many
useful geometric and probabilistic consequences, such as diameter bounds and functional
inequalities, are consequences of lower bounds on the Ricci curvature.

We also mention that one can further take the trace of the Ricci curvature tensor to
arrive at a single scalar function, known as the scalar curvature, but we shall not use it
in this book.

Diffusions on manifolds. Recall that on RY, the generator of the standard Brownian
motion is 3 A, where A is the Laplacian operator. On a manifold M, we define standard
Brownian motion (B;),s, to be the unique M-valued stochastic process with generator % A,
where A is now the Laplace—Beltrami operator. This means that for all smooth functions
f:M — R, we require ¢t — f(B;) — f(By) — /Ot % Af(Bs) ds to be a local martingale.

More generally, a stochastic process (Z;);s, has generator Z if for all smooth functions
f: M — R, the process t — f(Z;) — f(Zy) — /Ot Zf(Z;) ds is a local martingale. When
the generatoris Zf = Af —(VV, Vf) for a smooth function V : M — R, this corresponds
to a Langevin diffusion on the manifold. We informally write dZ; = ~VV(Z;) dt + V2dB;,
although the “+” symbol has to be interpreted carefully. Under some assumptions, the
stationary distribution 7 of the Langevin diffusion has density 7 o« exp(—V) w.r.t. the
volume measure m.

Under appropriate assumptions on VV, the existence and uniqueness of the diffusion
process on the manifold can be proven, e.g., via embedding the manifold in Euclidean
space and using similar arguments as in Section 1.1.3.

Optimal transport on Riemannian manifolds. We conclude this section by dis-
cussing how the optimal transport problem can be generalized to Riemannian manifolds.
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Recall from Exercise 1.12 that the optimal transport problem can be posed with other costs;
in particular, we take the cost to be c(x,y) = d(x,y)% where d is the distance induced by
the Riemannian metric. Suppose, for simplicity, that M is compact and that y is absolutely
continuous (w.r.t. the volume measure). Then, there is a unique optimal transport map T
from y to v, which is of the form T(x) = exp, (Vi/(x)), where —/ is d*/2-concave.

Moreover, there is a formal Riemannian structure on $; o (M). We can formally define
the tangent space at i to be

TﬂPZ,ac(M) = {Vlﬁ | ¢ c COO(M)}LZ(H) ’

equipped with the norm ||Vy/||, = ,/f||V¢||2 du. Also, curves of measures are again

characterized by the continuity equation
O py + div(por) =0,

where the equation is to be interpreted in a weak sense: for any test function ¢ € C*(M),

for a.e. t, it holds that
8t / q)d,ut = /<V(p, Ut> d/lt .

In short, aside from new technicalities introduced in the Riemannian setting (such as
the presence of a cut locus!®), most of the facts familiar to us from the Euclidean setting
continue to hold when generalized appropriately. We refer to [Vil09b] for more details.

2.6.2 Metric Geometry

We now depart from the setting of smooth manifolds and consider metric spaces (X, d).

Definition 2.6.2 (length). Given a continuous curve y : [0,1] — X, we define the
length of y to be

n

leny = sup{Z d(y(t,-), y(ti_l)) ‘ 0<tHp<h < <t < 1}.

i=1

We can check that this definition agrees with the usual notion of length on R%. By the
triangle inequality, if y(0) = p and y(1) = ¢, then d(p, q) < leny.

Loosely speaking, the presence of a cut locus means that there are multiple minimizing geodesics
connecting two points. Think for instance of the two poles of a sphere.
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Definition 2.6.3. We say that (X, d) is a geodesic space if for all p, g € X, there is a
constant-speed curve y : [0,1] — X such that y(0) = p, y(1) = g, and d(p,q) = leny.
Here, “constant speed” implies that for all s, ¢ € [0, 1],

d(y(s),y() = |s —t| d(p. q) -

The curve y is called the geodesic joining p to gq.

Geodesic spaces are a broader class of spaces than Riemannian manifolds. In particular,
they do not have to have a smooth structure, and they can have “kinks”. For example,
the Wasserstein space (Pyac(R?), W;) is not truly a Riemannian manifold, as it is infinite-
dimensional (along with other issues, e.g., it is not locally homeomorphic to a Hilbert
space), but from the considerations in Section 1.3.2 it follows that the Wasserstein space
is a geodesic space. The study of geodesic spaces is called metric geometry, and a
comprehensive treatment of this subject can be found in [BBIO1].

There is a way to generalize the idea of a uniform bound on the sectional curvature to
the setting of geodesic spaces. It is based on comparing the sizes of triangles in X with
the corresponding sizes in a model space.

Definition 2.6.4 (model space). Let k € R. The model space M2 of curvature  is the
standard two-dimensional Riemannian manifold with constant sectional curvature
equal to k, that is:

1. the hyperbolic plane H? of curvature x (that is, the usual hyperbolic plane but
with metric rescaled by 1/v/—xk) if k < 0;

2. the Euclidean plane R? if k = 0;

3. the rescaled sphere S?/+/k if k > 0.

Definition 2.6.5 (Alexandrov curvature). Let (X, d) be a geodesic space and let k € R.
We say that (X, d) has Alexandrov curvature bounded from below by « (resp.
from above by k) if the following holds. For any triple of points a, b, c € X, and any
corresponding triple of points a, b, ¢ in the model space M2 such that

d(a,b) =d(a,b), d(ac)=d@e), d(be) =d(be),
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for any p € X in the geodesic joining a to ¢, and any p € M2 in the geodesic joining
a to ¢ with d(a, p) = d(a, p), it holds that d(b, p) > d(b, p) (resp. d(b, p) < d(b, p)).
If such a curvature bound holds, then (X, d) is called an Alexandrov space.

Thus, triangles in X are thicker (resp. thinner) than their counterparts in MZ2. The
advantage of this definition is that it can be stated using only the metric (and geodesic)
structure of X. For the case when k = 0, there is another useful reformulation.

Proposition 2.6.6. Let (X, d) be a geodesic space. Then, (X, d) has Alexandrov curva-
ture bounded below by 0 (resp. bounded above by 0) if and only if the following holds.
For any constant-speed geodesic (pt) (o) in X, any q € X, and anyt € [0,1],

d(pr.q@)? = (resp.<) (1-1)d(po,q)* +td(p1.q)° -t (1 - 1) d(po. p1)° .

We saw in Exercise 1.14 that (Py,.(R?), Ws) has non-negative Alexandrov curvature.
One can show that a Riemannian manifold has section curvature bounded by « if and
only if the corresponding Alexandrov curvature bound holds.

Alexandrov curvature bounds enforce enough regularity that a satisfactory infinites-
imal theory can be developed for Alexandrov spaces. For instance, one can define the
notion of a tangent cone'l, and in the case of the Wasserstein space, its tangent cone
coincides with the definition of the tangent space that we gave in Section 1.3.2; see [AGS08,
§12.4] for details.

2.6.3 Geometry of Markov Semigroups

We now indicate how Markov semigroup proofs can be extended to the setting of a
weighted Riemannian manifold M with a reference measure 7 which admits a density
7 o« exp(—V) w.r.t. the volume measure m.

Consider the Langevin diffusion on M with generator £ given by

Zf =Af —(VV,Vf).
As before, we can compute the carré du champ to be

L(f. f) = IVFI*.

For the iterated carré du champ,

L(f.f) = %{Sf(IIVfIIZ) —2(Vf,VZ)}

1n general, this is only a cone and not a vector space, because of the possibility of kinks.
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= ~AAIfIP) — 2 (VL. VAR + (VL VPV V)

Unlike in Section 2.2.1, however, we now have to apply the Bochner identity

% A(IVEIP) = (V. VAS) + IV flifis + Ric(Vf, V) (2.6.7)
which shows that

L(f. ) = IV fllfs + (V. (Ric + VV) V) .

Observe that in this formula, the curvature of the ambient space and the curvature of the
measure are placed on an equal footing through the tensor Ric + V2V, If Ric + V2V > a,
in the sense that Ric(X, X) + (X, V2V X) > «a||X||? for any vector field X on M, then
the curvature-dimension condition I, > oI holds. Since the proof of the Bakry-Emery
theorem (Theorem 1.2.29) only relied on the CD(«a, o) condition (together with calculus
rules for the Markov semigroup, such as the chain rule), the theorem continues to hold in
the setting of weighted Riemannian manifolds.
Actually, we can refine the condition further as follows. If dim M = d, then

IVl = < (r920)° = = (AP)2.

This observation motivates the following definition.

Definition 2.6.8. A Markov semigroup is said to satisfy the curvature-dimension
condition with curvature lower bound « and dimension bound d, denoted CD(«, d),
if for all functions f,

LS 2 al(f.f) + 5 (ZDF. (2:69)

As the name suggests, the following theorem holds.

Theorem 2.6.10. Let M be a complete Riemannian manifold with volume measure
m, and let « > 0,d > 1. Consider the Markov semigroup associated with standard
Brownian motion on M. Then, the following two statements are equivalent.

1. CD(a,d) holds.

2. Ric > ¢ anddimM < d.
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l l

As an example, one can show that the unit sphere S9 satisfies Ric = d — 1, so that the
CD(d — 1, d) condition holds. Then, using the Bakry—Emery theorem (Theorem 1.2.29), or
by using Markov semigroup calculus to prove that the curvature-dimension condition
implies Bobkov’s functional form of the Gaussian isoperimetric inequality (Theorem 2.5.27;
see [BGL14, Corollary 8.5.4]), one can now deduce results such as concentration on the
sphere (Theorem 2.5.2).

Besides providing an abstract framework for deriving functional inequalities, it is
worth noting that the condition (2.6.9) no longer makes any mention of the ambient space
except through the Markov semigroup (P;);s, and its associated operators &, I, and I5.
This has led to a line of research investigating to what extent we can study the intrinsic
geometry intrinsic associated with a Markov semigroup. Although we do not intend
to survey the literature here, we show one illustrative example to give the flavor of the
results. First, one shows that the CD(«, d) condition implies a Sobolev inequality.

Theorem 2.6.11. Consider a diffusion Markov semigroup satisfying the CD(a, d) con-
dition for some & > 0 and d > 2. Then, for all p € |1, dz__dz] and all functions f,

p%z{(/lflpdﬂ)zm_/ﬁdﬂ} < %/F(f,f)dn. (2.6.12)

From this Sobolev inequality, one can then deduce a diameter bound for the Markov
semigroup. Here, the diameter is defined as follows:

diam((P;),50) = sup{m-esssup |f(x) = F()| | IT(fs o) < 1}

x,yeX

Theorem 2.6.13. Suppose that the Markov semigroup (P;),s, satisfies the Sobolev
inequality (2.6.12). Then,

d-1
diam((Py);s) < @ —

The diameter bound is sharp, as it is attained by the sphere, and together with Theo-
rem 2.6.11 it recovers the classical Bonnet-Myers diameter bound from Riemannian
geometry. Other geometric results obtained in this fashion include volume growth com-
parison results and heat kernel bounds.
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2.6.4 The Lott-Sturm-Villani Theory of Synthetic Ricci Curvature

The other perspective with which we can encode geometry is the optimal transport
perspective. Namely, in Section 1.4, we informally argued that in the Euclidean context,
the a-strong convexity of the KL divergence KL(- || 7) on (P,(R%), W,) is equivalent to
the a-strong convexity of the potential V. At this stage, it is a perhaps expected, although
still remarkable, fact that on a general weighted Riemannian manifold M, the a-strong
convexity of KL(- || ) on (P2 (M), W) is equivalent to the CD(«a, o) condition, which in
turn is equivalent to Ric + V2V > a.

There are also ways to formulate the general CD(«, d) condition via displacement
convexity, but they are considerably more complicated, and we omit them for simplicity.

If (X, d) is a geodesic space, then (P2(X), W>) is also a geodesic space, which is suffi-
cient to define displacement convexity. Hence, we can work in the setting of Section 2.6.2,
together with the additional data of a reference measure 7 € $(X). In general, technical
issues arise when geodesics on X can “branch” off into multiple geodesics, and so we ought
to impose a mild non-branching assumption; however, we will ignore this technicality.
We can then formulate the following definition.

Definition 2.6.14. Let (X, d, ) be a metric measure space, where (X, d) is a geodesic
space. Then, we say that (X, d, 7) satisfies the CD(a, o) condition if for all measures
Ho, 1 € P2(X), there exists a constant-speed geodesic (pt) g 1) joining yo to py with

at(1-t)

KL(pe [l ) = (1= ) KL(po || ) + t KL || 7) — —

W2 (ho, 1) »

for all t € [0, 1].

We now pause to discuss the motivation behind the introduction of this definition.
Unlike the statement Ric > «, which only makes sense on Riemannian manifolds (and
hence requires a smooth structure), the above definition makes sense on a wider class
of spaces, including non-smooth spaces. The question of to what extent the concept of
curvature makes sense on non-smooth spaces is perhaps an interesting question in its
own right, but it also arises even when one is solely interested in smooth Riemannian
manifolds. Suppose, for instance, that we have a sequence of Riemannian manifolds
(M) ey that is converging in some sense to a limit space M; what properties of the
sequence are preserved in the limit?

If we want to pass to the limit in the condition Ric™* > q, then typically we would
need the Ricci curvature tensors Ric™* to be converging in the limit. Since curvature
involves two derivatives of the metric, this holds if the sequence converges in a C* sense.
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However, for some applications, this notion of convergence is too strong. Instead, it is
common to work with Gromov-Hausdorff convergence, which is based on a notion
of distance between metric spaces. More specifically, it metrizes the space'? of compact
metric spaces. Moreover, this notion of convergence is weak enough that it admits a
useful compactness theorems.

As a consequence of the compactness theorem, a sequence of Riemannian manifolds
(Mg ) keny With a uniform upper bound on the diameter and a uniform lower bound on
the Ricci curvature converges to a limit space M in the Gromov-Hausdorff topology.
However, in this topology, the space of Riemannian manifolds with diameter < D and
with Ric > « is not closed; the limit space M is not necessarily a Riemannian manifold.
So what then is M? It is a geodesic space, but understanding whether it can be said to
satisfy “Ric™ > a” requires developing a theory of Ricci curvature lower bounds that
makes sense on such spaces.

An analogy is in order. For a function f : RY — R, convexity can be described via the
Hessian, V2f > 0, or via the property

A=t x+ty) <A -1t) f(x)+tf(y), forall x,y e R% t € [0,1].

The former definition only makes sense for C 2 functions, whereas the latter definition
makes sense for any function. The former is called the analytic definition, whereas the
definition is called synthetic definition. Although the analytic definition is often more
intuitive, the synthetic definition is more general and more useful for technical arguments.
For example, from the synthetic definition is apparent that convexity is preserved under
pointwise convergence, whereas from the analytic definition one needs the stronger
notion of C? convergence.

From this perspective, the definition of Alexandrov curvature bounds in Section 2.6.2
is the synthetic counterpart to sectional curvature bounds from Riemannian geometry.
However, as we have already seen, sectional curvature bounds are often too strong for
geometric purposes, as we can obtain a wide array of geometric consequences (spectral
gap estimates, log-Sobolev and Sobolev inequalities, diameter bounds, volume growth
estimates, heat kernel bounds, etc.) from Ricci curvature lower bounds. Here, the curvature-
dimension condition provides us with synthetic Ricci curvature lower bounds.

By deducing geometric facts from the CD(«, o0) condition, one shows that spaces
satisfying the CD(a, o) condition, despite the lack of smoothness, enjoy many of the
good properties shared by Riemannian manifolds satisfying Ric > a. To complete the
program described in this section, we should ask whether synthetic Ricci curvature lower
bounds are preserved under a weak notion of convergence. The correct notion to consider

2The space of all compact metric spaces is too large to be a set (it is a proper class). However, if we
choose one representative from each isometry class of metric spaces, then this is a bona fide set.
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is an extension of Gromov-Hausdorff convergence to take into account the reference
measure, called measured Gromov-Hausdorff convergence.

Definition 2.6.15. Let (X, dk, 7k ) ey be a sequence of compact metric measure
spaces. We say that the sequence converges to (X, d, 7) in the measured Gromov—
Hausdorff topology if there is a sequence (fi);cp of maps fi : Xy — X with:

Losup, e, [d(f(), fi () = die(x )| = 0(1);

2. sup ey infi ex [d(fic(xi), x)| = 0(1);

3. (fi)sm — m weakly.

The following stability result is a key achievement of the theory of synthetic Ricci
curvature, arrived at simultaneously by Lott and Villani [LV09] and Sturm [Stu06a; Stu06b].

Theorem 2.6.16 (stability of synthetic Ricci curvature bounds). Let (X, dg, k) pery —
(X, d, ) in the measured Gromov—Hausdorff topology. Let « € R andd > 1. If each
(X, dk, 7) satisfies CD(a, d), then so does (X, d, ).

Note that we have not defined the CD(a, d) condition for d < oo in this context; we
refer readers to the original sources for the full treatment.

2.6.5 Discussion

A remark on the settings of the results. Throughout this chapter, we have not been
careful to state in what generality the various results hold. Certainly the results hold
on the Euclidean space RY, and with appropriate modifications they continue to hold on
weighted Riemannian manifolds.

The results based on optimal transport (e.g., results on transport inequalities) typically
hold on general Polish spaces. The theory of synthetic Ricci curvature makes sense on
geodesic spaces (with mild regularity conditions).

The results based on Markov semigroup theory only require an abstract space X on
which there is a Markov semigroup (P;);s satisfying various properties (e.g., a chain rule
for the carré du champ). Although this usually arises from a diffusion on a Riemannian
manifold, one can also start with a Dirichlet energy functional on a metric space and
develop a theory of non-smooth analysis. See [AGS15] for further discussion on how the
two approaches may be reconciled in a quite general setting.
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Comparison between the two approaches. The discussion thus far has been rather
abstract, and it may be difficult to grasp how the two main approaches (Bakry-Emery
theory and optimal transport) can capture geometric information such as the curvature.
Here, we will briefly provide some intuition for this connection following [Vil09b, §14].

Starting with the optimal transport perspective, fix xo € M and a mapping V¢. For
t >0, let x; == exp(t Vif(x0)), and let § > 0. If ey, .. ., eg be an orthonormal basis of T, M,
in an abuse of notation let xy + de; denote a point obtained by travelling along a curve
emanating from xo with velocity e; for time 8. The points (x + 8¢;)%, form the vertices
of a parallelepiped AJ. On the other hand, for ¢ > 0, we can consider pushing the point
xo + de; along the exponential map to obtain a new point exp, ,s.. (£ V{/(xo + de;)). These
points form the vertices of a new parallelepiped Af.

In terms of measures, let ,ug denote the uniform measure on Ag, and ,uf =exp(t V¢), ,ug ,
so that p¢ is approximately the uniform measure on A. Then, the displacement convexity
of entropy states that

+tln

8 mA)  m(Ad)

<(1-t)ln +0(1)

m(Ap)

as 6 \, 0. On the other hand, the infinitesimal change in volume is governed by the
Jacobian determinant

m(A?)
m(AD)

— J(t,x) =det J(t,x),

where Ji(£, x) = 95|s5=0 €XPy 15, (£ V¥ (x0+3e;)). Hence, the displacement convexity yields

Ing(t,x)>(1-t)InJ(0,x)+tln J(1,x). (2.6.17)

In Euclidean space, we have the formula J (¢, x) = |det(I; + t V?¢/(x))|, but the situation
is more complicated on a Riemannian manifold because there is also a change of volume
due to curvature. To account for this, one can derive an equation for J, known as the
Jacobi equation:

J(t,x) +R(t,x) J(t,x) =0,

where R(t, x) := Riemy, (%4, -, X, -). By taking the trace and performing some computations,
we arrive at

T (t,x) = =[IJ7"(t,x) J(t, ) |Ifs — Ricy, (%1, %) - (2.6.18)
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By comparing (2.6.17) and (2.6.18), we now obtain a hint as to how optimal transport
captures curvature: displacement convexity of the entropy is related to concavity of the
Jacobian determinant, which in turn is tied to Ricci curvature lower bounds.

The calculations above are performed with the Lagrangian description of fluid flows,
as they follow a single trajectory t — x;. If we switch to the Eulerian perspective, then
we are led to define the vector field Vi, as follows: Vi;(x) is the velocity x; of the
curve t — exp,.(t Vi/(x)) at time t. By reformulating the Jacobi equation in the Eulerian
perspective, we arrive precisely at the Bochner identity (2.6.7) for ¢y which, as we saw
in Section 2.6.3, underlies the curvature-dimension condition from the Bakry—Emery
perspective. In this sense, the two approaches to curvature are dual.

2.7 Discrete Space and Time

Up until this point, we have been focusing on continuous-time Markov processes on a
continuous state space. In this section, we give a few pointers on what may break down
in discrete space or discrete time. Our treatment here is far from comprehensive.

Discrete space. For Markov processes on a discrete space space, we can still define the
Markov semigroup, generator, carré du champ, and Dirichlet form. The main difference
is that the carre du champ is now a finite difference operator, rather than a differential
operator, and consequently it fails to satisfy a chain rule.

Crucially, this difference manifests itself for the log-Sobolev inequality, which we have
written in this chapter as

ent,(f%) <2C&(f,f)  forallf. (2.7.1)

On the other hand, recall from Theorem 1.2.21 (which still holds for discrete state spaces)
that the exponential decay of the KL divergence is equivalent to the inequality

ent,(f) < g%(f, In f) forall f > 0. (2.7.2)

When the carré du champ satisfies a chain rule, then (2.7.1) and (2.7.2) are equivalent, but
in general the first inequality (2.7.1) is strictly stronger.

Lemma 2.7.3. The inequality (2.7.1) implies inequality (2.7.2).

See Exercise 2.20. The first inequality (2.7.1) is often simply called the log Sobolev
inequality, whereas the second inequality (2.7.2) is called a modified log-Sobolev in-
equality (MLSI). In many cases, the log-Sobolev inequality is too strong in that it does
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not hold with a good constant C; hence, the modified log-Sobolev inequality is often the
more appropriate inequality for the discrete setting.

We have already seen a concentration inequality for discrete spaces in Exercise 2.15.
In general, concentration of measure on discrete spaces is a rich subject, with many
applications to computer science and probability, and at the same time subtle, involving
new ideas such as asymmetric transport inequalities or careful use of hypercontractivity.
See, e.g., [BLM13; Han16] for more detailed treatments.

Discrete time. Similarly, for discrete-time Markov chains we can no longer use semi-
group calculus, although the basic principles of Poincare inequalities (spectral gap inequal-
ities) and modified log-Sobolev inequalities can be adapted to this setting. In addition,
there are new techniques based on the notion of conductance. As we shall need to study
discrete-time Markov chains in detail for sampling algorithms, we defer a fuller discussion
of this theory to Chapter 7.

Discrete curvature. Inspired by the geometric connections in Section 2.6, many re-

searchers have attempted to define notions of curvature on discrete spaces. We do not

attempt to survey this literature here, but we give a few pointers to the literature.
Ollivier [OI1107; O1109] introduced the following notion of curvature.

Definition 2.7.4. A metric space (X, d) equipped with a Markov kernel P is said to
have coarse Ricci curvature bounded below by k € [0, 1] if for all x,y € X,

Wi(P(x, ), P(y,-)) < (1 =) d(xy).

In other words, the Markov chain with kernel P is a W, contraction. The definition is
motivated by the following observation: on a d-dimensional Riemannian manifold with
Ric > a, let P(x, -) be the uniform measure on B(x, ¢). Then, provided that d(x, y) = O(¢),
it holds that

2

WP ), P(y,) < (1= 5o +0() ) (e y).

A lower bound on the coarse Ricci curvature is often too strong of an assumption for
the purpose of studying mixing times of Markov chains, although there are refinements
in [O1107; OI109]. However, when a lower bound on the coarse Ricci curvature holds,
then it implies a number of useful consequences, such as concentration estimates and
functional inequalities. We mention the following result in particular.
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Theorem 2.7.5 ([O1109]). Suppose that P is a Markov kernel on a metric space (X, d),
and that P has coarse Ricci curvature bounded below by k. Then, P satisfies a Poincarée
inequality with constant at most 1/x.

Refer to Chapter 7 for a precise definition of the Poincaré inequality used here.

Other approaches for studying the curvature of discrete Markov processes include:
studying the displacement convexity of entropy (using different interpolating curves rather
than W;, geodesics) [OV12; Goz+14; Léo17]; using ideas from Bakry-Emery theory [Kla+16;
FS18]; and defining a modified W, distance for which the Markov process becomes a
gradient flow of the KL divergence [Maal1; EM12; Miel3].

We emphasize that although we only described the coarse Ricci curvature approach
in any detail, there is not a single approach which supersedes the others in the discrete
setting. Each approach has its own merits and shortcomings.

Bibliographical Notes

The monographs [BGL14; Han16] are excellent sources to learn more about Markov
semigroup theory.

The Monge-Ampere equation introduced in Exercise 2.1, being a fully non-linear
PDE, is fairly difficult to study. See [Vil03, §4] for an overview of rigorous results on the
Monge-Ampere equation, including the celebrated regularity theory of Caffarelli. The
proofs of Proposition 2.1.1 and Exercise 2.3 are taken from [Cor17]. One might wonder
whether a “log-Sobolev” version of the Brascamp-Lieb inequality holds, but the answer is
unfortunately negative [BLO00].

In the proof of Lemma 2.2.6, we assumed the solvability of the Poisson equation; this
can be avoided via a density argument, see [CFM04; BC13]. The proof of the dimensional
Brascamp-Lieb inequality in Exercise 2.4 is taken from the paper [BG(G18], and Exercise 2.5
is from [HS94]. The bound on var, V obtained in the exercise was used in [Che21b] to
show that the entropic barrier is an optimal self-concordant barrier. Finally, we caution the
reader that the Brascamp-Lieb inequality in Theorem 2.2.8 should not be confused with
another family of inequalities, which are unfortunately also known as Brascamp-Lieb
inequalities, described in, e.g., [Vil03, §6.3].

Although the device in the proof of Theorem 2.2.11 of differentiating s — P((P;_sf)?%)
may seem mysterious at first glance, it forms the basis for a great number of useful
inequalities. The key is that the chain rule for the carré du champ also implies a chain rule

for the generator: Z(¢po f) = ¢'(f) Lf+¢"(f) L' (f, f). Using this, one can differentiate
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s > P (P—sf) for a general function ¢ : R — R, and obtain the nice identity

U [Psp(Pr—sf)] = Ps(LP(Pi—sf) = ¢ (Pr—s f) LPr—sf) = Ps(§" (Pr—s f) T (Pr—sf, Pr—sf)) .

The book [BGL14] is a treasure trove of applications of this principle.

The convergence in Rényi divergence of the Langevin diffusion was obtained earlier,
under stronger assumptions in [CLL19]. A natural question to ask is whether there are
functional inequalities that interpolate between the Poincaré and log-Sobolev inequalities,
which imply intermediate rates of convergence for the Langevin diffusion. One answer is
given by the family of Latala—Oleszkiewicz inequalities (LOI) [LO00]. The convergence
of the Langevin diffusion under an LO inequality is given in [Che+21a]. One can also
consider variants of Sobolev inequalities [Cha04].

In [KLS95], Kannan, Lovasz, and Simonovits conjectured that any log-concave measure
7 on R¢ which is isotropic (i.e., if X ~ 7 then cov X = I;) satisfies a Poincaré inequality with
a dimension-free constant Cp; < 1. This is known as the Kannan-Lovasz-Simonovits
(KLS) conjecture. By considering linear test functions of the form x — (g, x), one has
Cp; > 1, so the conjecture asserts that linear functions nearly saturate the spectral gap
inequality for log-concave measures. The KLS conjecture has inspired a considerable
amount of research (including Theorem 2.5.18), see [GM11; Eld13; LV17; Che21a; KL22],
culminating in the current state-of-the-art result of [Kla23] which asserts that Cp; < logd.

The Prékopa-Leindler inequality given in Exercise 2.8 can be used to deduce other
functional inequalities, such as the log-Sobolev inequality and the Bregman transport
inequality; see [BL00; Gen08]. It was generalized to Riemannian manifolds in [CMS01].

Exercise 2.11 essentially contains the main results of [CCN21] (actually the paper
assumes a slightly weaker condition than (2.E.3), namely that the p-th moment of the
chi-squared divergence is bounded for some p > 1, but this is handled with the same
arguments as in Exercise 2.11).

There are many treatments on concentration of measure, e.g., [Led01; BLM13; BGL14;
Han16; Ver18]. The proof of Lemma 2.4.4 is from [Mil09]. A proof of the characterization
of the Ty inequality in Theorem 2.4.11 can be found in, e.g., [BV05].

The proof of Sanov’s theorem can be found in many textbooks on large deviations,
e.g., [DZ10; RS15].

The monographs [BH97; Led01; BGL14] are excellent sources to learn about isoperime-
try. The exposition of the functional form of Cheeger’s inequality (Theorem 2.5.14) as well
as Milman’s theorem (Theorem 2.5.18) were inspired by the treatment in [AB15]. It would
be hard to survey the various developments on this subject here, but we would like to
mention a few nice additions to the story. First, as we saw in Theorem 2.5.14 and Proposi-
tion 2.5.17, isoperimetric inequalities are typically stronger than their functional inequality
counterparts, and often strictly so. In order to obtain inequalities involving sets which
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are equivalent to, say, the Poincaré and log-Sobolev inequalities, one should turn towards
measure capacity inequalities, for which we refer the reader to [BGL14, §8]. Also, more
refined “two-level” isoperimetric inequalities have been pioneered by Talagrand in [Tal91],
which has applications in its own right.

The Gaussian isoperimetric inequality is due to Sudakov and Tsirelson [SC74] and
Borell [Bor75]. It has since been extended and refined in various ways, e.g., in the context
of noise stability [Bor85; IM12; EId15; MN15; KKO18].

Section 2.6 draws upon many resources on geometry, which we list here: [Car92]
for Riemannian geometry; [Hsu02] for diffusions on manifolds; [Vil09b] for optimal
transport on manifolds, including synthetic Ricci curvature bounds and the discussion in
Section 2.6.5; [BBI01; Gro07] for metric geometry; and [Led00; BGL14] for the geometry
of Markov semigroups. The curvature-dimension condition and its equivalences have
been explored in a vast number of works, e.g., [Stu06a; Stu06b; LV09; Wan11].

Although the bounded differences inequality from Exercise 2.15 is already quite pow-
erful, there are situations in which it does not give the correct answer, in which case we
must turn towards more powerful tools. Among these, we mention Talagrand’s convex
distance inequality [Tal96], which can be established via the tensorization argument
of Theorem 2.3.17 (see [Mar96]).

Exercises

Overview of the Inequalities

> Exercise 2.1 (linearization of the Monge—Ampere equation)
In general, when y,v € P..(R?%) have smooth densities and V¢ denotes the optimal
transport map from p to v, then from the change of variables formula we expect

=detV%p.

vo Vo

This is known as the Monge—Ampére equation. It is a non-linear PDE in the variable ¢,
which is a convex function (by Brenier’s theorem, see Theorem 1.3.8). In this exercise, we
linearize the Monge—Ampere equation to gain insight into the infinitesimal behavior of
the optimal transport problem.

Let 11 be a probability measure on R? with a smooth density, and let f € C®(R%)
satisfy /fdy = 0. Let g, == (1 + &f) p, and let V¢, denote the optimal transport map

from p to p.. Assuming that ¢.(x) = @ + eu(x) + o(¢) for some function u : R — R,

perform an expansion of the Monge-Ampere equation in ¢ and argue that u satisfies the
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following linear PDE, known as the Poisson equation:
1
-Zu=f, where Lu = Au—(VIn—,Vu).
U

Note that < is the generator of the Langevin diffusion with stationary distribution p
(see Example 1.2.4). Use this to formally argue that

lim = Wi (+ef)) = [IVulPdu= [u-2)udp= [ F-2)7 Fan.

eN\0 £2
Here, /lqull2 du = / u (-%) udy is the squared Sobolev norm ”””ip W where the dot
. . . . . 2 _ 2 2
is used to distinguish this from the usual Sobolev norm |[[u||,, W= llull?. Wt ||ul| A"
Similarly, f f(=2)7! fdpy is the squared inverse Sobolev norm || f ”i’rl W Therefore,

the linearization result shows that W (p, v) ~ |[p — V||?-{ as v — [

“Hw)
Using the linearization (1.E.1) of the KL divergence from Exercise 1.9, deduce that the

T2(C) inequality implies

c [ fans [rezrran

In light of the spectral gap interpretation of the Poincaré inequality, why does the above
inequality suggest that T,(C) implies PI(C)?

The astute reader should also work out how the Poisson equation can be obtained
starting with the continuity equation (1.3.18).

Proofs via Markov Semigroup Theory

> Exercise 2.2 (curvature-dimension condition)
Verify the commutation identity (2.2.4) and deduce the formula (2.2.5) for the iterated
carré du champ operator.

> Exercise 2.3 (Bregman transport inequality)
Let V¢ denote the optimal transport map from 7 to y, so that the Monge—Ampere equation
holds (see Exercise 2.1):

=detVZp.

poVe

Take logarithms of both sides of this equation and integrate w.r.t. 7 to prove the Bregman
transport inequality (Theorem 2.2.10). Then, by applying Proposition 2.1.1, give another
proof of the Brascamp-Lieb inequality (Theorem 2.2.8).
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> Exercise 2.4 (dimensional improvement of the Brascamp-Lieb inequality)

In finite-dimensional space, one can improve upon the Brascamp-Lieb inequality (Theo-
rem 2.2.8) by subtracting a non-negative term from the right-hand side. There are different
ways to do this, but in this exercise we explore an approach which utilizes the extra term
||V2u||%IS in the iterated carré du champ operator.

1. Let & oc exp(—V), where as before we assume that V is twice continuously differen-
tiable and strictly convex. Let f satisfy E, f = 0, and consider another function u
(not necessarily the solution to —Zu = f). Show that

Ex[f°] < Ex[(f + Zu)’]1 + E(VS, (VAV) ' V) = Ex [l V2ullys] -

2. Prove that E, [||V?ul|?] > d™! (E; Au)?, and that

E; Au=cov,(f,V) -E;[(f+Zu) V].

3. Choose u to solve —-Zu = f+ A (V —E, V) for some A > 0 and substitute this into
the previous parts. Optimize over A and prove that

cov,(f, V)?

vary f < B (VF, (VAV) L VF) - FE——

4. In particular, deduce that

dE(VV, (V2V)"1VV)
var, V < <d.
d+E(VV, (V2V)"1VV)

> Exercise 2.5 (Helffer-Sjostrand identity)
Let & denote the generator corresponding to 7 o exp(=V), V2V > 0. Heuristically derive
the following identity: for all f,g: R? — R,

covy(f,g9) = E(Vf, (-Z +V*V) ' Vg).

Note that since —% > 0, this implies the Brascamp-Lieb inequality (Theorem 2.2.8)!

Hint: Let (-)* denote the adjoint in L?(r). It suffices to prove that V* (- + v2v)~ly
is the orthogonal projection onto 1%. Suppose that L2 () admits a basis of eigenfunctions
for -, and let u : R? — R be such an eigenfunction with —Zu = Au, A > 0. Study the
effect of the operator on u, recalling (1.2.15) and (2.2.4).
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> Exercise 2.6 (local Poincaré inequality)
Prove the implication (3) = (1) in Theorem 2.2.11.
Hint: Perform a Taylor expansion of both sides of (3) up to order o(t?).

> Exercise 2.7 (hypercontractivity)
Let (P;);s( be a reversible Markov semigroup with stationary distribution r, and let « > 0.
Show that the log-Sobolev inequality in the form

ent, (%) < 2C.s1 € (f, f)

for all f is equivalent to the following hypercontractivity statement: for all functions f,
t>0,and p > 1, if we set p(t) := 1+ (p — 1) exp(2t/CLs)), then

||Ptf||Lp(t)(,f) < fllze ) -

This is a strengthening of the fact that the semigroup is a contraction on any L? (1) space
and shows that in fact the semigroup maps L (1) into L?' () for some p’ > p.
Hint: Differentiate t — In ||P;f | o) ()-

> Exercise 2.8 (Prékopa-Leindler inequality)
In this exercise, we introduce another important functional inequality, known as the
Prékopa-Leindler inequality.

1. Let 7 be a-strongly log-concave, let t € [0,1], and let f,g,h : R — R be three
functions such that for all x,y € RY,

lnh((l —t)x+ty) >(1-t)Inf(x)+tlng(y) —%t(l —t) ||x—y||2.

Prove that

ln/hdﬂz(1—t)ln/fd7r+tln/gdn. (2.E.1)

Hint: Let po, p1y achieve equality in the Donsker—Varadhan variational principle
(Theorem 1.5.4), so that

InE; f=E,Inf—-KL( || 7),
InE,g=E, Ing—KL(p || 7).

Let p1; be along the Wasserstein geodesic from i to ;. Apply the Donsker—Varadhan
principle again, together with the assumption on f, g, h as well as strong convexity
of the KL divergence, in order to lower bound InE,, h.
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2. The inequality (2.E.1) continues to hold when 7 is replaced by Lebesgue measure,
if we set @ = 0 in the assumption.!® Use this to prove that if 7 is a log-concave
measure over R“1*%, then the marginal 7' of 7 on R% is also log-concave.

Hint: Partition elements of R¥*% as (x,y). Apply the Prékopa-Leindler inequality
on R% with f := In7(xp,-), g := Inz(xy,-), and h := In 7 ((1 = t) xo + £ X1, *).

3. We now aim to generalize the fact in the previous part. Suppose that = is a density
on R%*% such that (x,y) — Inz(x,y) + 1 ((x,y), 57" (x,y)) is concave, where

211 212
Y=o ’
[22,1 222

Prove that for the marginal 7' of 7 on R4*%, x - Inx'(x) + % (x, (Z1.1) ' x) is
concave. (Use the result in the previous part.)

4. Show that if 7 is a-strongly log-concave, then the convolution 7 * normal(0, t1;) is
a/(1+ at)-strongly log-concave.

5. Show that the Prékopa-Leindler inequality for the Lebesgue measure is equivalent
to the Brunn-Minkowski inequality: for compact sets A, B C R?,

vol((1-t)A+¢B) > vol(A)'" vol(B)" . (2.E.2)
By scaling A and B and choosing t, show that (2.E.2) can be upgraded to
vol(A + B)V¢ > vol(A)Y? + vol(B) /.

Operations Preserving Functional Inequalities

> Exercise 2.9 (variational principle for entropies)

Let § : R.g — R be a convex function and let Dy denote the associated Bregman
divergence (c.f. Definition 2.2.9). For any positive random variable X with E|¢(X)| < oo
and any t > 0, prove that that EDy(X,t) — EDy(X,EX) = Dg(E X, t), and deduce that
E¢(X) — ¢(EX) = inf;»oEDg(X, t). Use this to prove the variational principle for the
entropy used in the proof of Holley-Stroock perturbation (Proposition 2.3.1).

> Exercise 2.10 (transport inequality in one dimension)
Let 7 be the standard Gaussian on R, and let y < 7. In one dimension, the optimal
transport map T from 7 to p is the monotone rearrangement that satisfies, for each x € R,

p((=00, T(x)]) = 7((—00, x]).

BFor example, one could first consider the case when £, g, h are compactly supported, take 7 to be the
uniform distribution over a ball B(0, R), and take R — oo.
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1. Differentiate this relation to obtain a formula for g—fé(T(x)).

2. Substitute this into the KL divergence KL(u || ) = f In g—ﬁ;(T(x)) dz(x) and use the
inequality t — 1 —Int > 0 for all t > 0 in order to prove the Gaussian T, inequality
in one dimension. Deduce the Gaussian T, inequality in general dimension via a

tensorization argument.

3. Can you generalize this calculation to a density 7 o exp(=V) on R¢, where V is
smooth and a-strongly convex for some o > 0?

> Exercise 2.11 (generalizing the LSI for mixtures)
In this exercise, we generalize the log-Sobolev inequality for mixtures (Proposition 2.3.14).

1. First, show that Example 2.3.15 is sharp up to universal constants as follows. Con-
sider the case when u = % (6_r+64r) on R, so that pP is a mixture of two Gaussians.
Construct a test function f : R — R for the Poincaré inequality which shows that
Cp1(pP) 2 R? exp(Q(R?/0?)) if R/o 2 1.

2. Next, consider the setting of Proposition 2.3.8 except that we replace the assump-
tion (2.3.9) with the weaker condition

C)(Z,Z = \/E[XZ(PX || PX/)Z] < 00, (2.E.3)

where X, X’ bid- p. Now, rather than writing varEp, f = %EHEpr - Ep,. fI?],
instead write var Ep, f = E[|Ep, f — E,p f|*]. By bounding this quantity in two
different ways deduce that

varEp, f < Emin{(varp, f) x*(uP || Px), (varup f) x*(Px || uP)}
< E\(varp, f) 2P || Px) (varyp f) x*(Px | pP)

Use this to prove that a Poincaré inequality holds for pP, and give an upper bound
on Cpi(uP).

3. Now consider the setting of Proposition 2.3.14 except that we again assume the
weaker condition (2.E.3). Previously, we bounded

E[Ep, (f*) In(1+ x*(Px | Px))] < Eup(f*) In(1+Cpe),
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which relies on L'-L* duality. This time, we want to use duality between “Llog L”
and “exp L”. Namely, use the variational principle for the entropy (Lemma 2.3.4) to
prove that for a suitable constant C > 0 (depending on C,2 ,),

2E[Ep, (f*) {In(1 + x*(Px | Px)) — C}] < entEp, (f?).

Use this to prove that a log-Sobolev inequality holds for yP, and give an upper
bound on Cig(uP).

4. Consider Example 2.3.15 again, except instead of assuming that y is supported on
B(0, R), we assume that y has sub-Gaussian tails:

x —x'||? ,
J e B wan pian < e
sG

Prove that if 0 > o5 for a sufficiently large implied constant, then the Gaussian
mixture pP satisfies a log-Sobolev inequality, and give an upper bound on Cyg(pP).
Also, show how this can recover the result of Example 2.3.15.

Concentration of Measure

> Exercise 2.12 (Herbst argument)
Consider the Herbst argument from Section 2.4.2.

1. Verify the calculus identity (2.4.7) in the Herbst argument.

2. Suppose that X is a real-valued random variable satisfying the following condition:
for all A > 0, it holds that

AX  A%o?
var exp > < 4

Eexp(AX).

Let n(1) := Eexp(AX) and deduce an inequality for (1) in terms of n(1/2). Solve
this recursion to prove that for A < 2/0,
2+ Ao

E AX-EX)} < .
exp(A (X ~EX)} < =27

3. Prove the Poincare case of Theorem 2.4.8.

> Exercise 2.13 (Hoeffding’s lemma and Pinsker’s inequality)
This exercise establishes the equivalence of Pinsker’s inequality with a statement about
sub-Gaussian concentration.
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1. Hoeffding’s lemma states that for any mean-zero random variable X with values
in [a, b] a.s., it holds that X is (b — a)*/4-sub-Gaussian. Prove this lemma as follows.
For A € R, let (1) := InE exp(AX). Differentiate ¢ twice and show that /(1) can
be interpreted as the variance of a random variable under a change of measure and
hence (1) < (b —a)?/4.

2. Pinsker’s inequality states that for any two probability measures y and v on the
same space, ||y — V”’zrv < % KL(y || v). Prove this inequality as follows. First, by the
data-processing inequality (Theorem 1.5.3), for any event A,

KL(p || v) > KL((La)yp || (14)4v) = KL(Bernoulli(u(A)) || Bernoulli(v(A))) .

Next, for any g € (0, 1), differentiate p +— kq(p) := KL(Bernoulli(p) || Bernoulli(g))
twice to show that k, is 4-strongly convex, and deduce that k4(p) > 2[p — q|*.
Finally, take the supremum over events A.

3. Apply the Bobkov—-Gotze theorem (Theorem 2.4.10) to show that Hoeffding’s lemma
and Pinsker’s inequality are equivalent to each other.

> Exercise 2.14 (inequivalence between Pl and T;)
In this exercise, we show that the Poincaré inequality and the T; inequality are incompa-
rable, i.e., one does not necessarily imply the other.

1. Use Theorem 2.4.11 to provide an example of a measure 7 € P;(R?) which satisfies
a Ty inequality but which does not satisfy a Poincaré inequality.

Hint: Explain why a Poincaré inequality necessarily requires the support of the
measure to be connected.

2. For the converse direction, let u be the exponential distribution on R, so that the
density is p(x) = exp(—x) 1{x > 0}. Let f : R — R; we may assume that f(0) = 0.
Now apply the identity f(x)? = 2 /Ox f(s) f'(s) ds to the integral / f%du and prove
that p satisfies P1(4). Explain why p cannot satisfy a T; inequality.

> Exercise 2.15 (bounded differences inequality)
This exercise establishes a broadly useful concentration inequality.

1. Prove the Azuma-Hoeffding inequality: let (#;)}_, be a filtration, let (A;)}, be
a martingale difference sequence (that is, A; is #;-measurable and E[A; | Fi_1] = 0),
and assume that for each i there exist %;_;-measurable random variables A; and B;
such that A; < A; < B; as. Then, )1, A;is 21, ||1Bi — Al-||2m(P)/4-sub-Gaussian.

Hint: Apply Hoeftding’s lemma from Exercise 2.13 conditionally.
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2. Use this to prove the bounded differences inequality: if X3, ..., X, are indepen-
dent, then f(Xi,...,X,) —E f(Xy,...,Xy) is X1, [IDifl%,,/4-sub-Gaussian.

sup

Hint: Recall the proof of the Efron-Stein inequality from Exercise 1.2.

3. Next, apply Marton’s tensorization (Theorem 2.3.17) to Pinsker’s inequality from Ex-
ercise 2.13 (see Example 2.3.18) to obtain a transport inequality for the product
space XV. Using the Bobkov-Gétze equivalence (Theorem 2.4.10), give a second
proof of the bounded differences inequality.

> Exercise 2.16 (aloose end in Gozlan’s theorem)
Prove the first statement of Lemma 2.4.13.

Isoperimetric Inequalities

> Exercise 2.17 (isoperimetry on the sphere)
Prove Theorem 2.5.2 from the spherical isoperimetric inequality (Theorem 2.5.1). To do so,
use the fact that the measure of B(xg, r) is

J7 (sin)*"'do
ST (sing) ' do’

a4(B(xo,7)) =

or prove this fact yourself. It is also acceptable to establish a weaker bound of the form
s, () < Cexp(—cde?) for universal constants ¢, C > 0.

> Exercise 2.18 (Gaussian isoperimetry)
Consider the Gaussian isoperimetric inequality in Theorem 2.5.3.

1. In the spirit of Theorem 2.5.14, show that the functional inequality (2.5.28) is equiv-
alent to an isoperimetric statement. Consequently, deduce the comparison theorem
(Theorem 2.5.29) from Theorem 2.5.27.

2. Show that the functional form of the Gaussian isoperimetric inequality in (2.5.28) is
preserved (up to constants) under Lipschitz mappings (in other words, prove the
analogue of Proposition 2.3.3 for (2.5.28)).

Metric Measure Spaces

> Exercise 2.19 (Lichnerowicz inequality)
Under the CD(«, d) condition (2.6.9), the spectral gap estimate for —% can be sharpened
to Amin(—Z) = ad/(d — 1), an estimate that is attributed to Lichnerowicz. Prove this as
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follows: assume that f is such that - f = Af. Show that /1/ I'(f,f)dr = / L(f, f)dn.
Apply CD(a, d) and deduce that A > ad/(d — 1).

Discrete Space and Time

> Exercise 2.20 (LSI implies MLSI)
Prove Lemma 2.7.3. ) ,
Hint: Prove that 4 (va — Vb)) = (fa t=12dt)2 < (Ina—1nb) (a—b) foralla, b > 0.
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CHAPTER 3

Additional Topics in Stochastic Analysis

In this chapter, we further expand our toolbox of stochastic analysis. Namely, we introduce
Girsanov’s theorem, which furnishes a formula for the Radon-Nikodym derivative of
the laws of two SDEs w.r.t. to each other, and we discuss the time reversal of an SDE. In
order to highlight the flexibility and power of these ideas, we then study some interesting
applications, not all of which are directly relevant to log-concave sampling but nevertheless
fit within the broader themes of this book.

3.1 Quadratic Variation

We now take a more general view of the ideas that led to the construction of the It6
integral as well as It6’s formula (Theorem 1.1.18).

Finite variation vs. quadratic variation. As a first step towards understanding
the difficulties we faced when constructing the It integral, we recall that the classi-
cal condition under which it is possible to integrate a continuous process (7:)e(o.1]
against another continuous process (A;),e[o7] i-€., When we can consider the integral
f[O)T] 1y dA;, is when the process A is of finite variation. This means that for any partition
0=ty <t; <---<t,=Tof [0,T], if we define the mesh of the partition to be

mesh(t; :i=0,1,...,n) = max |t; — t;—1],
i€[n]

137
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then it holds that

n
lim DAL= Ayl < .
mesh(t;:i=0,1,...,n) \,0 p

The above limit is called the total variation of A on [0, T]. Under this condition, there is
a signed measure p14 such that for all t € [0, T], we have ps([0,t]) = A; — Ag. Moreover,
we can define a norm |||ty on the space of signed measures, called the total variation
norm, for which ||u4||Tv equals the total variation of A as defined above.! In this case,
we can simply define the integral /[0 717t dA; = /[0 L dpua(t).

Note that if t — A; is differentiable, then the total variation of A equals f[ 0Tl |A,| dt,
and the integral becomes /[o,T] nedA; = f[o,T] rytAt dt.

Hence, the condition that A is of finite variation is enough to develop a satisfactory
theory of integration. The drawback, however, is that Brownian motion is not of finite

variation. To see this, take t; := iT/nfori =0,1,...,n, so that the mesh of the partition is
T/n. Since By, — By, , ~ normal(0, T/n), we expect (heuristically) that

n
. . T
hm Z |Bti — Bti—ll Z hm n- — =00,
n—o0 n—oo n

=\/T/n

On the other hand, if we change the definition slightly, then we expect (heuristically) that

n
. 2 _ T
lim E |By, =By, ,|° < limn-— < o0.
n—oo £ - n—o0 n

= ———

<T/n

We say that Brownian motion has finite quadratic variation. We will show in fact that
the above limit is well-defined in the sense of convergence in probability.
More generally, for a process of the form

t t
Xt:XO+/ btdt‘l'/ O'tdBt, tG[O,T],
0 0

the second term is a process of finite variation (provided that /[o T |b;| dt < oo almost
surely), whereas the third term requires consideration of quadratic variation.

Indeed, the notation ||z — v||v for the total variation distance between p and v is in accordance with
this more general notion of a norm on the space of signed measures, up to a factor of 2 in the conventions.
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Definition of the quadratic variation. More formally, we have the following theorem.

Theorem 3.1.1 (quadratic variation). Let (M;),e[o1] be a continuous local martingale;
then, there is an a.s. unique increasing process t — [M, M], such that t — MZ?—[M, M],
is a continuous local martingale. Also, suppose that for eachn € N*, (t;: i =0,1,...,n)
is a partition of [0, t], with mesh tending to zero as n — co. Then,

[M,M], = lim Z (My, — My_)> in probability.
i=1

Definition 3.1.2 (quadratic variation). The process [M, M] of Theorem 3.1.1 is called
the quadratic variation of M.

We will not prove Theorem 3.1.1 in full generality. However, we will verify that the
quadratic variation of one-dimensional Brownian motion (B;),¢[o 7] is [B, Bl = T, which
gives an idea of the general result. By independence of the Brownian increments,

E”i{(Bt,- - Bti—l)z —(ti— ti—l)}ﬂ = iE“(Bti - Bti—l)z —(ti— ti—1)|2]
i=1 i=1
< an E[(B, - B;,_)*] =3 Zn: (t — ti-1)*
i=1 i=1

n
< 3mesh(t; : i =0, 1,...,n)Z(t,- —ti-1) — 0.
i=1

| —
=T

P
Hence, 3", (B, — B;,_,)* = T as n — co. We also know that t > B? — t is a martingale
(see, e.g., Exercise 1.7).

Semimartingales. We often consider solutions to SDEs with a non-zero drift coefli-
cient, which means that the resulting process are not continuous local martingales. To
accommodate this addition, we consider the following definition.

Definition 3.1.3 (semimartingale). A process (X;),c[o7] is a continuous semi-
martingale if we can write X = A + M, where A is a process of finite variation with
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Ap = 0 and M is a continuous local martingale.

The decomposition X = A + M is then unique. Indeed, suppose that X = A + M for
another finite variation process A (with Ay = 0) and a continuous local martingale M.
Then, from A .= M — M=A- A, we deduce that A is both a continuous local martingale
and a process of finite variation. Since A is of finite variation,

n n
Z (A, = A,,_)? <mesh(t;:i=0,1,...,n) Z Ay, = Ay | =0
i=1 i=1
| S———
bounded as n—oo

as the mesh size tends to zero. This shows that [A, A] = 0, and thus A? is a continuous
local martingale. If we knew that A% were a genuine martingale, then together with Ay = 0
it would imply that A = 0, establishing uniqueness of the semimartingale decomposition.
We omit the localization argument required to finish the proof.

We can also define the quadratic variation of the semimartingale X as [ X, X] = [M, M].
To see why this makes sense, observe that

n n
‘Z (Xti - Xti_l)z - Z (Mti - Mt,-_l)z‘
i=1

i=1

n n
= ’Z (Ati - Ati71)2 + 2 Z(Ati - Ati—l) (Mtl- - Mtifl)‘
i=1 i=1

n n

< Zn: (Ag = At,»_l)z + ZJ (Z (Ay - Ati_l)z) (Z (M, - Mti—l)z) ,
i=1

i=1 i=1

which tends to zero using the same argument as in the uniqueness of the semimartingale
decomposition: finite variation processes have zero quadratic variation.

The bracket of two semimartingales. Given two semimartingales X and Y, we define
their bracket via polarization:

[X,Y] = %([X+ Y,X+Y]-[X,X]-[Y,Y]).

Equivalently, if X = Ax + Mx and Y = Ay + My are the respective decompositions, then
[X, Y] = [Mx, My]. The following theorem gives a concrete way of computing the bracket
for processes driven by Brownian motion.
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Theorem 3.1.4 (bracket of processes driven by Brownian motion). Suppose that X
and Y are R%-valued processes with

dX; = b dt + o dB;,
dY; = b! dt + o) dB;,

where we assume ./[O,T] |6:X| dt, f[O’T] I6Y]| dt, /[O,T] ||0'§(||§IS dt, and /[O,T] ||0'tY||12is dt are
all finite almost surely. Then, X and Y are continuous semimartingales, and

[X,Y]t:/0t<0§(,osy>ds, fort € [0,T].

Ito’s formula revisited. Finally, we conclude this section by revisiting Itd’s formula
(Theorem 1.1.18) using our new calculus.

Theorem 3.1.5 (Itd’s formula revisited). Let X be an R-valued semimartingale, and
write X = (X',...,X%). Let f € C*(R?). Then, f(X) is also a semimartingale, and

d t
2 /0 d;if (Xs) d[X', X .

i,j=1

d . o
£06) = o)+ | arooax+;

If we interpret [X, X] as the matrix whose (i, j)-entry is [X i X’], then this can be
written in matrix notation as

f(Xp) = f(Xo) + /0 <Vf(Xs),dxs>+% /0 (V2£(X,), d[X, X]) - (3.1.6)

For d-dimensional standard Brownian motion (B;),c[or], We have B, B], = tly, so that
d[B, B], = I; dt and we recover the original statement of Itd’s formula in Theorem 1.1.18.
The point is that the quadratic variation is a convenient way of streamlining It6 calculations,
as it formalizes the idea that only the Brownian motion part of a process contributes in
the second-order term in It6’s formula.

3.2 Change of Measure in Path Space

In this section, we begin to investigate measures on path space, for which it is convenient
to adopt the following canonical setup. Let (B;),c[o,r] be standard Brownian motion, and
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let W denote its law, the Wiener measure. Recall that in probability theory, all of our
random variables are defined on an underlying probability space (Q, #,P). Since we
can take this probability space to be whatever we wish, as long as it is sufficiently rich,
we may as well take Q = C([0,T]) to be the space of continuous paths with & being
the Borel o-algebra, equipped with the Wiener measure P = W. Then, for w € Q, the
Brownian motion at time ¢ simply becomes the evaluation functional, B;(w) = w;.

3.2.1 The Cameron—-Martin Theorem

Our goal now is to understand when two measures P, Q on the path space C([0,T])
are absolutely continuous w.r.t. each other, and if so, to write down a formula for the
Radon-Nikodym derivative S—P. The final result, known as Girsanov’s theorem, will be
used for the analysis of sampling algorithms later in this book, and more broadly it is an
indispensable tool for stochastic analysis.

Before reaching this goal, however, it may be helpful to provide some mathematical
context. We begin with the following question. For a curve h € C([0, T]), the translation
operator Tj, : C([0,T]) — C([0,T]) is defined simply by the mapping @ — « + h. What
happens to the Wiener measure under translations?

More generally, we can define the translation operator T; on any Banach space 8,
with h € 8. If B = R? and y is the Lebesgue measure, then we know that y is invariant
under translations, in the sense that (Tj,),u = y for all h € R, and that the Lebesgue
measure is the unique measure with this property up to rescaling. However, as soon
as we move to infinite dimensions, a classical result of analysis states that there is no
non-trivial measure y which is invariant under translations, i.e., infinite-dimensional
Lebesgue measure does not exist. This makes it difficult to decide upon a “canonical”
reference measure for infinite-dimensional analysis.

Although invariance is impossible, we can at least ask for quasi-invariance: does there
exist yu such that (Tj,),u < p for all h € B8? For example, the standard Gaussian measure
is quasi-invariant on R?. In infinite dimensions, the answer is still no; in particular, there
is no infinite-dimensional standard Gaussian. To understand this point more concretely,
suppose that 8 = H is actually a Hilbert space, and let (ex) <y be an orthonormal basis.
An obvious attempt to build “the standard Gaussian measure on H” is to take an i.i.d.
sequence (&) of standard Gaussians on R, and to take y to be the law of )i &xex.
However, since ||Z,Z<V: 0 Erer? = Zf{\[: 0 .fz, standard probability theory tells us that almost
surely, this is not a convergent sum in H.

Despite this obstruction, we will now see that the Wiener measure behaves in some
sense like a standard Gaussian measure on a Hilbert space! The theorem below begins by
precisely characterize the set of h for which (T;,),W < W.
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Theorem 3.2.1 (Cameron—Martin). Let W be the Wiener measure on C([0,T]). Then,
(Th)sW < W if and only if

heH = {h e C([0,T]) ‘ h(0) = 0, /Tllfl(t)llzdt < oo} .
0

If this holds, then

i T
@ =ex( [ G003 [(WioPa). 22

Here, H is called the Cameron—-Martin space associated with Brownian motion.

The Cameron—-Martin theorem will be subsumed by Girsanov’s theorem, so we will
not prove it here. Instead, we will focus on its interpretation.

Interpretation of the Cameron-Martin theorem. To interpret (3.2.2), let y denote
the standard Gaussian measure on R? and let & € R?. Then, on RY, we have the formula

d(T),
L 6 = exp((h ) = 5 1)

This bears a striking resemblance to (3.2.2). Namely, for ho, h; € H, let us define the
inner product (hg, hy)yy = /OT(fzo(t), hy(t)) dt. If we interpret the stochastic integral

/()T(ﬁ(t), dw;) as (h, w)4¢, then the density ratio in (3.2.2) behaves as if

<« » 1
dW(w) “oc exp(—g ”“)”‘ZH) dw . (3.2.3)

The charming part about (3.2.3) is that not a single aspect of it makes any sense. We know
that W-a.s. w € Q does not even belong to H, since Brownian paths are non-differentiable
(in fact, they are Holder continuous of any exponent less than 1/2, but no better, whereas
we would require Lipschitz continuity to have a.e. differentiability). Also, (3.2.3) tries to
express the density of W, but with respect to what measure? We have just stated that
there is no “Lebesgue measure” on H.

Despite these objections, Theorem 3.2.1 is a perfectly rigorous manifestation of the
intuition that W is a standard Gaussian measure on /. To reconcile this, it will turn out
that a “standard H-Gaussian measure” can exist, but the catch is that it no longer “fits” in
H (indeed, W is supported on C([0,T]) 2 H). Indeed, the fact that W is usually defined
on C([0, T]) is somewhat of a red herring, and many of the deeper properties of Brownian
motion (e.g., Schilder’s theorem in large deviations) are best understood via H.
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Abstract Wiener space. More generally, let H be an infinite-dimensional Hilbert space
and let us try to construct the standard Gaussian measure on H. We tried earlier to use
the sum ;. &xex, but this does not converge in the norm of H. To proceed forward, the
idea is rather simple: we can just use another norm. Namely, if we can find a Banach space
B 2 ‘H with corresponding norm ||-||g, such that the sum ;. ékex converges in ||-|| g,
then ;e &kex makes sense as a random element of B, and we can take y to be its law.
Note that y is supported on B rather than on H. It turns out that a suitable orthonormal
basis (ex )y and a norm ||-||g can always be found to make this procedure work.

For Brownian motion, we take ||-||g to be the supremum norm (i.e., the norm of
C([0,T])) and the orthonormal basis can be chosen as a certain (integrated) wavelet basis.
In fact, the abstract construction described above is implicit in Lévy’s usual construction
of Brownian motion.

It is also possible to flip this process around. Namely, suppose that y is a Gaussian
measure on a Banach space B, which means that for any linear functionals #,...,4, €
B* and X ~ p, the vector (£1(X),..., £ (X)) is jointly Gaussian. Then, one can find a
Hilbert space H associated to (B, i), which is called the Cameron—Martin space, and an
appropriate analogue of the Cameron—-Martin theorem (Theorem 3.2.1) holds. In fact, one
has x|l = sup{|[t(w)| | £ € B*, ||€llr2(y) < 1} and H = {x € B | |Ix[lor < oo}. The
triple (8B, H, u) is known as an abstract Wiener space.

3.2.2 Girsanov’s Theorem

The Cameron—-Martin theorem (Theorem 3.2.1) provides a formula for the density ratio
of the laws of two diffusions that differ by a deterministic drift. Girsanov’s theorem
generalizes this to diffusions which differ by a random drift.

Why do we only consider a change of drift? The answer is that two diffusions

dX; = b dt + 0¥ dB;,
dY; = b! dt + o) dB;,

with oX (X )T o’ (O'Y)T, have mutually singular laws, as a consequence of the existence

of the quadratic variation (Theorem 3.1.1). Indeed, the laws of X and Y are concentrated

on the disjoint events that the quadratic variation equals /0' oX (crx)T or fo. o (O'Y)T

respectively. Nevertheless, Girsanov’s theorem will show that a change of drift is enough

to obtain any other path measure which is absolutely continuous w.r.t. the original one.
To understand the intuition behind Girsanov’s theorem, consider the diffusion

t
dXt = bt dt + dBt — X;= / bs ds + B;, (324)
0
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where (b;),>, is an adapted process. If (b;);s is in fact deterministic, then recall that the

law of X; is a centered Gaussian with covariance /Ot(bs ® bs) ds. In general, however, the
law of X; is not easily describable. Nevertheless, it is possible to understand the joint law
of (Xt);eq0.77> which is a measure P on path space.

To see why this is the case, consider a discrete-time analogue of (3.2.4):

Xiy1 = F(Xx) + &, k=0,1,2,...,

where F : R? — R? is a deterministic map and (&), is a sequence of i.i.d. Gaussian
variables. Again, due to the non-linear mapping F, the law of X} is hard to describe exactly,
yet once we condition on Xj, the law of X, is an explicit Gaussian. This observation
makes it straightforward to write down an explicit and simple expression for the joint
law of (X, X1, ..., XN).

Returning to (3.2.4), we can think of it in the same way: namely, conditioned on the
past, the conditional law of the diffusion in the next instant is a Gaussian with some mean
and covariance. Moreover, by using the formula for the density ratio of two Gaussians,
one can guess the formula

T T
;—; - exp(/o (b,, dB.) —%/0 I ds). (3.2.5)
Note that this exactly mirrors Theorem 3.2.1, except that now we allow for adapted
processes (by) ;s

Let us now discuss how we would establish (3.2.5) carefully. Actually, we will pro-
ceed in the opposite order from our informal discussion: we will first define P via the
formula (3.2.5), and then investigate the effect of the change of measure from W to P on
our stochastic processes. This requires a change of perspective: instead of considering two
processes (B),c[o 1] and (Xt),e[o,1]> We instead think of a single process (B;),¢[o 1) defined
on our canonical filtered space (Q = C([0,T]), F, (F1)c(o1))- Recall that (By)cor) is
just the coordinate process B;(w) = w;. When we endow our space with the Wiener
measure W, then (Bt)te[o,T] becomes a standard Brownian motion. On the other hand, if
we instead endow our space with the measure P, we will show that (B;),e[o7] is, in some
sense, a Brownian motion with drift.

To carry out our plan, the first step is to show that (3.2.5) defines a valid probability
measure P. In other words, we need the W-expectation of the right-hand side of (3.2.5)
to equal 1. Actually, for any t € [0, T], let us write W, to be the restriction of W to &#;
(and similarly write P;). In order for our putative P, to be a probability measure for each
t € [0,T], we would require

dp; - g 1! 2
o e Lep( [ s - [ b as)




146 CHAPTER 3. ADDITIONAL TOPICS IN STOCHASTIC ANALYSIS

to have constant W-expectation, equal to 1 for all ¢ € [0, T]. This would follow if we knew
that this defined a W-martingale.

Assume that EW foTllbs ||>ds < oco. Then, the process t + fot(bs, dBs) is a W-martingale,

and t fot ||bs||? ds is its quadratic variation. We will simply write M := /0' (b, dB) for the
martingale and [M, M] for its quadratic variation. Then,

E(M) = exp(M — % [M, M])

is called the exponential martingale associated with M. Is it actually a martingale?
Applying It6’s formula in the form (3.1.6),

48(M), = E(M), (M — - d[M, M], + - d[M, M],) = (M), d;,

so &(M) is a stochastic integral. From Proposition 1.1.15, this tells us that &(M) is a
continuous local W-martingale. In other words, it is possible for &(M) to fail to be a
martingale if some integrability conditions are violated. For now, we will assume that
&E(M) is an honest* martingale, treating this point as a technical issue, although later we
will see that there is a clear understanding of what happens when this assumption fails.

Under this assumption, the measure P defined via (3.2.5) is a probability measure on
path space. We now claim that under P, the process t — B; := B; — [B,M], = B, — /Ot bs ds
is a standard Brownian motion. Actually, this is not too hard to check using (3.2.5) and
characteristic functions; we leave it as Exercise 3.1.

We have arrived at the following theorem.

Theorem 3.2.6 (Girsanov). Let (B;) (1] be a standard Brownian motion under the

Wiener measure W and let (b;) e[| be a progressive process with EW fOT||bS |2 ds < oo.
Let M; := fot(bs, dBs) fort € [0,T] and let [M, M], = fotllbsH2 ds denote the quadratic

variation. Define the exponential martingale

E(M) = exp(M — % [M, M]) .

Assume that E(M) is a W-martingale and define the measure P on path space via

dP
Iw EM)r.

2We borrow the terminology from [Ste01].
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Then, under P,

t
t — B, = B, — [B,M], = B; — / by ds is a standard Brownian motion .
0

At present, Girsanov’s theorem may seem rather abstract, and perhaps the best way
to learn its meaning is to see it in action. We will put it to work in Section 4.4.

When is the exponential martingale an honest martingale? Since &(M) is a non-
negative local martingale, then it is a supermartingale, i.e., we always have EW &(M); < 1.
The only situation in which we encounter difficulties is when EW &(M); < 1, which
would lead P defined via (3.2.5) to be a sub-probability measure. One might suspect that
this is related to some probability mass “running off to c0”, and indeed one can show that
1 - EW &(M)y is precisely the probability that the diffusion has exploded by time T, in
the sense discussed in Section 1.1.3. Therefore, the following criteria for &(M) to be a
martingale are really criteria for non-explosion.

The standard sufficient condition for &(M) to be a martingale is Novikov’s condition,
EW exp(% [M, M]r) < co. An even weaker condition, known as Kazamaki’s condition,
requires only that sup;c(q EW exp(3 M;) < oo. In principle, one of these conditions
should be checked before applying Girsanov’s theorem. However, if one is only interested
in bounding a quantity such as the KL divergence or a Rényi divergence, one could
use the technique of localization, mentioned in Section 1.1.1, together with the lower
semicontinuity of the KL divergence, to avoid these conditions altogether.

3.3 Doob’s Transform

In this section, we will introduce a more sophisticated use of change of measure on path

space, known as Doob’s transform. Some applications include obtaining SDEs for processes

conditioned on an endpoint and deriving the Follmer process in the next section.
Suppose that Q is a reference measure on path space, describing the law of the SDE

dXt = bt(Xt) dt + Ot (Xt) dBt , X() ~ T . (331)

Let Ps; denote the transition operator from time s to time ¢ (note that our reference
process is time-inhomogeneous). The question we address in this section is the following:
suppose that P is another probability measure on path space such that its Radon-Nikodym
derivative w.r.t. Q only depends on Xr, the path at time T

dPr

10, = hr(Xr) .
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Since P < Qr, we know from the previous section that the process X under P corresponds
to the original process under Q with a change of drift. Can we solve for this drift?
The process t — :115 must be a martingale, and we make the ansatz that at time ¢, it

only depends on the path at time ¢: dP“ = hy(X}). Applying It6’s formula to (h:(X;))eqo1s
dh; (X;) = (0che + L) (X2) + (Vhi(Xy), 00 (Xy) dBy) (3.3.2)
and we deduce that this is a martingale if and only if
8th[ + gtht = 0,

where &, f = % (010}, V2f) + (b, Vf) is the generator at time t. This is the backward heat
equation (indeed, if X is a Brownian motion, then the equation reads d;h; + % Ah; = 0),
which makes sense since we have a terminal time condition for h7. In the case when the
process is time-homogeneous (i.e., the coefficients do not depend on t), setting h;~ := hr_;,
we see that h*™ satisfies the forward heat equation 0;h;” = Zh;~, which has the solution
h;~ = Py;hg . Switching back to h, we deduce that h; = Pyr_;hr.

Now that we have a formula for g—&, let us solve for the change of drift. On one

hand, we know that if B = B — [B, M] is a standard Brownian motion under P, where
M = /()'(A, dB), then Girsanov’s theorem (Theorem 3.2.6) yields

dpP;
d(ln—) = (A, dBs) — = ||At|| dt.

dQ;
On the other hand, It6’s formula and (3.3.2) yield
1 1
In A (X, hX——dh.X,h.X
d(in (X)) = e (X0 = S AR R (),
o T 2
ht(Xt) (Vhi(X1), 0:(X:) dBy) 21 (X,)? lloe(Xe)” Vh(X)|” dt

and we quickly deduce that
At = O't(Xt)T Vin ht(Xt) .
Finally, we have obtained

dX; = (bt(Xt) +01(X}) At) dt + 04 (X;) dB,
= (b+(Xy) + 0 (X2) ot(X:)" Vln h(Xy)) dt + 0:(Xt) dB, .

This is our expression for the SDE under Pr. We recall that in the time-homogeneous case,
we actually have h; = Pyr_;hr.
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3.3.1 Conditioning on an Endpoint

As a first application, we will show how the Doob transform allows us to condition on
Xr = xr, for some fixed xr € R%. To see what this means, let ¢t < T and let 1+ be a bounded
F;-measurable random variable; let us try to compute E?[#; | Xr]. By the definition of the
conditional expectation, we wish to compute EQ[n, f(Xr)] for any bounded measurable
f : R? — R. Using the transition operator P; 7 (which, in an abuse of notation, we identify
with the transition kernel itself), and writing 7, := law?(X,),

E2[n: f(Xr)] = E2[n EQ[f(X7) | X;]] = E2 [m / f(xr) Prr(X;, dxr)

= EQ qt/f(xT)M(xT) ﬂT(de)]

= [ remyEn LD (e ().
T

We conclude that if h;" (x) = dP’T(x )(x ), then

EQ[’?t | Xr =xr] = EQ[’Yr BT (X)]
Since this holds for every 7, it says that if P denotes the measure Q conditioned on
Xt = x7, then

dpP

—t:th(Xt) forallo <t <T.

dQ;

We are now in the setting of Doob’s transform. In particular, under P,

dX; = (b(X) + 0:(X;) 0:(X;)T VIn BT (X)) dt + o(X;) B, 0<t<T. (333)

Example 3.3.4 (Brownian bridge). Suppose that B = X is a standard Brownian
motion under Q. Then, Ps; = normal(0, (t — s) I;) and n; = Py;. If we condition B to
hit x7 at time T, then this process is known as a Brownian bridge.

We can calculate

X —Xr

= Vlnth(x):—T -

llx — xTIIZ)

hT(x) o exp( 2 (T = 1)

Hence, we arrive at the SDE representation for Brownian bridge,

- X .
ax, = L= 4r 4 dB, .
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Note that the drift is singular as ¢ /' T. Of course, it must be, in order to drive the
process to hit a single point x7 at time T.

3.3.2 Reversing the SDE

Next, we describe how to construct the time reversal of the SDE (X;),¢[or)- Namely,
suppose that m; := law(X;) is the marginal law of X at time ¢. We will construct another
SDE X such that law(X;") = nr_; for all t € [0,T]. This construction will play an
important role in the study of the proximal sampler in Chapter 8.

Perhaps the most straightforward approach is to start with the Fokker—Planck equation
for X. Let X denote the general SDE (3.3.1), but for the sake of simplifying calculations
we shall assume that the diffusion matrix o; does not depend on the spatial variable, for
all t € [0, T]. Then, we have the Fokker—Planck equation

Oty = % <0tatT, Vi) — div(mby) .
Therefore, the time reversal 7;~ = mr_; satisfies
o, = —% <O'T_t0'}—_t, VirTy +div(z br_y) .
Next, we note that

<O'T_t0';_t, Viry = div(aT_tcr;_t Vr,”) =div(m,~ (O’T_tO';_t Vinr "))
hence we can write

oy = % <UT_tO'}—_t, Vi) +div(m~ (br— — UT_tO';:_tV Inz,7)). (3.3.5)
We can therefore read off the SDE

dX;” = {~br_(X;") + or—r07_, VIn (X))} dt + or—, dB; . (3.3.6)

If we initialize this SDE with X~ ~ 77, then X~ ~ 7y~ = n7_; for all ¢t € [0, T].

If we initialize this SDE at X~ = xr, does it then follow that X7~ ~ o7 (- | x7), where
moir denotes the conditional distribution of X, given Xr? This would follow if we knew
that (X7, X;) has the same joint distribution as (Xr, Xy), but this is not clear from the
above derivation, which produced the process X~ by matching only the marginal laws.
To see that this statement indeed holds, we will instead apply the conditioning argument
from the previous section.
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In the previous section, recalling that P is the measure Q conditioned on Xr = xr, we
know that law® (X;) = 71 (- | x7). Therefore, from (3.3.3) and writing ;7 = 77 (- | x7)
to lighten the notation, we deduce that

dP;r )) .

1 .
atﬂ'tH‘ = E <O't0';r, Vzﬂt”‘) - le(ﬂﬂT (bt + O'tO';r Vin dn’T

The time reversal 7. := mr_; T satisfies

e _ 1 N dPr—.r
oy = = (or-10]_ Vi) + div( 7 (br+ or0]_, Vin TTf)) . (337)
As an application of the Bayes rule,
dPr_yr(x, ) mrjr—(xr | ) mwr_yr(x | x7)
— () = =
drr mr(x7) 7t (%)
and
wr—yr (- | x
VIHM =Vinzj - Vinz.
TTT—t
Substituting this into (3.3.7) and applying the logarithmic derivative trick,
— 1 — . — —
atﬂ:tﬂ" = > (UT_tO';_t, Vzﬂt”) + le(ﬂ”T (br—; — O'T_tO';_t Vinr, )) . (3.3.8)

Observe that this is the same Fokker—Planck equation as (3.3.5), except that it is now
satisfied by ¢ — 7, p rather than ¢ = 7~ Therefore, the SDE corresponding to (3.3.8) is
the same SDE (3.3.6) above. Since 7[5|_T = dy,, this confirms that initializing (3.3.6) with
Xy~ = xr yields X~ ~ ”;|_T forall t € [0,T].

Note that the time reversal of the SDE depends on the initial distribution.

3.4 Follmer Drift

As an application of the Doob transform, we now introduce a process attributed to [F6185].
Under Q, let (X;),¢[o,1] be a standard Brownian motion started at 0. Then, the law of X; is
standard Gaussian, y := normal(0, I;). Next, we take P to be a path measure under which
Xi ~ u, for some other probability measure y with p < y.
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To achieve this, we can use the construction in Section 3.3, namely, we take g—gll =

h1(X1) where h; = 3—;’. This yields h; = Pl_t%, and
du ~
dXt:VInPI—td_(Xt)dt+dBta X():O,
Y

where B is the P-Brownian motion. This process is known as the Féllmer process, and
the added drift term is known as the Follmer drift. The fundamental property enjoyed
by this process (or more specifically, by P) is that

d d
KL(P || Q) :Eplnd—;j(Xl) =B, lnd—';j =KLzl y). (3.4.1)

On the other hand, if P is any other path measure under which X; ~ y, then by the
data-processing inequality (Theorem 1.5.3) we have KL(P || Q) > KL(y || y). This reflects a
certain entropy optimality property for the Follmer process. Moreover, if B is a P-Brownian
motion and under P,

d.Xt = I;t (Xt) dt + dBt ,

then by Girsanov’s theorem (Theorem 3.2.6), this entropy optimality property becomes

1 ! d 1 5 [ A
KL Q=58 [ v InProrg (40 de < 5 EF JRECSIRENTI
0 0
(3.4.2)

We say that among all drifts that drive the process to satisfy X; ~ py, the Follmer drift has
minimal “energy”.
Moreover, by the chain rule for the KL divergence,

KL(P || Q) = KL(u |l y) + / KL(PP= || Q=) yi(dx)

where PX1=* = lawp((X;)g<,<; | X1 = x) and similarly for Q"X1=*. The optimality prop-
erty (3.4.1) for the Follmer process entails that the second term above vanishes, which
means that under P, the conditional law of the path given X; = x is the same as the
corresponding conditional law under Q. The latter corresponds to the Brownian bridge
(see Example 3.3.4).
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3.4.1 Application to Functional Inequalities

The use of the Follmer drift as a potent tool for establishing functional inequalities was
perhaps pioneered by Lehec [Leh13], although he attributes the idea earlier, e.g., to
Borell [Bor00]. Here, we demonstrate its power to establish the Gaussian log-Sobolev and
T, inequalities, and refer to [Leh13] and subsequent literature for further applications.

Transport inequality. Under P, we know that X; ~ y and B; ~ y. Hence,
2 P R 112 P ! dy 2
WEGsy) < B - Bill?] =2 | VinPr g () a||
0

1
d
<2 [ Vi Lol d =2k,
0 dy
where we used (3.4.1) and (3.4.2) in the last line.

Log-Sobolev inequality. Let h; = Pl_tg—;j and recall from the construction of the Doob
transform that (h:(X;))c(o) is @ Q-martingale. We claim that (VInh:(X:))c(oq) s 2
P-martingale. To prove this, let s < t and let A; € ;. Then,

Vh(X:)
he(Xe)
= B[P, Vhi (X)) 14,] = E¥[E[P,Vhi (X)) | F] 14,

= B[P, VA (X,) 14,] .

EP [VInhi(X;) 1a,] = B[ La,]| = E®[Vhi(X;) 1a,] = B [VPi_thi(X;) 14,]

Applying this equality for s = ¢ yields E* [V Inh,(X;) 14,] = EP[VInhy(X;) 14,], or
EP[VInh(X,) | %] = VInhy(X;) .

In particular, t — ||V In h;(X;)||? is a P-submartingale.
Now, using the equality for the KL divergence and the submartingale property,

1 ! du 1 dy 1
KL(u | y) = EEP/O ||V1nP1_td—y(Xt)||2dt < EEP[”VInd—y(Xl)”z] = Fl(u |l y).

3.4.2 Connection to Stochastic Localization

In this section, we relate the Follmer process to Eldan’s stochastic localization scheme
(introduced in [Eld13]), which by now has solidified its status as a core tool in high-
dimensional probability. Although we do not have space in this book to describe its
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many applications, we present some basic ideas here to help the reader understand the
connections with the extant literature; see [KP21] for more details.

Stochastic localization is a method of understanding a probability measure p by
decomposing it into simpler parts, with the goal of, e.g., establishing functional inequalities
or other useful properties for p. It was inspired by earlier work on deterministic localization
schemes [KL.595], but instead seeks to produce a random measure-valued process (p;),s-
This process is such that py = y1, po = dx for some random variable X, and (p;),s, is a
martingale. The last property implies that X ~ y, and indeed, E p; = p for all ¢ > 0. This is
the decomposition of y into “simpler parts” as alluded to earlier.

How might we build such a process? We motivate the process via a Bayesian interpre-
tation. Consider the process 0; := tX + B;, where as usual (B;),s, is a Brownian motion,
independent of X. At time ¢ ~ 0, the Brownian motion dominates, so 6; contains almost
no information about X. At time t — oo, the linear term tX dominates and 6; contains
nearly perfect information about X. Therefore, if we set p; to be the conditional law of X
given the observation 0;, then we expect py = 1 and po, = dx. One can check that (p;),,
is indeed a martingale.

We can relate this process to the usual heat flow via rescaling: let 0, == 6,/t, so that
0, = X + B,/t. The time inversion property of Brownian motion implies that (B;),-, is
also a Brownian motion, where B; /¢ = Bi/t. Hence, ét = X + B, /¢ is the output of the
heat flow, started at X, after time 1/t (note the time inversion). If we let p,; denote the
joint distribution of the heat flow, started at y, at times 0 and s, and denote conditional
distributions accordingly, we can write p; = law (X | 6,) = poje-1 (- | 0:/t). Thus,

HM—&#W)

pr(x) oc p(x) exp(— 5

We now want to take logarithms in this expression and apply It6’s formula to derive
a stochastic evolution equation. Before doing so, note that the equation 6; = tX + By,
which seems to give df; = X dt + dB;, does not express 6 as a Markov process (since X
is not adapted to the filtration at time ¢t < o0). However, one can replace this equation
by the equivalent Markov evolution df; = E[X | %] dt + dB; = a; dt + dB;, where we set
a; = f x p;(dx); see [KP21]. Then, a calculation starting from

dlnpr(x) = _d(tllx —29t/t||2) _dln/exp(_tlly —29t/t||2)#(dy)

eventually yields (Exercise 3.2)

dpi(x) = pi(x) (x — ar, dBy), (3.4.3)
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which was the form in which stochastic localization was originally introduced.

To see the connection with the Follmer process (F;)cpo1) With F; ~ p, recall that
given Fy, the law of (F;),.,.; is a Brownian bridge. In other words, F; = tF; + BB;, where
(BB:¢),e[0,1] is the Brownian bridge process starting and ending at 0. We can identify F; = X,
in which case this expression for F nearly resembles the expression for the tilt process 0
in stochastic localization. To make this precise, we claim that the Brownian bridge can
be constructed as BB; = (1 — t) By/(1—). With this identification, then F; = (1 —t) 0;/(1-y),
i.e., the Follmer process is a rescaled time compression of the tilt process 8 from R, to the
interval [0, 1]; see Exercise 3.3 for details.

This discussion also shows that these concepts are related to the idea of running the
heat flow backward in time (e.g., we consider the conditional distribution py,-1 above).
These ideas will reappear in Chapter 8 as the proximal sampler.

3.5 Schrodinger Bridge

In this section, we consider a generalization of the Follmer process. The setup arises
from a hot gas Gedankenexperiment due to Schrodinger. Let ¢ and v be two probability
measures over R?, representing the observed distribution of a cloud of particles at times
0 and 1 respectively. In the absence of the observation of v, we may have modelled the
evolution of the gas particles as a scaled Brownian motion: X; = X + e dB; for t € [0, 1],
where Xy ~ pand (By),c[ 1) are independent, and ¢ > 0 represents the noise level of the
process. However, if the observed distribution v differs from the law p * normal(0, eI;) of
Xj in our model, what then is our best guess for the law of the trajectory (X;),c(q1;? The
law of the trajectory is said to bridge the distributions y and p;.
Schrodinger formulated this as a KL minimization problem:

minimize  KL(P || WH* such that X0)iP=p, (X1),P=v.
PeP (C([0.1])) (Pl W) (Xo)sP = p, (X1)4

Here, the minimization takes place over the set of path measures (probability measures
over C([0,1])), and W# denotes the path measure corresponding to Brownian motion,
rescaled by /¢ and started at . The choice of KL divergence as our criterion can be
motivated by large deviations theory.

We can solve this problem as follows. If we condition on the endpoints X; and X; and
apply the KL chain rule, we end up with

KL(P || W) = KL (lawp(Xo, X1) || lawwne (Xo, X1)) + EP KL(PPoX1 || wrelXoXr)
where PXoXi WhelXoXi denote the path measures P, W#* conditioned on (X,, X;) respec-

tively. Also, W*¢IXoXi js a Brownian bridge (rescaled by v/e), and the second term above
can be made zero by setting PPoX1 = WwmelXo=Xi,
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Thus far, the development has closely mirrored our discussion of the Féllmer process,
which is the special case of the Schrodinger bridge when p = §). The interesting new
features of this more general setting arise, however, when we consider minimizing the
first term in the KL chain rule, which is a minimization over joint distributions for (Xy, X;)
with Xy ~ pand X; ~ v, i.e., a coupling of y and v. In the Follmer case, this minimization
problem was trivial, essentially because the space of couplings of a Dirac measure J
and any other measure v is also trivial (consisting solely of §y ® v). Our goal now is to
understand this minimization problem when the space of couplings is non-trivial.

3.5.1 Entropically Regularized Optimal Transport

Our first step is to note that for n := lawwnu (Xo, X1),

ly - xI
1(dx,dy) o< p(dx) exp(——=- dy.

Therefore, we can explicitly write, for y := lawp (X, X7),

KL(y I n) = — / e - ylI? y(dx, dy) + / In L& - §’) y(dx, dy) + const.

T 2e / lIx = ylI* y(dx, dy) + KL(y || # ® v) + const.

where we used the fact that f Inv(y) y(dx,dy) = f In v dv does not depend on y, allowing
us to absorb it into the constant term. Hence, the problem of finding the optimal coupling
y between p and v for the Schrodinger bridge problem is an entropically regularized
variant of the optimal transport problem from Section 1.3. More generally, we have:

Definition 3.5.1. Let X and Y be complete separable metric spaces, let ¢ > 0, and
letc: X XY — [0,00] be a cost function. The entropically regularized optimal
transport cost from p € P(X) to v € P(Y) with cost ¢ is

Tee(p,v) = inf [/ c(x,y) y(dx,dy) +eKL(y [[ p® V)|
yeCpy)

Entropic optimal transport was introduced to speed up computation of optimal trans-
port costs in [Cut13]; see the bibliographical notes for further discussion. One can show
that if ¢ is lower semicontinuous, then there always exists a unique entropic optimal
transport plan. Note that unlike Theorem 1.3.8, which required y to have a density in
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order for uniqueness of the optimal transport plan with quadratic cost, here uniqueness
always holds as a consequence of the strict convexity of the KL divergence.

To summarize our observations thus far, we have argued that the solution to the
Schrodinger bridge problem is to first draw (Xj, X7) from the entropic optimal transport
plan between p and v with cost ¢(x,y) = % lx — y||%, and then to join X, and X; by a
Brownian bridge (rescaled by +/¢). Although in principle this completes the description of
the Schrodinger bridge, we can go further by characterizing the entropic optimal transport
plan via a duality principle.

Duality works here similarly as Kantorovich duality did for unregularized optimal
transport, and we simply quote the main theorem here.

Theorem 3.5.2 (duality for entropic optimal transport). There exist maximizers f;, g,
to the dual problem

sup {/fd,u+/gdv—gﬂexp(w)d(u®v)+e}
(f-g)€L! (XL (v) €

which are unique up to adding a constant to f, and subtracting that same constant from
ge. The optimal value of the dual problem equals the entropic optimal transport cost
from p toy, and the entropic optimal transport plan y, is of the form

pe(dx,dy) = exp( FITIND 2RI 41y (). (353)

The expression (3.5.3) characterizes the optimal solution in the following sense. If y, is
any coupling of u and v of the form (3.5.3) for some f., g., then y. is the entropic optimal
transport plan, and (f, g.) is a pair of optimal dual potentials.

Note that compared to the dual problem for Kantorovich duality, we have replaced
the “hard” constraint of f @ g < ¢ with the “soft” constraint of adding the penalty term

ff exp((f ® g —c)/e) d(p ® v) into the objective.

Let us now specialize to the case of quadratic cost, c(x,y) = % llx — yl|*. In this case, it
is natural to work with ¢, := 3 [|-||* - f; and . == 3 [|]|* — g, since then (provided that
we fix a normalization for the potentials, e.g., / @ dp = / . dv) we have the convergence
¢, — ¢ and i, — ¢ of the entropic potentials to their unregularized counterparts as ¢ \ 0
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(see [NW22]). The condition that y, has marginals y and v yields the coupled equations

o) = etn [ exp( LI 1y,
Ye(y) = eln/ exp(w) J(dx) .

From these expressions, one can prove the following lemma (see Exercise 3.4).

(3.5.4)

Lemma 3.5.5. The following relations hold:
Voe(x) =B [Y [ X =x],  Vi(y) =E,[X|Y =y].
Also,

1 1
Vip(x) = —cov, (Y | X =x),  V3u(y) = - cov, (X | Y = ).

Since covariance matrices are always positive semidefinite, these expressions wit-
ness the convexity of ¢, and ¥/, and provide another explanation for Brenier’s theorem
(Theorem 1.3.8).

3.5.2 Caffarelli’s Contraction Theorem

We now provide an application of the theory of entropic optimal transport to functional
inequalities. We will establish bounds on the Hessian of entropic potential which, as
€ "\ 0, furnish bounds on the Brenier potential for the unregularized optimal transport
problem. This will yield a proof of Caffarelli’s contraction theorem.

Theorem 3.5.6 ([CP23]). Suppose that u is p-log-smooth and that v is a-strongly
log-concave, i.e., V*1og(1/p) < Bl; and V?log(1/v) > aly. Then, the entropic Brenier
potential ¢, from u to v satisfies

Vi, < % (VaB/a+e2p? —ef) I.

Letting € \, 0, one readily obtains (see [CP23]):
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Corollary 3.5.7 (Caffarelli’s contraction theorem). Suppose that y is f-log-smooth
and that v is a-strongly log-concave, i.e., V?log(1/p) < Bl and V*log(1/v) > aly.
Then, the Brenier map V¢ from p to v is \/f/a-Lipschitz.

The proof of Theorem 3.5.6 will exploit the representation of the Hessians of the
entropic Brenier potentials as covariance matrices (Lemma 3.5.5), together with a pair of
covariance inequalities.

Theorem 3.5.8 (Cramér—Rao inequality). Let & « exp(—V) be a probability measure
over RY. For any well-behaved function f : R¢ — R, it holds that

vary f > (E; f, (B V2V) ' E, ).

Proof. Integration by parts and E, VV = 0 yield

B, Vf = / Vfdr= /(fVln %) dr = B, [(f —E, f) VV].
Therefore,
(B VS, (Bx VV) " Er V) = Br[(f = Ex ) (VV, (Bx V2V) T E, V)]
< \(vary ) B (Bx VS, (B, V2V)~ (V)% (B, V2V) 1 E, V).

Another integration by parts shows that E,. [(VV)®?] = E,, V2V, so the result follows by
rearranging the above expression. m]

Corollary 3.5.9 (covariance bounds). Let 7 oc exp(—V') be a probability measure over
R? and let cov, denote its covariance matrix. Then,

(Er V2V)™! < cov, < E.[(V*V)71].

Proof. The lower and upper bounds follow respectively from the Cramér—Rao inequality
(Theorem 3.5.8) and the Brascamp-Lieb inequality (Theorem 2.2.8) by taking test functions
f = (e, -) for unit vectors e € R%. O

Proof of Theorem 3.5.6. We write y o exp(—=V) and v « exp(—W). For any x € RY,
from Lemma 3.5.5 and the upper bound in Corollary 3.5.9, we obtain

quog(x) =¢! COV ¥ix=x <! Eymxzx [(8_1 Vzl//,S + VZW)_l] < EyY\X:x [(Vzl//g + 6051)_1] .
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Forany y € R?, from Lemma 3.5.5 and the lower bound in Corollary 3.5.9,
Vie(y) = €7 cov xiv=y = &7 (B xiv=y[e7 Vige + viv]) T > (B xiv=y [V2e + efI) .
Let L, = Sup,cpad Amax(V2@:(x)). From the two inequalities above, we can conclude that

Amax (V20e(x)) < ((Le +ef) ™" + ga)_l
and hence
L < ((Le+ep)™ + 50{)_1 )
Solving the quadratic inequality yields the upper bound on L, in the theorem. O

As discussed in Section 2.3, if we apply Caffarelli’s contraction theorem taking u as
the standard Gaussian measure (so § = 1), we deduce that the optimal transport map
from the standard Gaussian to any a-strongly log-concave measure is a~'/2-Lipschitz.
Together with the preservation of functional inequalities under Lipschitz mappings (Propo-
sition 2.3.3), it allows us to transfer functional inequalities satisfied by the standard Gaus-
sian measure to all strongly log-concave measures. In this way, Caffarelli’s contraction
theorem is a “universal blueprint” for proving such inequalities. This point was already
made in Caffarelli’s original paper [Caf00].

For example, one can use it to transfer the functional inequalities established for the
standard Gaussian in Section 3.4 to strongly log-concave measures. As another example,
one can prove the Gaussian isoperimetric inequality in Theorem 2.5.27 by first establishing
it for Gaussians and appealing to Caffarelli contraction.

Bibliographical Notes

The discussion of quadratic variation and Girsanov’s theorem is heavily inspired by the
treatment in [Le 16].

The study of functions of bounded variation and the relationship with absolute con-
tinuity and total variation can be found in any standard graduate text on real analysis,
e.g., [Fol99]. See [Ste01, Proposition 8.6] for a simple case of Theorem 3.1.5.

The discussion of abstract Wiener spaces and the Cameron—Martin theorem is the
starting point of calculus on path space, which is usually called the Malliavin calculus.
To illustrate, suppose we have a functional F(B) of the Brownian path B, and we ask how
F(B) changes under infinitesimal perturbations B +— B + h. The key point is that one
should restrict to directions h which belong to the Cameron—Martin space, which leads to
the concept of the Malliavin derivative.
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Girsanov’s theorem is also used heavily in mathematical finance, and for this purpose
the book [Ste01] is warmly recommended.

See [CGP21] for an introduction to the Schrédinger bridge problem. [TODO: Literature
on entropic optimal transport.]

Exercises

Quadratic Variation
Change of Measure in Path Space

> Exercise 3.1 (proof of Girsanov’s theorem)

Let0 =ty <t < - <t, <Tand®y,...,0, € RL Let b, B, and B be as in Theo-
rem 3.2.6. Using the formula for the Radon-Nikodym derivative of P w.r.t. W, compute
E® exp(i 7, (0;, By, — B;,_,)) and deduce that B is a P-Brownian motion.

Doob’s Transform

Follmer Drift

> Exercise 3.2 (derivation of stochastic localization)
Derive the evolution equation (3.4.3) for stochastic localization.

> Exercise 3.3 (Follmer and stochastic localization)

Let BB; = (1 —t) B;/(1-). By solving the SDE that we derived for Brownian bridge
in Example 3.3.4 (with xr = 0), show that BB is indeed a Brownian bridge. Then, verify
that F; = (1 —1t) et/(l—t)-

Schrodinger Bridge

> Exercise 3.4 (entropic potentials)
Derive (3.5.4) and use it to prove Lemma 3.5.5 for the entropic potentials.
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Part 11

Complexity of Sampling
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CHAPTER 4

Analysis of Langevin Monte Carlo

In this chapter, we will provide several analyses of the Langevin Monte Carlo (LMC)
algorithm, i.e., the iteration

Xksnh = Xin — B VV (Xin) + V2 (B(gs1yn — Brn) - (LMC)

This is known as the Euler-Maruyama discretization of the Langevin diffusion.

Although LMC does not achieve state-of-the-art complexity bounds, it is one of the
most fundamental sampling algorithms. Through the quantitative convergence analysis
of LMC, we will develop techniques for discretization analysis that are broadly useful for
studying more complex algorithms.

To emphasize the kinship of optimization and sampling as the core theme of this
book, we include “optimization boxes” which provide background and context for the
corresponding results in optimization.

Before proceeding, we state the following fundamental lemma, which will be used
repeatedly in the arguments.

Lemma 4.E.1 (basic lemma). Let 7 o« exp(—V).
1. IfV?V > aly > 0 and V is minimized at x,, then B, [||- — x||?] < d/a.

2. If V2V < By, then E,[||VV]|?] < Bd.

165
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Proof. We use the fact that for the generator & = A — (VV, V-) of the Langevin diffusion,
E, Zf = 0 for all test functions f : R* — R.

1. Take f = % |- — x4||%. By strong convexity,

0=E, Zf=d-E(VV,- —x) <d—aB.[|- — xI|I°] .

2. Take f = V. Since V2V < Bly, then AV < fd, whence

0=E; ZV =E;[AV - ||VV|*] < pd ~ E,[|IVVI].

4.1 Proof via Wasserstein Coupling

Perhaps the most straightforward analysis of LMC is based on coupling together the
discrete-time algorithm with the continuous-time diffusion, and using this coupling
to bound the discretization error in Wasserstein distance. The underlying continuous-
time result we use here is the fact that strong log-concavity implies contraction in the
Wasserstein metric for the Langevin diffusion. On one hand, this proof is robust and can
be applied to more complicated processes; on the other hand, its reliance on contractivity
means it is not applicable under weaker assumptions such as an LSI.

Before proceeding, we review the corresponding result for gradient descent.

Optimization Box 4.1.1. Let V : R? — R be strongly convex and smooth, i.e.,
aly < V2V < BI;. The gradient descent (GD) algorithm with fixed step size h > 0
is the iteration x3.; = xx — h VV(x¢). Using strong convexity, we can show that GD
converges exponentially fast to the minimizer x, of V. First, note that for any y € R?,
by expanding the square and applying strong convexity,

k41 = ylI? = llxx = B VV (i) = yI?

= llxk = ylI* = 28 (VV (xi), xk = y) + h* |VV (xp)||?
< (1= ah) |lxe = yllI* = 2R {V (x) = V() } + K2 [IVV () 1.

Now take y = x,. Using the smoothness of V,

ph

V(i) = Vxk) < TV (), 3 = 26) + 2 ks =l = =k (1= E1) 197 G P

For any h < 1/B, it yields [VV (x> < 2 {V(x) = V(1) } < 2{V () = Vi(xa)}.
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Substituting this above, it yields ||xp41 —x«||? < (1—ah) ||xr —xx||?>. Choosing h = 1/,
one obtains ||xy — x4|| < ein N < O(klog(||xo — x4||/€)) iterations.

We now consider the corresponding result for LMC.

Theorem 4.1.2. Fork € N, let uxj, denote the law of the k-th iterate of LMC with step
size h > 0. Assume that the target m o« exp(=V) satisfies al; < V2V < BI;. Then,
provided h < ﬁ,for allN e N,

_ @
2

(M) (4.13)

Wajuxn 7) < exp(="2 ) Wy, ) + O

In particular, if we initialize at j1y = dy,, where x, minimizes V, and we take h =< ﬂ%’
then for any ¢ € [0, Vd] we obtain the guarantee \Ja Wy (punp, ) < € after
x%d

d
N = O(? log 5_2) iterations.

. We pause to make a few comments about the assumptions and result.

1. Typically we assume that we have access to the mode x, of 7, since the complexity
of finding the minimizer of V via convex optimization is typically less than the
complexity of sampling.

2. It is convenient to use the metric \/a W, instead of W, because it is scale-invariant.
Namely, for A > 0, if we define the scaling map s, : R? — R% via x — Ax, then
information divergences such as KL satisfy KL((s3)4p || (s1)s) = KL(g || ). On
the other hand, W, is not invariant, Wz((s;)x, (53) ) = A Wa(p, 1), but Va Wy is
(because the distribution (s;),7 is a/A%-strongly convex).

Recall also that the T, transport inequality, implied by a-strong log-concavity,
asserts that \Ja W, (-, 1) < +/2KL(- || 7). Therefore, y/a W, is a more natural metric.

3. The result in (4.1.3) is not sharp; in Section 4.3, via a more sophisticated analysis
and averaging, we will improve the iteration complexity to O(dk/e?).

4. The inequality (4.1.3) has the following interpretation: for fixed h > 0, the first
term tends to zero exponentially fast, which reflects the fact that LMC converges
to its stationary distribution u.,. However, the stationary distribution is biased,
Uoo # 7, and the second term provides an upper bound on the bias W; (e, 7). Note
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the contrast with Optimization Box 4.1.1, in which there is no bias; this will be
discussed further in Section 4.3.

First, let us see why the first statement of Theorem 4.1.2 implies the second. By
taking h = ﬁf—’:d, we can make the second term in (4.1.3) at most ﬁ, and then for all
N > ﬁ log(Va Wy (8y,, m)/e) < dg—’gz log(\/a/e) the first term is also at most

We now prove the first statement.

£
2Va’

Proof of Theorem 4.1.2. 1. One-step discretization bound. Suppose that the continuous-

time Langevin diffusion and the LMC algorithm are both initialized at the same measure
Ho- We will first bound the discretization error W, (py, ) in one step.
We couple the two processes by taking X, = Z; and using the same Brownian motion:

Xy =Zo — hVV(Z,) + V2 By,

h
Zn :Zo—/ VV(Z)dt+ V2 B,.
0

Then,
h 2
W2 m) < BLIX, - 2007 < 8[| [ wviz) - wnovez||
0
h
< h/ E[IVV(Z,) = VV(Zy)||*] dt.
0
Therefore, we just have to bound the movement ||Z; — Zy|| = |- fot VV(Z,) ds + V2 B,||

of the Langevin diffusion in time . Roughly, we expect || /Ot VV(Z,) ds|| = O(Vd t) if the

size of the gradient is O(Vd), and ||B|| = O(Vdt). For small ¢, it is the Brownian motion
term which is dominant, which is a common intuition for discretization proofs.
To rigorously bound this term, we appeal to stochastic calculus, see Lemma 4.1.8. For

t < #, it yields the bound
E[1Z; - ZolI*] < 8 E[|IVV(Z,)|I*] + 8dt
and hence

h
Wy (ns 1) < ﬁzh/ E[1Z: = ZolI*] dt < 3R E[|IVV(Zo)|I] + 45%dh°.
0
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2. Multi-step discretization bound. We produce a coupling of j(j41), and 7 as fol-

lows. First, let Xy, ~ prp and Zip, ~ 7 be optimally coupled. Using the same Brownian
motion, we set

Xksnh = Xen = hVV (Xin) + V2 (Bknyn — Ben) »

t
Zy = Zyp — / VV(Zs)ds + V2 (B — Bkn) » for t € [kh, (k+1)h].
kh

Clearly X(k+1)h ~ H(k+1)h; also, since 7 is stationary for the Langevin diffusion, then
Z(k+1)h ~ . We also introduce an auxiliary process: let

t
Xt = Xkp — / VV(XS) ds + \/E (Bt — Bgp) fort € [kh, (k+ 1)h]
kh

denote the Langevin diffusion started at Xj;. We bound

W (K (k1) 7T) < \/E[IIX(k+1)h — Z(k+1)nll?]

< \/E[”X(kﬂ)h — Zknnll*] + \/E[||X(k+1)h — X(esnnll?] -

Now we examine the two terms. In the first term, both X and Z evolve via the Langevin
diffusion for an a-strongly convex potential, so we have the following contraction (which
is established by a direct coupling argument, see Theorem 1.4.10):

E[IX(ks1)h — Zksynll®] < exp(—2ah) E[||Xin — Zinll*] = exp(—2ah) Wi (i, ) -

For the second term, X is the LMC algorithm and X is the continuous-time Langevin
diffusion, both initialized at the same distribution py,. Hence, we can apply our one-step
discretization bound from before and deduce that

E[IX(ks1yn = Xeksnyll’] < 3F7R ELIVV (Xin)[I°] + 45°dR°
S R ElXeh = Zinll*] + B2RY Ex[IIVV ] + p2dR°
< B*h* Wi (g, ) + BPdh* + BdR°,
where we used the basic lemma (Lemma 4.E.1). Note that the second term can be dropped

since we are assuming h < 1/p.
Combining everything and using \x +y < Vx + +/y for x,y > 0,

Wa (ies i 1) < exp(—ah) Wy (g, 10) + O(B2H% Wy (g, 77) + Bd*12H312) .
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Provided h < a/f?% we can ensure that exp(—ah) + O(f%h?) < exp(—ah/2), therefore
absorbing the extra Wasserstein error term. It yields

ah
Wa (i 7) < exp(=—=) Wa(pn, ) + O(pd'*n*?) .
After iterating this recursion, it implies

Waln ) < expl -3 (BT,

—T) Wz(,llo, JT) +0

This finishes the proof. m]

. By inspecting the proof, one can see that that the following stronger
inequality holds. Let us denote by P'MC the transition kernel for one step of LMC, and P
the transition kernel for the Langevin diffusion run for time h. Then, under the assumptions
of Theorem 4.1.2, for any x,y € RY,

Wa(PMC(x, ), P(y,-)) < exp(=ah) ||lx =yl + O(BR* [VV (y)|| + Bd"/*K*%) . (4.1.6)
If we square this inequality and apply Young’s inequality, it implies

W (P*MC(x, ), P(y,")) < exp(=2ah) [lx — yl|* + O(B*h* [|VV (y)||* + BdR’)
+0(llx = yll (BH* 1YV ()| + Bd'/*h*/%))
PRIV WI* | pdh
04

(04

< exp(—ah) |Ix — yI* + o( ) (417

Iterating either (4.1.6) or (4.1.7), together with a coupling argument, implies back the
guarantee of Theorem 4.1.2.

We finish by presenting the lemma we used in the proof of Theorem 4.1.2. The following
proof is very typical of stochastic calculus arguments, so it is worth internalizing.

Lemma 4.1.8. Let (Z;),s denote the Langevin diffusion and let (r;),, denote its law.
Assume that VV is B-Lipschitz. Then, provided thatt < #,

E[1Z: — ZolI’] < 82 E[IIVV(Zo)II*] + 8dt .

Proof. By definition,

E[||Z; - Zo|1?] = E[H— /Ot VV(Z)ds + V2 B,

]
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t
< Zt/ E[IVV(Z)II?] ds + 4 E[|1B:[1*] .
0
Using the S-Lipschitzness of VV, ||[VV(Z)|| < I[VV(Zo)|l + B I|Zs — Z||. Thus,
t
E[l|Z: - Zo|I*] < 4ﬁ2t/ E[I|Zs = ZolI*] ds + 4t E[||VV (Zo) 1] +4dt .
0

Applying Gronwall’s inequality (Lemma 1.1.21), it implies
E[lIZ: = Zoll’] < {4 E[IIVV(Z0)||°] + 4dt} exp(45°t°) .

Finally, use the assumption ¢ < # to conclude.

4.2 Proof via Interpolation Argument

We now give a guarantee for LMC that holds even when V is possibly non-convex.

171

from Optimization Box 4.1.1 that along the iterates of GD,

V(i) = Vixt) < =2 IVV G0,

Optimization Box 4.2.1. Suppose V : RY — R is f-smooth but non-convex. Recall

provided that h < 1/ (we only used smoothness to derive this inequality). This is
known as the descent lemma. We now combine this with an assumption that V'
satisfies a Polyak-Lojasiewicz (PL) inequality

IVV)|? = 20 {V(x) = V(x,)}  forallx € R?.

The PL inequality is implied by a-strong convexity (see Section 1.4.2), but it is weaker
and allows for non-convex V. We then obtain

V(1) = V() = V(o) = VI(xi) + VI(xie) = V(o)

< —2 IVV )12+ V (k) = V() < (1= ath) {V () = V(x)}-

Setting h = 1/3, we can achieve V (xn) — V (xx) < £2in O(k log((V(x0) =V (x4))/€%))
iterations under PL and smoothness. Note that in this setting, convergence of the
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objective gap is the best we can hope for, since the PL inequality allows for multiple
global minimizers.

Recall from Section 1.4.2 that the sampling analogue of the PL inequality is the log-
Sobolev inequality (LSI), which naturally raises the question of whether the LSI is enough
to obtain sampling guarantees. The next proof we give is from [VW19] (slightly refined
using a lemma from [Che+21a]). Here, we mimic the continuous-time convergence proof
in KL divergence by first defining a continuous-time interpolation of the LMC iterates.
Upon differentiating the KL divergence along this interpolation, we discover two terms: the
first is the Fisher information, and the second is a discretization error term. By controlling
the latter, we prove a convergence result for LMC assuming only that 7 satisfies LSI and
that VV is Lipschitz.

The interpolation of LMC is defined as follows: we set

Xy =X — (t—t_)VV(X; )+ V2 (B, — B ), (4.2.2)

where we have introduced the notation t_ := |t/h] h.

Proposition 4.2.3. Let (j1;),5, be the law of the interpolated process (4.2.2). Then,

depty = div[yt (v InH LBV (X, ) - VV(X,) | X, = ])] .
JT

The proof is a little tricky to write out formally.

Proof. Let ji;7,_ denote the law of X; conditioned on the filtration &;_ at time ¢_. Then,
(pr17:_), €ltt_+h] satisfies the Fokker—Planck equation

dpyz, = Mg, +div(png, VV(X)).
Next, we take the expectation of the above equation; since E pi;#,_ = i1,
Oy = Apy + divE[pyz,_ VV (X )] .

Write Pg, for the probability measure on #;_, and write P, |; to denote the conditional
measure given X;. Note that y1;%, (x | 0) P#,_(dw) = p;(x) Pz, ;(dw | x). So,

Elpyz,_(x) VV (X, )] = / pr 7, (x | @) VV (X (0)) Pg,_(dw)

= () / Py, 1(do | %) VV (X ()
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= (x)E[VV (X)) | X; = x] .
Therefore,

8t,ut Aﬂt + le(ﬂt E[VV(Xt ) | Xt ])
- div(pt Vin "—) +div(s E[VV(X,) - VV(X) | X = ) . O
T

Corollary 4.2.4. Along the law (1), of the interpolated process (4.2.2),

o KL(p || ) < —z FI(g: || 7) +E[IIVV (X)) = VV (X, )] .

Recall that the Fisher information is FI(u || 7) = E,[||V In(p/7)||*] if 4 has a smooth
density with respect to 7.

Proof. Using Proposition 4.2.3,
o KL (gt || 7) = ,,t<Vln v ln BV BIVV(X,) - VV(X) | X, = .]>
= _Fl( || 7) + E,,[<V In % E[VV(X,) = VV (X, ) | X; = -]> .
Using Young’s inequality,

E, <V1n HORIVY(X,) - YV (X)) |xt:-]>

IA

Z Fi(p: || 7) +E[IE[VV(X,) - VV (X ) | Xi]II?]

IA

L Pl ) + BIIVV(G) - VOGP 0

Before we give the convergence proof for LMC, we need one more lemma. Recall that
for Theorem 4.1.2, we needed to control E[ || Xk ||?], which we accomplished via strong
convexity of V (??). Under the weaker assumption of an LSI, it is trickier to control the
moments of the LMC iterates, but we have the following magic lemma.

Lemma 4.2.5 ([Che+21a, Lemma 16]). Suppose that & o exp(—V) where VV is f3-
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Lipschitz. Then, for any probability measure i,

Ey[IVVII] < Fi(u |l 7) +2pd .

Proof. For the generator £ of the Langevin diffusion (with potential V), we can calculate
LV = AV — ||[VV]|2. Also, since V2V < BI;, then AV < Bd. Thus, using the fundamental
integration by parts identity (Theorem 1.2.14),

BulIIVVIP] = Bu[AV - ZV] < pd + / (~2v) T dr = pa+ / (vv, v an
4 T
d
=ﬁd+/<vv,v1nd_”)d,1
/4
1 1
< pd+ S BV + S Fi(u | 7).

Rearranging the inequality yields the result. ]
Also, recall that an LSI implies KL(- || 7) < S FI(- || 7).

Theorem 4.2.6 ([VW19]). Fork € N, let uxj, denote the law of the k-th iterate of LMC
with step size h > 0. Assume that the target w o< exp(—V) satisfies LSI and that VV is
B-Lipschitz. Then, for all h < ﬁ,for allN € N,

Nh
KL(unn || ) < exp(—a) KL(go || 77) + O(Crsif2dh + B2dh?) .

In particular, foralle € [0, CL5|ﬂ\/E], if we take h < ﬁzﬁzd’ then we obtain the guarantee

VKLGans 17) < ¢ after

N = O( iterations.

Claf'd | Kl D)
e : €

Proof. In light of Corollary 4.2.4, we focus our attention on the discretization error term
E[IVV(X)) = VV(X)IIP] < FELIX: - Xe_II]
= B2 (t = ) E[IIVV (X )II*] + 2B E[IIB, — B, II*].

In order to apply Lemma 4.2.5, it is more convenient to have E[||VV(X;)||?] instead of
E[|IVV(X:)|?]. So, we use

E[IVV(X:)II"] < 2E[IVV(X)IIP] + 2 E[IIVV(X:) = VV (X )]
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Ifh < ﬁ, we can combine this inequality with the previous one and rearrange to obtain

E[IVV(X:) = VV(X)IIP] < 48% (t — ) E[IVV(X)II°] + 4% E[IIB: — B._|I°]
< 4f% (t = ) E[IIVV (X)II°] +4p%d (1 — 1)
For the first term, we apply Lemma 4.2.5, yielding for h < ﬁ
462 (t = ) E[IIVV (XDIIP] < 4B2R* Fl(pe || ) + 8%d (¢ —1-)°

1
< 1 FIl(u || 7) +2B%d (t —t).
Combining with our differential inequality from Corollary 4.2.4 and LS,
1 1
KL || ) < =5 Fllu || )+ 6% (= 1) < ==~ KLu || 1)+ 6% (= 1)

This implies that

8t[eXp(%) KL || 71—)] <6Bd(t—t.) eXp(tC_LStI—_)

and upon integration,

h
KL(agesnyn || 7) < exp(—@) KL (e || 7) + 36%dH%

Iterating and splitting into cases based on whether or not h < Cig,
—N—h 2dh, B*dh?
KL(ax 1| %) < exp( ) KL | m) + O(max{Cusifdh, fdi’)). 0

Recall from Theorem 2.2.15 that an LSI implies exponential decay in every Rényi
divergence, not just the KL divergence. Working with Rényi divergences of order g > 1
introduces substantial new difficulties for the discretization analysis, which is why it is
remarkable that the proof above can be adapted to the Rényi case with the introduction
of some additional tricks; see Chapter 6.

4.3 Proof via Convex Optimization

Next, we turn towards an astonishing proof, due to [DMM19], which is inspired by
convex optimization. This proof also yields the state-of-the-art dependence of LMC on
the condition number « of the target 7.



176 CHAPTER 4. ANALYSIS OF LANGEVIN MONTE CARLO

Let the target be 7 = exp(—V) (for this proof, we are assuming that V is normalized
so that / exp(—V) = 1; this just simplifies the notation but does not change the algorithm
nor the analysis). We now view sampling as the composite optimization problem of
minimizing the objective

KLl = [Vas [ g,
—_—— ——

=&(y) =H(p)

where the two terms are the energy and the (negative) entropy. Accordingly, we break up
the iterates of LMC into the steps

X, = Xin — h VV (Xip)
Xkeenh = Xiy + V2 (B(ksryn — Bn) -

The first step is simply a deterministic gradient descent update on the function V. If
we write ;) for the law of X", then in the space of measures one can show that p;,
is obtained from pyy, by taking a gradient step for the energy functional € w.r.t. the
Wasserstein geometry.! On the other hand, the second step applies the heat flow; in
the space of measures, this is a Wasserstein gradient flow for the entropy functional H.
Since the gradient descent algorithm is sometimes known as the “forward” method in
optimization (as opposed to a proximal step which is the “backward” method), this has
led to LMC being dubbed the “forward-flow” algorithm.

We refer to [Wib18] for more on this perspective. In particular, it suggests why the
LMC scheme is biased: the “forward-flow” discretization scheme is biased for optimization
as well! Generally speaking, when we split dynamics into its constituent parts and apply
a discretization method to each part, this is known as a splitting scheme, and it is the
cornerstone of numerical integration. Not all splitting schemes are born equal, however—
as we have seen, it requires care to design one that is asymptotically unbiased. Recall
from Exercise 1.19 that € is smooth if V is smooth, but H is non-smooth. Wisdom from
optimization theory tells us that the appropriate scheme to use here is the “forward-
backward” or “proximal gradient” method, but unfortunately the “backward” step for the
entropy cannot be easily implemented.

This can be viewed as the blessing and curse of sampling. It is a blessing because for
the non-smooth term in sampling—namely, the entropy H{—although we can implement

Technically this is only true if the step size h is chosen so that h ||V2V||0p < 1. This is because on any
Riemannian manifold in which geodesics cannot be extended indefinitely, the gradient descent steps must
be short enough to ensure that the iterates are still travelling along geodesics.
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neither the forward nor the backward discretizations, we can implement the exact gradient
flow, by sampling a Gaussian, and the gradient flow thankfully succeeds even in the
presence of non-smoothness. On the other hand, it is a curse because the “mismatch” of
the forward and flow operations as a splitting scheme leads to asymptotic bias. We will
revisit this issue of bias in Chapter 8 via the proximal sampler.

Nevertheless, we will leverage this splitting perspective to provide another analysis
of LMC. The strategy of the proof is to show that the forward step of LMC dissipates
the energy while not increasing the entropy too much, and that the flow step of LMC
dissipates the entropy while not increasing the energy too much.

Optimization Box 4.3.1. Let V : R? — R satisfy al; < V?V < Sl and recall
from Optimization Box 4.1.1 that along GD,

k1 = yll* < (1= ah) I =yl = 20 {V () = V() + K [TV ()12 (43.2)
Applying the descent lemma ||[VV (x;)]|* < % {V(xx) = V(xp41)} for h < 1/,

Ixke1 = ylI? < (1= ah) llxe = ylI* = 20 {V (x41) = V(1) } - (4.3.3)

Inspired by [AGS08], we refer to this as an evolution variational inequality (EVI).
It is quite a flexible tool for optimization. For example, we can set y = x4, and if & > 0,
use the fact that V (x;) — V(xx) > 0 to conclude that ||xx.; — x4 |2 < (1—ah) ||xx —y]|?,
recovering Optimization Box 4.1.1. However, even when o = 0, we can set y = x4,
h = 1/p, and telescope this inequality to conclude that

B llxo = xull?

N-1
V) = V) € 37 20 (o) = V() § =g

where the first inequality follows from the descent lemma.

In analogy, we aim to prove the following key lemma.

Lemma 4.3.4. Let & = exp(—V) be the target and assume that 0 < al; < V*V < BI;.
Let (pxn)repy denote the iterates of LMC with step size h € [0, %]. Then,

2h KL(pgesyn | 7) < (1= ah) Wy (g, ) = W (Beesnym ) + 2Bdh* . (4.3.5)

From this, we deduce the following results.
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Theorem 4.3.6 ([DMM19]). Suppose that & = exp(—V) is the target distribution and
that V satisfies 0 < aly < V2V < Bl;. Let (gn) ey denote the law of LMC.

1. (weakly convex case) Suppose that & = 0. For any ¢ € [0, Vd], if we take step
sizeh < /‘;—2, then for the mixture distribution iy, = N1 Zszl Uin it holds that

VKL Gins 1T7) < ¢ after

v = o P4 )

iterations.
&4

2. (strongly convex case) Suppose that & > 0 and let k = f/a denote the con-
dition number. Then, for any ¢ € |0, \/E], with step size h = ;—2 we obtain

N Wi (jighs 7) < & and \JRL(innann 11 7) < € after

kd . Na W (po, 7)
N = 0[5 log 2

iterations,

_ o n-1 2N
where finnaonn = N7' 202001 Hih

Proof. We use Lemma 4.3.4.

1. By summing the inequality (4.3.5) and using the convexity of the KL divergence,

VVZZ (lu03 7[)

>Nh + Bdh .

N
1
KL (|| 7) < kZ KL (en || 1) <

The result follows from our choice of h and N.

2. First, we prove the W, guarantee. Using the fact that KL(p(x41)n || 7) > 0 and
iterating the inequality (4.3.5) we obtain
N-1

W () < (1= ah)N Wi (o, ) + 2Bdh? )" (1 - ath)*
k=0

< exp(—aNh) W (o, 7) + O(kdh) .

With our choice of h and N, we obtain va Wy (uns, 1) < €.

Next, forget about the previous N iterations of LMC and consider pyy, to be the
new initialization to LMC. Applying the weakly convex result now yields the KL
guarantee \KL(finnznn [| 7) < e o
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We next turn towards the proof of Lemma 4.3.4.

Proof of Lemma 4.3.4. We break the proof into three steps.
1. The forward step dissipates the energy. Let Z ~ 7 be optimally coupled to Xjp,.

Then, () — E(n) = E[V(X}},) — V(Z)]. However, since X/, is obtained from X, via a
gradient descent step on V, we can apply the EVI (4.3.3) to argue that

1
E(pigy) = €(m) < - E[(1 ~ ah) | Xen - ZI1P = 1% = ZI1%]

< (1= ah) WE (g 7) = WE iy )} (437)

2. The flow step does not substantially increase the energy. Next, using the f-

smoothness of V,
E(psnyn) — () = BV Xkernyn) — V(X5)]
B
<E[(VVG), Xkeyn — X)) + 5 X (k1) — X35, 117]

=E[V2(VV(X},), Bkstyh = Bin) + BIBksnyh — Brnll*]
- Bdh. (4.3.8)

3. The flow step dissipates the entropy. Let (Q;),., denote the heat semigroup,

ie, O;f(x) = Ef(x + V2B,), so that H(k+1)h = ,uZth. Then, since the heat flow is the
Wasserstein gradient flow of J(, and the Wasserstein gradient of H is Vi, H(u) = Viny,
one can show that

HWy Qe ) < 2B(VInp(X, ). Z = X

where X}, =~ 7, Or and Z ~ 7 are optimally coupled. This follows from the formula

for the gradient of the squared Wasserstein distance (Theorem 1.4.11); it may be justified
more rigorously using, e.g., [AGS08, Theorem 10.2.2].
On the other hand, we showed that J{ is geodesically convex (see (1.4.3)), so

g{(ﬂ") - :}f(ﬂ]-:th) Z E<V lnu(X]:h_‘_t)’Z - X]-:h+t> .

Using the fact that ¢ — H(y;, O;) is decreasing (which also follows because t > pf, Oy is
the gradient flow of JH), we then have

Wy (Hiesyn ) = Wy (pigg ) < 20 {H () = H(peenyn) } - (4.3.9)

Concluding the proof. Combine (4.3.7), (4.3.8), and (4.3.9) to obtain (4.3.5). O
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Non-smooth case. The proof via convex optimization can also handle the non-smooth
case in which we only assume that V is convex and Lipschitz. As before, we deduce the
convergence result from a key one-step inequality.

Lemma 4.3.10. Let 7 = exp(—V) be the target and assume that V is convex and
L-Lipschitz. Let (pip)cp denote the iterates of LMC with step size h > 0. Then,

2R KL(i(gsnyn 1 ) < W5 (i ) = Wi (pi gy ) + L2R2

Theorem 4.3.11 ([DMM19]). Suppose that & = exp(—V) is the target distribution and
that V is convex and L-Lipschitz. Let (fixp) ey denote the law of LMC. For any € > 0, if

2
we take step size h < %, then for the mixture distribution iy, = N~ Z;{VZI Uin it holds

that \JKL(finy || ) < € after

N = o(_L2 W7 (13, ﬂ))

iterations.
&4

Proof. This follows from Lemma 4.3.10 in exactly the same way that the weakly convex
case of Theorem 4.3.6 follows from Lemma 4.3.4. O

Proof of Lemma 4.3.10. The main task here is to obtain dissipation of the energy functional
€ under our new assumptions. Let Z ~ 7 be optimally coupled to X(j1)4. From (4.3.2),

2h L€ (pesnyn) = E(D)} < ElXksnpn = ZIP = 1XGepry = Z1* + B2 IVV (Xirym) 171 -

We no longer have the descent lemma (which requires smoothness) at our disposal, but
we can instead bound the last term by L2h? using the Lipschitz assumption. Hence,

2h L€ (persnyn) — E(T)} < Wy (H(keanyhs 1) = Wy (H{jeqqyp 70) + L2R7. (4.3.12)
On the other hand, recall from (4.3.9) that
2h {H (pesyn) — H(m)} < WR(, 1) — Wi (Hesyns ) -

Together with (4.3.12), this completes the proof. m]
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4.4 Proof via Girsanov’s Theorem

The idea behind the next proof is to control the discretization error KL(uny, || 7np), where
unp is the law of the LMC iterate Xy, and 7y, is the law of the Langevin diffusion Zyy,
initialized at p. This is accomplished using Girsanov’s theorem (see Section 3.2.2).

Unlike the previous proofs, which assumed strong log-concavity or LSI for 7, control-
ling this discretization error will only require mild assumptions, such as smoothness of
V and sub-Gaussianity of 7. The point, however, is that control of KL(unp, || 7znn) does
not immediately yield quantitative convergence of py, — 7; indeed, this also requires
quantitative convergence of 7y, — 7, which does require some kind of assumption such
as strong log-concavity or a functional inequality.

Another remark is that the preceding proofs all had the following structure: for a
fixed step size h > 0, as the number of iterations N — oo, the error of LMC is at most a
quantity depending on h, and which can be made as small as we like by taking h small. In
particular, to achieve a desired error it suffices that the step size be sufficiently small and
that the number of iterations be sufficiently large. In contrast, for the following proof we
will only be able to establish a bound on KL(unp, || 7an) which grows with the iteration
number N. Consequently, in our final sampling guarantee, we will not be able to take N
too large; our guarantee will only imply that the error of LMC is small if N lies in some
range. Conceptually, this is unsatisfying because “running the Markov chain too long”
should not be a problem, and it only arises as an artefact of the proof. Nonetheless, it is
worthwhile learning the proof because it is broadly applicable.

Historically, the Girsanov method was one of the first discretization techniques utilized
in the modern quantitative study of sampling (see [DT12]). The argument we present here
is similar in spirit to [DT12], although we have made a few refinements.

Discretization analysis. In the following theorem, we assume that = is strongly log-
concave for simplicity.

Theorem 4.4.1. Let 7 « exp(—V) be the target and assume 0 < al; < V?V < BI; and
VV(0) = 0. Let (pikn) o denote the law of LMC, and let (71;),>, denote the law of the
Langevin diffusion initialized at j1y. Then, for h € [0, %],

d
KL 1) < RN ([ 11 dpo + ) + PPN,

Proof. For T := Nh, let (B;);c[o,r] be our standard Brownian motion and consider the SDE
dX, = -VV(X;) dt + V2dB;,  Xo ~ po.
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Let Wr denote the Wiener measure on our path space, under which (X;),[o 1) becomes
the Langevin diffusion started at Xy ~ p9. We would like to write

dX; = -VV(X, ) dt + V2 dB,,

and to find a path measure Pr under which (Bt)te[o,T] is a Pr-Brownian motion. If so,
then under Pr, we see that (X;),c[q 1) is the interpolated LMC process. Noting that dB; =

dB, — d[B, M], where dM; := \% (VV(X; ) — VV(X;),dB;), we consider the exponential
martingale &(M) associated with M.

By the data-processing inequality (Theorem 1.5.3), KL(unp || znn) < KL(Pr || W), so
it suffices to bound the latter. By Girsanov’s theorem (Theorem 3.2.6),?

dPr

KL(P7 || Wp) = EPT 1 —EMrIn&EWM
(Pr [| Wr) ndWT (M)

T 1 ! ! !
- EP [$ /0 (VV(Xe) = VV(X,).dB)) ~ - /0 IVV (X)) = VV(X)I* dt | .

However, we must be cautious! Here, (Bt);c[o 1) is @ Wr-standard Brownian. As a sanity
check, if (B;),c[o 1) Were a Pr-standard Brownian motion, then the first term would vanish
(since stochastic integrals have zero mean) and the KL divergence would be negative,
which is absurd. Instead, we rewrite the above expression in terms of B, obtaining

T 2 T
KUPr W) =5 [ B9V - Vel de s 5 [ - x P

0

,32 T
=—/ {(t = )2 BT [|IVV (X )II°] +2d (£ — 1)} dt

a3 N 2 th
ﬂ Z EPT ”X ﬂ
We can use the bound on the second moment of the LMC iterates (??) to get
d
KL(Pr | Wr) < B*R*N (EFT[11X0]1%] + =) + p*dh®N . O
a
The preceding argument is similar to the Wasserstein coupling proof (Theorem 4.1.2),

and indeed in both proofs we used strong log-concavity. However, in the Wasserstein cou-
pling proof, the strong log-concavity assumption is crucial because it implies contraction

ZActually, as noted in the discussion in Section 3.2.2, to obtain the first equality one should check
Novikov’s condition. However, since all we desire is an upper bound on the KL divergence, this can be
avoided with a localization argument. We omit the details.
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in the Wasserstein metric, whereas the preceding discretization argument only requires a
bound on the second moment of the LMC iterates which can be obtained in other ways.

What sampling guarantee does Theorem 4.4.1 imply? Unfortunately, neither KL nor
VKL satisfy the triangle inequality, which poses a difficulty for bounding the distance
of unp from the target 7. One way to skirt this difficulty is to simply use the fact that
VKL 2 ||-|ltv (Pinsker’s inequality, Exercise 2.13) and the fact that the total variation
distance satisfies the triangle inequality.

Corollary 4.4.2. Let & « exp(—V) be the target and assume 0 < al; < V2V < Bl
and VV(0) = 0. Let (pkn),s, denote the law of LMC initialized at the distribution

to = normal(0, f711;). Then, for all ¢ € (0,1) and for h = @(ZTSZ), we obtain the
guarantee ||unp — ||ty < € provided that

—x2d
N = @(K—Z) iterations.
€

Proof. Since strong log-concavity implies an LSI, which in turn implies exponential con-
vergence of the Langevin diffusion to its target in KL divergence (Theorem 1.2.25 and Theo-

rem 1.2.29), we obtain \/KL(7znp, || 1) < % provided Nh > élog W With our choice
of initialization, KL(yo || 7) < dlogk and /||-||2 dup s d/p <dja.

We now take the number of iterations to satisfy Nh < é log W Then, with our

choice of h, we obtain from Theorem 4.4.1 that \/KL(uny, || 7np) < % By the triangle

inequality and Pinsker’s inequality,

lpnn = 7lltv < |lpnn = nnlley + llonn = 7l

1 1
< \/5 KL(pnn || onn) + \/5 KL(7np || ) < €.

Finally, plugging in the choice of h into Nh < é log KLlwllm) yields the result. ]

6'2

We remark that if one follows this Pinsker approach, then in the Girsanov bound
above one could alternatively bound KL(7np, || gnp) if this turns out to be easier.

Although the quantitative dependence in Corollary 4.4.2 matches prior results (e.g.,
via the interpolation method in Theorem 4.2.6), the final result is unsatisfying because
we have moved to a weaker metric (TV rather than KL) for a seemingly silly reason (the
failure of the triangle inequality for the KL divergence). Indeed, we have a convergence
result for the Langevin diffusion in KL, and our discretization bound is in KL, yet our final
result is in TV. Can we remedy this?
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To address this, we can introduce the Rényi divergences (defined in (2.2.14)); recall
that KL = ;. We have a continuous-time result for the Langevin diffusion in Rényi
divergence (Theorem 2.2.15), and it turns out that with some additional tricks it is possible
to extend the Girsanov discretization argument to any Rényi divergence. Moreover, the
Rényi divergences satisfy a weak triangle inequality (see Lemma 6.2.4). This allows us to
combine a continuous-time Reényi result with a Rényi discretization argument to yield a
Reényi sampling guarantee. We provide the details for this approach in Chapter 6.

Bibliographical Notes

Historically, the LMC algorithm, which is called unadjusted because of the lack of a
Metropolis-Hastings filter, was only studied relatively recently in non-asymptotic settings.
Before the work of [DT12], it was more common to study MALA (which we introduce and
study in Chapter 7). The ideas which go into the basic W, coupling proof for Theorem 4.1.2
were developed in a series of works on strongly log-concave sampling: [DT12; Dal17a;
Dal17b; DM17; DM19]. The Girsanov argument of Theorem 4.4.1 is also due to [DT12].

There are two other notable proof techniques that we have omitted from this chapter:
reflection coupling [Ebell; Ebe16] and mean squared analysis [Li+19; Li+22; LZT22].
Reflection coupling uses a carefully chosen coupling of the Brownian motions rather than
just taking the two Brownian motions to be the same as we have done (the latter coupling
is called the synchronous coupling). Mean squared analysis is a general framework
which combines local errors (one-step discretization bounds) into global error bounds.
These two methods are useful for performing discretization analysis under more general
sets of assumptions, but they are limited to providing guarantees in W or W,.

Exercises

Proof via Wasserstein Coupling

> Exercise 4.1 (explicit computations for a Gaussian target)
Suppose that the target distribution is a Gaussian, 7 = normal(0, X), and that LMC is
initialized at a Gaussian. Can you write down the iterates and stationary distribution of
LMC explicitly? What happens when ¥ = I;?

Perform some explicit computations for this example and compare them to the general
results for LMC that we derived in this chapter.

> Exercise 4.2 (second moment bounds for LMC)
Assume that V2V > al; > 0 and VV(x,) = 0. Prove that if h < 1/p, then the LMC
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iterates initialized at §,, with step size h > 0 have uniformly bounded second moment:
suprey E[1Xkn ] < d/a. (Write a recursion for E[||X(k+1)n]|*] in terms of E[||Xkn]|*]. In
order to prove the result for all step sizes h < %, you may need to appeal to coercivity of
the gradient, Lemma 5.2.3.)

> Exercise 4.3 (W, guarantees from a one-step bound)
Write out the details for Remark 4.1.5.

> Exercise 4.4 (LMC with decaying step size)
Show that by considering LMC with a decaying step size hy =< ﬁ one can obtain an
iteration complexity which removes the logarithmic factor in Theorem 4.1.2.
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CHAPTER 5

Faster Low-Accuracy Samplers

We now move beyond the basic LMC algorithm and consider samplers with better depen-
dence on the dimension and inverse accuracy. There are two main sources of improvement
that we explore in this chapter. The first is to use a more sophisticated discretization
method than the basic Euler-Maruyama discretization. The second is to consider a differ-
ent stochastic process, called the underdamped Langevin diffusion. By combining these
two ideas, we arrive at the state-of-the-art complexity bounds for low-accuracy samplers.

5.1 Randomized Midpoint Discretization

In this section, we study the randomized midpoint discretization, which was intro-
duced in [SL19]. The application to the Langevin diffusion was carried out in [HBE20].
Consider the continuous-time Langevin diffusion from time kh to (k + 1)A:

(k+1)h
Z(k+1)h = Zkh — /kh VV(Z;) dt + V2 (B(ksn)h — Bin) -

In the Euler discretization, we approximate the second term via —h VV(Zy;). However, if
we want an unbiased estimator of the integral, then we can introduce an auxiliary random
variable u; ~ uniform|[0, 1] and use

Zesh = Zih = h YV (Zirun) + V2 (B — Bin) -

187
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To compute this approximation, however, we need to know Zj,, ). We have

(k+uk)h
Z(kru)h = Zkh — /kh VV(Z:) dt + V2 (B(ksup)n — Bin) -

Note that we are in the same situation as before. In particular, if we desire, we can
draw another uniform random variable u; and approximate the second term above via
—uih VV(Z (kesuu)n)- In principle, this procedure can be repeated indefinitely. However,
we will see that just one step of this procedure suffices: further applications of this
procedure do not improve the discretization error. Instead, we will simply approximate

Z(k+u)h via an Euler-Maruyama step:
Zeruh = Zih — uch VYV (Zin) + V2 (B(kruph — Ben) -

To summarize, the randomized midpoint discretization of the Langevin diffusion,

which we will call RM-LMC, is the following update:
Xksnh = Xih = B VV (X(kupn) + V2 (Brsnyh — Bin) » (RM-LMC)
Xiksuoh = Xin — ukh VV (Xen) + V2 (B(rupn — Bin) »

where (ux) ey is a sequence of i.i.d. uniform[0, 1] random variables which are independent
of Xy and the Brownian motion. The algorithm uses two gradient evaluations per iteration.
Also, when implementing this recursion, it is important to note that the two Brownian
increments are coupled. To sample the Brownian increments, draw two i.i.d. standard
Gaussians & and £, and set

B(k+w)h — Bin = Vurh &,
Bk+1)h — Brn = Vurgh & + V(1 —u)h & .

We now analyze the complexity of this algorithm following the Wasserstein coupling
proof of Section 4.1.

Theorem 5.1.1. For k € N, let yy denote the law of the k-th iterate of RM-LMC
with step size h > 0. Assume that the target & oc exp(—V) satisfies VV(0) = 0 and

al; < V2V < BI,. Then, provided h < ﬁ,for allN € N,

2dh? 4 K3 6 Jh4
‘/‘/22(’111\];1, ﬂ:) = eXp(_OCNh) WZZ()UO’ 77:) + O<ﬁ o + ﬁaz + ﬁa3 ) .

d1/4
12,12

In particular, if we initialize at yy = 8y and take h < (1A ), then for any

£
Bd! /2
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¢ € [0, Vd] we obtain the guarantee \a Wy (jinn, ) < € after

iterations.

—1ed))? 12,1/
N =0 — (v )

Proof. Recall from the proof of Theorem 4.1.2 that we started with a one-step discretization
bound, and then we derived a multi-step discretization bound. In particular, for the one-
step bound, we showed that if 7, is the law of the continuous-time Langevin diffusion
started at p, then

WE (i, 1) < BAHAELIZolI%] + fdh’ . (5.1.2)

It turns out that (5.1.2) still holds for RM-LMC. Since the proof is almost the same as
before, we leave it as an exercise (Exercise 5.1).

The benefits of the randomized midpoint discretization enter once we consider the
multi-step discretization. As in Theorem 4.1.2, we let Xy, ~ pxn and Zyp ~ 7 be optimally
coupled, and we let (X;) e (xh (k+1)h] a0d (Z;) ek, (k+1)n denote continuous-time Langevin
diffusions initialized at Xy, and Zy;, respectively; all of these processes are coupled by
using the same Brownian motion to drive them. We bound

Wi (tcernym ©) < BUIXks1yh — Zksynll?]
= E[|IXk+h — Zkrnll?] + B[ X ke — Xkenynll]
+ 2 B(X(k+1)h = Zk+1)h> Xk 1)h — X(k+1)h) -

Now observe that in the cross term, the only quantity that depends on the uniform random
variable uy is X(j41)4. In particular, if we let F(r,1), denote the o-algebra generated by
Xkn and (Bt) ek, (k+1)n) and we apply Young’s inequality, then for any 4 > 0,

2E(X(k+1)h — Zk+1)hs X(k+1)h — X(ka1)h)
= 2EX(ks1)h = Zks1)hs E[ X (k) | Fieryn] = Xer)n)

< AE[IX (krnyh = Zgerynll’] + %E[”E[X(kﬂ)h | Fiernynl — Xkrynll?]
and plugging this in,
Wy (tcernym ) < (14 D) B[ X krn = Zgernnll*] + B X ke — Xkenall’]
+ %E[”E[X(kﬂ)h | Fiervyn] = Xernynll?] -

Before jumping into the calculations, let us see what we have gained, focusing on the
dependence on the step size. As before, we need to take A < h. Previously, in Remark 4.1.5
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(see (4.1.7)), the error term was O(h?) due to the use of Young’s inequality. In this
calculation, we have split the error term into E[||X(k+1) — X(k+1)nl|*] = O(h?) as well as
another error term, which has a factor of O(%) but also has the expectation over the
uniform random variable inside the norm. If we can show that this expectation makes the
error smaller order than before (the interpretation being that the randomized midpoint
reduces the bias), then we obtain smaller discretization error overall.

The one-step discretization bound (5.1.2) yields

E[IX(ks1)n — Xckrnynll?] S BRYE[I[ Xkl + p2dR° .
Next,
E[Xksnn | Fernn) = Xen = RE[VV (Xkauppn) | Fikennl + V2 (Bksn)n — Ben)

(k+1)h
= Xxn — /kh VV(X;) dt + V2 (Bis1yn — Bin) -

Hence,

B (k+1)h _ 2
E[NE[Xk+1n | Fennl = Xesnnll?] = E[H/kh {VW(X;) - VV (X))} dtH ]

(k+1)h )
<h / E[IVV (X)) - VV (X)) dt
kh

(k+1)h ~
sﬁ2h/kh E[IIX; - Xi[I?] dt.

By definition, X; = Xgy — (t — kh) VV(Xi) + V2 (B; — Bgn), so
E[NE[Xk+1)n | Fernyn] — Xeesnynll’]
(k+1)h t 2
< ﬂzh/ E[H/ (VV (%) —VV(XS)}dsH ]dt
kh kh
(k+1)h  pt
g [ [ BIITVCG - YOOI dsde
kh kh

(k+D)h  pt )
< ' /kh /kh E[1Xen — X[1*1 ds dt < B*R* {B*h* B[\ Xxnll*] + dh}

where the last inequality uses the movement bound for the Langevin process that we
proved in Lemma 4.1.8.
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Next, recall that by contraction of the Langevin diffusion under strong log-concavity
(Theorem 1.4.10), E[ [ X(ks1)n — Zk+1)nll?] < exp(—2ah) W2 (pgn, ). Choosing A = 2,

3ah
Wi (H(ks1yh 70) < EXP(—T) W (ks 77)

474 2 23, PR 2
+O(,3 W ElXenll"] + p7dh™ + —= B[ Xl "] +

ﬁ4dh4)
B
At this point, we could bound E[||Xy4||?] recursively, similarly to ??, but instead we will
use a trick:
d
E[Xknll*] = Wy (skhr 80) < Wy (s 1) + Wy (7, 80) < Wy (pihs 70) + ot

It implies that if we take h < then

1
ﬂkl/z s

+

4dh4 6dh5
Wy (H(irnyns 1) < exp(—ah) Wy (pin, ) + O(ﬁzdh3 g ﬁaz ) :

Unrolling the recursion,

zdhz 4dh3 6dh4
Wi (unns ) < exp(—aNh) Wi (o, ) + O(ﬁ + P + P ) )
a a? a’
From the analysis, it can be seen that the bottleneck term (at least for dimension de-
pendence) is not from the term involving E[X(j41)n | F(k+1)r]. This justifies our earlier

comment that one step of the randomized midpoint procedure already suffices. O

Remark 5.1.3. From the proof, we obtain the following one-step bound for the kernel
PRM-IMC of RM-LMC:

W (PRMEMC (x, ), P(y, ) < exp(=ah) lIx = ylI* + O(B*A llyll* + *dh°) .

Note that this improves over (4.1.7) for LMC.

The complexity guarantee for RM-LMC is considerably better than that for LMC.
In fact, it is known that the randomized midpoint method is essentially an optimal
discretization method (which is not the same as saying that RM-LMC is an optimal
sampling algorithm); see [CLW21]. Another optimal discretization, not covered in this
book, is the shifted ODE method of [FLO21].

One notable downside of the randomized midpoint discretization is that the analysis
seems specific to the Wasserstein coupling approach. In particular, it is currently not
known how to obtain matching guarantees in KL divergence.

In the above result, we proved a slightly weaker complexity bound in order to stream-
line the proof. It is possible to improve the second term of x3/2d'/*/!/2 in the guarantee
of Theorem 5.1.1; see Exercise 5.2.
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5.2 Hamiltonian Monte Carlo

The next algorithm we introduce, known as Hamiltonian Monte Carlo (HMC), was
popularized in the context of sampling by Neal [Neall]. As the name suggests, it is
inspired by Hamiltonian mechanics. Although this algorithm is usually combined with a
Metropolis—Hastings filter, we defer a discussion of this until Chapter 7. In this section,
we instead focus on an analysis of the ideal (i.e., continuous-time) dynamics.

5.2.1 Introduction to Ideal HMC

First, we augment the target distribution 7 to add a momentum variable p. Specifically,
define the distribution s on phase space R? x R? via

7 (x, p) < exp(~V(x) - 2 lpll).

The first marginal of 7z is 7 o< exp(—V), so if we obtain a sample from s then upon
projecting to the first coordinate we obtain a sample from 7.

The augmented target can also be written as 7t « exp(—H), where H is the Hamil-
tonian H(x,p) = V(x) + % llp|l?. In Hamiltonian mechanics, which is a reformulation
of classical mechanics, the laws of motion are governed by Hamilton’s equations, a
system of coupled first-order ODEs:!

X = VpH(xtapt) =pr
pt = —VxH(xt, Pt) = —VV(xt) .

Introducing the antisymmetric matrix

10 I
J= [—Id 0] ’
Hamilton’s equations can be written succinctly as
(%¢, pr) = J VH (1, py) -

Let F, : R?x R?Y — R x R? denote the flow map, i.e., F;(xo, po) is the solution (x;, p;)
to Hamilton’s equations started from (xy, po). Then, we show that F; leaves the augmented
target 7 invariant: (F;),7 = . Indeed, if f : R? x R? — R is a function on phase space
and (x;, p;),s, evolve via Hamilton’s equations started at (xo, po) ~ 7,

Ot ,_o B f Get, pr) = B(Vf (x0, o), (%0, po)) = /(Vf(xmpo), (%0, o)) d7 (xo, po)

'In contrast, Newton’s law ¥, = —VV (x;) is a second-order ODE.
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B _/fdiv([—gv] )
:_/f{div [—gv + _év]’[gﬁﬁﬁb}d”:o'

Further properties of the Hamiltonian dynamics are explored in Exercise 5.4.

However, simply running Hamilton’s equations does not yield a convergent sampling
algorithm. For example, suppose that V(x) = % ||lx||%; then, each flow map F; is actually
a diffeomorphism. This implies, for example, that KL((F;).p || (F;).mr) = KL(p || 7r) for
any initial distribution g on phase space. To get around this issue, we can “refresh” the
momentum periodically. More specifically, we pick an integration time T > 0, and every
T units of time we draw a new momentum vector from the standard Gaussian distribution
(which is the distribution of the momentum under 7).

Ideal HMC: Pick an integration time T > 0 and draw (X, Py) ~ p,. For each iteration
k=0,1,2,...:

1. Refresh the velocity by drawing P/, ~ normal(0, ;).
2. Integrate Hamilton’s equations: set (X(x+1)1, Pk+1)7) = Fr(XkT, Pip)-

Since both steps of each iteration preserve s, the entire algorithm preserves m. At
this stage, though, this algorithm is still idealized because it assumes the ability to exactly
integrate Hamilton’s equations. This may be possible for very special cases, but it is not
in general, and certainly not within our oracle model. Nevertheless, it is instructive to
first analyze the ideal algorithm.

5.2.2 Analysis of Ideal HMC

Theorem 5.2.1 (ideal HMC, [CV19]). Assume that the target & oc exp(—V) satisfies

aly < V2V < BI. Fork € N, let mir denote the law of the k-th iterate Xy of ideal HMC

with integration time T > 0. Then, if we set T = —L_ we obtain

NG

N
Wy (unT, 7) < eXP(—E) Wy (o, 7r) .

It is known that the convergence rate in this theorem is optimal, see [CV19]. We now
follow the proof, which is a purely deterministic analysis of Hamilton’s equations. First,
we need two lemmas.
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Lemma 5.2.2 (a priori bound). Let (x;, pt);», and (x}, p;),s, denote two solutions to
Hamilton’s equations of motion with py = p}, and a potential V satisfying V*V < pI,.

Then, for allt € [0, ﬁ], it holds that

1 2 2 2
5 o = xp11% < llxe = xtlI” < 2 flxo = xglI-

Proof. First, note that o;||p; — pjll < [|VV(x:) = VV(x))|| < Bllx: — x]||. It follows that
/ ’ t /
|0; [|2ce = x;[[| < llpe = pill < ﬂfo l|xs — x¢|| ds and hence

t S
e — ]| < ||xo—x6||+ﬁ/ / I, — % dr ds.
0 0

Applying an ODE comparison lemma, one may deduce that ||x; — x;|| < V2 ||x0 — x,|l. The
lower bound is similar. O

Lemma 5.2.3 (coercivity). Suppose f : RY — R satisfies 0 < V2f < pI;. Then, for all
X,y € R, it holds that

BVF(x) = Vf(y)x —y) 2 [IVF(x) = VE@)II*.

Proof. See Exercise 5.5. m]

We now prove the contraction result for the Hamiltonian dynamics.

Proposition 5.2.4 (contraction of Hamilton’s equations). Consider any two solutions
(Xt Pt) 150 and (x;, p1) s, to Hamilton’s equations of motion with py = p; and a potential
V satisfying aly < V2V < Bl;. Then, forallt € [0, ﬁ], it holds that

at?
[l — x}]|? < eXP(—T) llx0 — x5 17 -

Proof. We compute

1
> Ollxe — x;|I° = (xr — Xp, Pt = Pp) »

1 ’ ’ ’ ’ ’ ’
2 Nl = x}lI* = llpe = pyII* = (e = %1, VV (x1) = YV (x))) = —pu llxe = x[1I° + Ipe = pi1I°,
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where we define
_ (VV(xy) = VV (X)), x: — x7)

Pt -

[l — x31[2

To bound ||p; — p;||%, we use |3 ||p: = pill| < [[VV (x:) —VV (x})]|. Also, by the coercivity
lemma (Lemma 5.2.3),

IVV (xt) = VV(xDII? < BAVV (xe) = YV (x)), 2 = x7) = Py Nl = x{1IP < 2By [lxo = xg I

where we used Lemma 5.2.2. Hence, by the Cauchy-Schwarz inequality,

t 2 t
o= il < | [ Jole = pilas] < | | V2ol = xpl s
0 0

t
< 2[5t ||xo —x6||2/ psds.
0

From this and Lemma 5.2.2, we deduce

t
Gl =1 < =(pi =48t [ peds) v -
0

‘2

Integrating and using p > 0,

t t r
O llx; — x)||° < —(/ psds — 4[3/ s/ Dr drds) llx0 — x|
0 o Jo
t t
< —(/ psds — 2/3t2/ Ds ds) llx0 — x5 |
0 0

t
’ at ’
= =(1=28) (| puds) oo = < =5l =
0

Integrating again then yields

2 2
9 5, at 9 ot 2
llx: = x7 11 < llx0 = yoll e [0 = xp11“ < exp(——4 ) llxo = xp11%. m

If we choose T = ﬁ then the contraction factor is exp —ﬁ) <1-1/(32k). In

particular, let P denote the transition kernel of one step of ideal HMC with integration
time T. We have the W; contraction

Wi(P((x, p), ), P((x',p),)) < (1 - %) (. p) = (O,

which, in the language of Section 2.7, says that the coarse Ricci curvature of P is bounded
below by x/32. Hence, by Theorem 2.7.5, we immediately obtain the following corollary.
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Corollary 5.2.5. Assume that the target i o« exp(=V) satisfies aly; < V?V < Bl. Let
P be the Markov kernel for ideal HMC with integration time T = —=. Then, P satisfies

NG

a Poincare inequality with constant at most 32x, where k = f/a.

We conclude this section by observing that, since Hamilton’s equations are a deter-
ministic system of ODEs, we can approximately integrate them using any ODE solver;
unlike for the Langevin diffusion, there is no need to consider any SDE discretization here.
By following this approach, [CV19] also provide the following sampling guarantee.

Theorem 5.2.6 (unadjusted HMC, [CV19]). Assume that the target & « exp(-V)
satisfies aly < V2V < BI; and VV (0) = 0. Then, there is a sampling algorithm based on
a discretization of ideal HMC which outputs u satisfying \NJa Wo(p, ) < € using

1312 g1/2
O( ) gradient queries.
€

5.3 The Underdamped Langevin Diffusion

In ideal HMC, the momentum is refreshed periodically. We now consider a variant in
which the momentum is refreshed continuously. The underdamped Langevin diffusion
is the solution to the SDE

dXt = Pt dt s

dP, = —VV(X;) dt — yP, dt + +/2y dB, .
Here, y > 0 is a parameter known as the friction parameter; as the name suggests, the
physical interpretation is that the Hamiltonian system is damped by friction.

The underdamped Langevin diffusion is motivated by the acceleration phenomenon
in optimization, which we first recall in continuous time.

Optimization Box 5.3.1. Consider the following ODE system:

Xt = Pt
pr =-VV(x;) —yp: .

This is the deterministic analogue of the underdamped Langevin diffusion. If we
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assume that V is a-strongly convex, then one can show that with the choice y = 2+/a,
V(x) = V(xe) < 2exp(=Vat) {V(x0) = V(x:)}, (5.3.2)

see Exercise 5.6. Moreover, the ODE system is stable for integration times of order ¢ <
1/ \/ﬁ, where f is the smoothness of V, and hence one expects that the discretization
of this system yields an algorithm for optimization with a square root dependence
on the condition number k. This is indeed the case, but discretization is subtle;
see, e.g., [Nes18, §2.2] for an analysis of a discrete-time scheme which achieves
V(xn) = V(xx) < €2 in O(v/xlog(x (V(x) — V(xx))/€?)) iterations.

This phenomenon is known as acceleration in optimization. Historically, the
development happened in the opposite order: Nesterov put forth his algorithm, now
known as Nesterov’s accelerated gradient descent, in [Nes&3], and his algorithm is
optimal amongst all first-order algorithms [NY83]. The continuous-time formulation
of acceleration was introduced later, in [SBC16].

Motivated by the acceleration phenomenon in optimization, we undertake a detailed
study of the underdamped Langevin diffusion to see if such a phenomenon also holds for
log-concave sampling. At present, however, our understanding is inconclusive.

Unlike the Langevin diffusion, the underdamped Langevin diffusion is not a reversible
Markov process. Moreover, it is an example of hypocoercive dynamics, which means that
the Markov semigroup approach based on Poincaré and log-Sobolev inequalities fails,
necessitating the use of more sophisticated PDE analysis (see Section 5.3.4).

5.3.1 Continuous-Time Considerations

It is illuminating to write the dynamics in the space of measures. By computing the
generator of this Markov process and writing down the corresponding Fokker-Planck
equation, we arrive at the PDE

for the evolution of the law (7;),, of the underdamped Langevin diffusion. We can write
this as the continuity equation

9 = di ( Vylnm )
17 = GVt ~Vilnzw —yV,Inm +yV,Inm,

-p
VV +yp

atﬂt = YAp”t + diV(ﬂ't
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where 7(x, p) o« exp(—H(x, p)) = exp(-=V(x) — % lIpll?). However, taking advantage of
the fact that

. —Vp ll’l It _
dlv(m [ V. In 7, ]) =0,
we have the more interpretable expression
. \% ln(nt/n)] [ 0 1]
oy =d ( x ) = ,
e = div\ ], [Vp In(7, /) =y

or
oy = div(s; J, [V, KL(- || )] (1)) . (5.3.3)

This shows that the underdamped Langevin diffusion is not interpreted as a gradient flow
of the KL divergence, but rather a “damped Hamiltonian flow” for the KL divergence.

We begin with a contraction result for the continuous-time process based on [Che+18].
Note that we use the same change of variables as in Exercise 5.6.

Theorem 5.3.4. Let (XO’P?)tzo and (Xl,Ptl)tZO be two copies of the underdamped
Langevin diffusion, driven by the same Brownian motion. Assume that the potential
satisfies aly < V2V < Bl,. Then, defining the modified norm

2
e, )2 = ||x+\/%p||2 + [l

and setting y = /23, we obtain the contraction

1 ply _ (v0 po _at 1 ply _ (v0 po
O B = (KL PDI < exp(=~22) NGk P = GG PO

Proof. Write 6X; := th - X? and 8P; = Pt1 - P?. Then, by It6’s formula (Theorem 1.1.18),

d(8X; + 1 8Py) = [6P, — n {VV(X}) = VV(X))} — yn 6P| dt

_ [—(yn —1)8P, - (/01 V2V ((1-5) X" +5X]) ds) axt] dt

=:H[

= [—(y - %) (6X; +18P) + (y - % — nHy) 5Xt] dt
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as well as

1 1
n n

so that

1
Eaﬁwwg+népm2+u&&u%

We now check that if y = % and n = %, then the eigenvalues of the matrix above are
lower bounded by an/2 = 0{/@.

y—y  3(Hi-y)

> (nHy —y) .

5Xt + ’75Pt
x, |’

(SXt+T]5Pt >
Xy '

O
We check that the new norm we defined is equivalent to the Euclidean norm.

Lemma 5.3.5. Forallx,p € RY,

3 (Il + 2 1p1) < MG p)I < 3 (Il + 5 Il

Proof. The upper bound follows from

2 2
Il Ge, )N = [J + \/%PHZ +[lx]1* < 2 (|Ix]1* + 5 %) + llcll®.

The lower bound follows from

%MW32W+VEMF+HMF- O

Consequently, the contraction result in Theorem 5.3.4 implies
2

X, = X711 + 5

2at 2
17!~ PIIF < vexp(- Y2 :

JB p

. If we compare Theorem 5.3.4 with Optimization Box 5.3.1, we see that we
had to choose a larger value for the friction (y = \/ﬁ rather than y < v/a) and this leads

to a slower exponential contraction with rate a/ \/ﬁ (instead of v/a). Thus, Theorem 5.3.4
can be considered an unaccelerated convergence rate.

) (156 = X312+ = 1123 = PIP)
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5.3.2 Wasserstein Coupling Argument

We now discretize the underdamped Langevin diffusion. Of course, we could apply a simple
Euler-Maruyama discretization to the SDE, but there is a slightly better discretization
here. We observe that if we fix the value of the gradient term at time kh, then the rest of
the SDE is a linear SDE, and can be integrated exactly. Namely, consider

dXt:Ptdt,

fort € [kh, (k+ 1)h]. ULMC
dP; = =YV (Xgp) dt — yP; dt + /2y dB,, [kh, (k + 1)h] ( )

Then, the solution to the SDE is given explicitly in the following lemma.

Lemma 5.3.7. Conditioned on (Xip, Pxn), the law of (X(i+1)h> Pik+1)n) is explicitly given
as normal(Mj41)n, =) where

Mono = |Xen+y™ (1= exp(=yh)) Pep =y (h =y~ (1 = exp(=yh))) VV (Xin)
(k+)h = Py exp(=yh) =y~ (1 — exp(~yh)) VV (Xp)
and
5 _ |7 th= (L —exp(=yh) + 57 (1 = exp(=2yh)} ’ ®I.

% {1 - 2exp(—yh) + exp(—2yh)} 1 — exp(—2yh)

The = indicates that the entry is determined by symmetry.

The lemma is an exercise in stochastic calculus (Exercise 5.7). The point is that the
discretization given as ULMC is implementable.
We now proceed to a discretization analysis based on [Che+18].

Theorem 5.3.8. Fork € N, let uy, denote the law of the k-th iterate of ULMC with
appropriately tuned step size h > 0 and friction parametery > 0. Also, let ji;, denote
the law of Xkp,. Assume that the target & oc exp(—V) satisfies VV(0) = 0 and al; <
V2V < PBI;. Then, we obtain the guarantee \Ja Wy (unn, ) < € after

iterations.

K2d1/z)

N:5(
£

- This result is not the best possible. Indeed, a refined analysis by [DR20]
obtains the iteration complexity O(x3/2d/?/e).
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Proof. One-step discretization bound. As in Theorem 4.1.2, we start with a one-step

bound. Let (X;, P;),>, denote ULMC and let (X;, P;),s, denote the continuous-time under-
damped Langevin diffusion, both driven by the same Brownian motion and started at the
same random pair. We want to bound the distance E[|||(Xs, Ps) — (Xp, Py)|l|I°]. According
to Lemma 5.3.5, it suffices to bound E[|| X}, — X,||?] and E[||P, — Py||?] separately.

First,

s 5 == [t~ pa ] <# [ s00e - R0

Next,

Bl - 21 =5 [ -9V 6 + IR -y (- P s

]

< h/O (ELIVV(Xs) = VV(Xo)I*] + y* E[IIPs - B||?]) ds

By Gronwall’s inequality, if A < )l, = —L then

V2p
t

E[IP: = P|I?] < h/O E[[IVV(X;) = VV(X)[I°] ds < ﬁ2h/0 E[[IX; - Xoll*] dt

Again, we need a movement bound for the underdamped Langevin diffusion, which is
done in Lemma 5.3.10. Substituting this in and assuming h < 7 /2,

B (X Pa) — (K B)IP] S ELIXG — X312] + %E[HPh B
< FPRELII (X0, PO IP] + B/2aR°.

Multi-step discretization bound. Let ‘W? denote the coupling cost for the norm

- III%. Let B (k+1)n denote the law of the continuous-time underdamped Langevin diffusion
started at py;,. Then, from Theorem 5.3.4 and the one-step discretization bound,

W kryn ) < W (R ernyn ) + W E G Benn)
ah
< exp(——) W (g, ) + O(BHEW (g, 80) + FAdV2H1?) |

N

Also, W (g, 60) < W(ugy ) + W(m, 80) < W(uyy ) ++/d/a, where we used the
moment bound in ??. If h < 7 /2 , then we can absorb the W (uy,, ) term into the
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contraction rate and deduce

ah ﬂdl/zhz
Wiy 7) < eXP(—m) W (s ) + O( T +/33/4d1/2h5/2) :

Iterating,
aNh 321 2p  p5IAqiIz g3
Wpyp, ) < eXP(—ﬁ) W(po m) + O( i p, ) ,
Choosing the step size appropriately yields the result. O

The next lemma provides the movement bound (Exercise 5.8).

Lemma 5.3.10. Let (X;, P;),>, denote the underdamped Langevin diffusion with poten-
tial V satisfying V*V < Bl; and VV(0) = 0. Ift < % A ﬁ then

E[IIX: = Xoll’] s £ E[IPolI’] + ydt® + ft* E[IXolI*] -

5.3.3 Randomized Midpoint Discretization

The randomized midpoint method of Section 5.1 can be applied to the underdamped
Langevin diffusion to yield an even better sampling guarantee. This was carried out
in [SL19], and we state the final result here.

Theorem 5.3.11. Assume that the target = o< exp(=V) satisfies aly < V*V < BI; and
VV(0) = 0. Then, the randomized midpoint discretization of the underdamped Langevin
diffusion outputs pu such that \Ja Wy (p, r) < ¢ using

~(Kdl/3 (1 y e1/34:1/6 )

e i gradient queries.
€

Since the proof is a combination of the proof techniques introduced for the random-
ized midpoint discretization (Theorem 5.1.1) and the analysis of underdamped Langevin
(Theorem 5.3.8), we leave it as an exercise

With respect to the dimension dependence, this is the current state-of-the-art guaran-
tee for sampling from strongly log-concave distributions.
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5.3.4 Hypocoercivity

Our study of the underdamped Langevin diffusion has produced samplers with substan-
tially improved sampling complexity, culminating in Theorem 5.3.11, but we have not
addressed the motivating question in this section. Namely, is there an acceleration phe-
nomenon for sampling, in the sense of an algorithm with a square root dependence on
the condition number? (See Optimization Box 5.3.1.)

Toward this question and others, such as whether we can obtain KL divergence
guarantees under functional inequality assumptions (as we did in Section 4.2), we must
now enter into a discussion of the hypocoercivity arguments which until this point we
had deferred due to the higher level of technical sophistication.

We start by noting that the generator of the underdamped Langevin diffusion can
be written (see Exercise 5.10) as & = yZou + ZLHam, Where Loy is the generator of the
Ornstein-Uhlenbeck process (Exercise 1.5) acting on the momentum coordinate,

Zouf = Dpf =0, Vpf),

and Zyam captures the Hamiltonian part of the dynamics,

:fHamf = <P» fo> - <VV’ fo) .

If we write the Fokker—Planck equation for the underdamped Langevin diffusion in terms
of the relative density p; = %, we obtain the differential equation

8tpt = 3[% . (5312)

Now suppose that we wish to prove convergence in the chi-squared divergence. The
first approach to try is to simply differentiate t — ||p; —1|| as we did for the Langevin

diffusion. We find that

2
L2 ()’

Fllp: — 1”%2(”) =2y{p: — 1, Zou (p: — 1)>L2(n) +2(p: — 1, LHam (pr — 1)>L2(n) .

Unfortunately, this naive calculation cannot succeed. To see why, note first that %}
is anti-symmetric in L?(7), i.e., Lam = —ZLHam, so the second term above vanishes
(Exercise 5.11). Moreover, the first term is not coercive, in the sense that the putative
inequality (p: — 1, Zou (pr — 1))12(n) < —llpt — 1”i2(n) generally fails, because %oy has a
large kernel: namely, all test functions which depend only on the position coordinate.
However, there is a certain intuition that the underdamped Langevin diffusion ought
to converge anyway: the Zoy operator is coercive when restricted to the momentum

coordinate, and the Hamiltonian dynamics encoded in &}, causes the position and
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momentum coordinates to “mix”. Indeed, it is the interaction of the two parts of the
dynamics that drives the system to equilibrium.

We now give an exposition to the theory of hypocoercivity, as treated in Villani’s
monograph [Vil09a], which places the above intuition into a mathematical framework.
The theory has two key ingredients. First, the “interaction” between the two parts of the
dynamics is handled by studying the commutator of the two operators. Second, in order
to take advantage of the non-zero commutator, we perform an analysis in a modified norm
(similar in spirit to the twisted metric in the coupling argument of Theorem 5.3.4). We
will establish the following theorem.

dm,

Theorem 5.3.13 (hypocoercivity). Fort > 0, let fy == p; — 1 = Tt — 1 denote
the centered relative density along the underdamped Langevin diffusion with friction
coefficient y = Co\/B, co > 0. Assume that measure o exp(—V) on R? satisfies a
Poincaré inequality with constant ™!, and that the potential V is f-smooth. Then, there
is a constant ¢ > 0 depending only on c( such that
2 1 2 2
sy + 5 19+ 9 s
cat 1

2 2 2
< exp( \/ﬁ) (Ll + 5 1ol 1ol

To better appreciate the core of the argument, we follow [Vil09a] and switch to more
abstract notation. Although we are only concerned here with the underdamped Langevin
diffusion, some of the following discussion will be phrased more generally to emphasize
its broader applicability. We observe that Zoy = —V;V,, which makes apparent its
symmetry and non-positivity, and hence study an operator £ of the form & = —yAA* + B,
where A and B are linear operators and B is anti-symmetric. Thus, we will take

A:: Vp, B:: gHam, C:: [A,B].

Here, [A, B] := AB — BA is the commutator. As a preliminary step, we must compute
these commutators, which we leave as an important exercise (Exercise 5.11):

[A A*] =id, C=V,, [B,C] =V*VV,=VVA. (Com)

Here, [A, A*] is interpreted as ([3,, V;], coes [Opys V;]) Also, C commutes with A and A*.

Finally, we let ||-|| denote a Hilbert norm, which is taken to be ||-[|;2(,) for the application
to underdamped Langevin.
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Already, the commutator calculation proves to be interesting. Indeed, due to the
anti-symmetry of B, the computation of the time derivative along the dynamics? induced
by & yields 2 (f, Zf) = =2y ||Af||%, and the problem is that the quantity ||Af]| is not
coercive, in the sense that it does not control || f|| from above. In other words, AA*
may not be strictly positive definite. For underdamped Langevin, this corresponds to
ANl = IVpfllr2(x) and so we are missing a term—namely, the norm of the position
gradient. But this position gradient shows up precisely as the commutator C.

Motivated by this observation, the plan is to instead consider || f]|* + [|Af]|* + ||Cf]I?,
which corresponds to the usual squared Sobolev norm || f ||i2 mF VA iz (m) for under-
damped Langevin. Importantly, this quantity is coercive, as a consequence of the Poincaré
inequality for sz (which follows from the assumed Poincaré inequality for 7, together with
the Poincaré inequality for the standard Gaussian). In other words, rather than requiring
AA” to be positive definite, we now only require AA* + CC* to be positive definite. In
general, this process can be repeated: if AA™ +CC™ is still not positive definite, we can take
another commutator C; = [C, B] and add C;Cj, etc., and the number of times this pro-
cess must be repeated corresponds to the degeneracy of the equation. For underdamped
Langevin, just the addition of CC* is enough.

However, simply differentiating t — ||f;||* + ||Af;||* + ||C£]|? is still not enough to
establish convergence. The other crucial ingredient is to change the norm. Hence, we shall
consider the following Lyapunov functional

2 ¢
N p

We will choose a, b, ¢ > 0 to be universal constants such that ac > b?, which will ensure
that the above Lyapunov functional is equivalent up to universal constants to the norm
LFII? + IAFII? + B IICE 2

As Villani writes, the key intuition is that the effect of Zoy = —A*A is to dissipate
the terms || ]2, ||Af]|?, and ||Cf]|?, whereas the effect of B is to dissipate the mixed term
—(Af,Cf). To see this, suppose that M is an operator which commutes with A. Then, if
drg:r = —A*Ag;,

L= 1P+ allAfI? - —= (AfCf) +  ICAI.

di||Mg:|I” = =2 (Mgy, MA*Ag:) = —2 (Mg, A"AMgy) = =2 |AMg:||* < 0.
On the other hand, if 9;g; = Bg;, from anti-symmetry, the definition of C, and (Com),

—0;(Ag;,Cg;) = —(ABg;, Cg;) — (Ag, CBg;)
= —<ABgt, C9t> - <Agt, BCgt> - (Agt, [C, B]9t>

2In the abstract setting, this refers to t > exp(Zt) f;, i.e., the semigroup with generator #.
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= —(ABg;,Cg;) + (BAg;, Cg;) + (Ag:, [B,Clg;)
= —|ICq.I* + (Agy, V?V Agy) .

Up to an error term, we have obtained decay in the missing “C direction”!
We now proceed to the full calculation.

Proof of Theorem 5.3.13. If we differentiate £;, we obtain —D( f;), where we calculate

RN N
D(f) = 2y |AfI* +a( >+ﬂ< )45
I —_— N——

I 1

Our aim is to lower bound D(f;) by a multiple of £;. Following Villani’s notation, we
divide each of the terms I, II, and III with subscripts, 14, Ip, etc., to signify the part of the
time derivative which comes from —A*A or from B. We estimate each of these six terms.
Based on the above intuition, we expect 14, IIg, and Ill4 to contribute terms that help us,
whereas the other terms are error terms. Throughout, we repeatedly use the commutator
calculations in (Com).

We start with the first term.

Iy = 2ay (Af, AA"Af) = 2ay ((Af, A"A’f) + |AfI1%) = 2ay (IIA*F11° + AfI1%),
Ilg = —2a (Af, ABf) = —2a (Af, BAf) — 2a (Af,Cf) = —2a (Af,Cf)
> —2a||AfIHICS -

Next, for the second term, by the above calculations,

I, = ——X ((AA*AF,Cf) + (Af,CA*Af))
B

Zby * A2 *
= ——— ((A"A°f,Cf) + (Af, Cf) + (Af, A"CAf))
VB
2by ) 2by 9
=—— (2(A°f,ACf) +(Af.Cf)) = ———= A |ACSI| + [IAfIICEI)
VP VB
2b

b
IIg = (ICfII? = (Af, VEV Af)) > 2 (ICFII? = BIIASI®) .
’ VB

VB

Finally, for the third term,

I, = Z;Ty (Cf,CA*Af) = % IACS1I%,
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111 = —% (Cf,CBf) = —% ((Cf.BCS) +(Cf.[C.BIf)) = % (Cf, V2V Af)

> =2c||AfIHICSI-

Let D(f) = (||Af]l, % ICFIl, 1A% F I, ﬁ I|ACS||). Now assume that y = cO\//_3 for some
constant ¢y > 0. We have established the inequality D (f) > (D(f), 2 D(f)) where

2¢0+ 2aco —2b —2a— 2c
2b
> =
\/B 2acy —4bcy
2cc

Now we want to show that we can choose constants a, b, ¢ > 0 with ac > b?, depending
only on ¢, such that the symmetric part of X is positive definite. In this case, since X is
block diagonal, this just amounts to ac > b® as well as 4b (co + acy — b) — (a +¢)* > 0. If
we scale a, b, c down so that max{a, b,c} < ¢y A 1 then the second condition is clearly
satisfied. With this, we have obtained

1z
VB

Applying the Poincaré inequality for s (in the norm given by ||(x, p)||? = ||x||* + ||p]|?/ ),

aLi=-D(f) s —BIALI* - —= ICAI*.

1
——= (A1 + 1AL+~ ICAIP) 5 = L.

24/B VB

In the last line, we used the fact that £, is equivalent up to constants to the Sobolev norm
£+ NAFI? + g ICFI. O

Remarkably, there is a variant of this theorem which holds for KL convergence, which
proceeds via a twisted version of the Fisher information.

(04 1
aLr s ——= (IALI* + = IICAI?) <
VSR

Theorem 5.3.14 (entropic hypocoercivity). In the setting of Theorem 5.3.13, suppose
instead that n satisfies a log-Sobolev inequality with constant a~'. Then, there is a
Lyapunov function

Ly = KL(m, || ) +En,<V1n %, (lbc;/\j% b/g/ﬁ] ®Id) Vin %>
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such that for all t > 0,

cat

L < exp(—ﬁ) L.

This concludes our exposition to hypocoercivity. The study of hypocoercive dynamics
is still an active area of research, and there have been many developments since Villani’s
original monograph; see the bibliographical notes for a short discussion. However, Theo-
rem 5.3.13 and Theorem 5.3.14 still only yield unaccelerated rates of convergence. Very
recently, through different techniques (based on a space-time Poincaré inequality), Cao,
Lu, and Wang obtained the following remarkable result.

Theorem 5.3.15 (space-time Poincaré inequality, [CLW23]). Suppose that r is log-
concave and satisfies a Poincaré inequality with constant a1, and sety = \a. There is
a universal constant ¢ > 0 such that for allt > 0, for underdamped Langevin,

X (e |l ) < exp(=cVat) y (o || 7).

Note that this is indeed the accelerated rate! Unfortunately, this is a “Poincaré-type”
result, which leads to a worse dependence on the dimension (see the discussion in Sec-
tion 1.5). Currently, it is not known how to prove a “log-Sobolev” version of this result.
Moreover, the current discretization methods are lossy, and have not yet translated Theo-
rem 5.3.15 into an accelerated discrete-time guarantee.

Bibliographical Notes

In the analysis of the randomized midpoint discretization of the Langevin diffusion
(Theorem 5.1.1), we have simplified the original proof of [HBE20] at the cost of proving a
slightly weaker result. The sharper argument of [HBE20] is outlined in Exercise 5.2.

Besides the randomized midpoint method, the shifted ODE discretization [F1.O21]
also achieves a state-of-the-art iteration complexity of O(d"/?/¢%/?) when applied to the
underdamped Langevin diffusion.

HMC and its variants are some of the most popular algorithms employed in practice,
especially the no-U-turn sampler (NUTS) [HG14] which adaptively sets the integration
time. In terms of complexity analysis, the paper [CV19] (whose proof we followed
in Theorem 5.2.1) provided the tight analysis of ideal HMC. Other complexity results
obtained for HMC under various assumptions include [MV18; MS19; BEZ20].
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The underdamped Langevin diffusion has been studied quantitatively in [Che+18;
EGZ19; DR20; Ma+21; Zha+23].

The literature on hypocoercivity is large and we do not intend to comprehensively
survey it here, but we give a few pointers. Our treatment of hypocoercivity is inspired by
the monograph [Vil09a], which was the first to develop the theory in a general framework.
The illuminating work of [Bau17] relates the hypocoercive calculations to the Bakry—
Emery calculus. The approach to hypocoercivity taken here is sometimes called “H'
hypocoercivity” because the constructed norm is equivalent to the H'(sr) Sobolev norm,
but there is another approach based on “L? hypocoercivity”. The latter is called the “DMS
framework” after [DMS09]; see [RS18] for the application to underdamped Langevin.
Finally, we mention that the space-time Poincaré approach of [CLW23] builds on the
earlier work of [Alb+21].

Exercises

Randomized Midpoint Discretization

> Exercise 5.1 (one-step discretization bound for RM-LMC)
Prove the one-step discretization bound (5.1.2) for RM-LMC.

> Exercise 5.2 (sharper rate for RM-LMC)
In this exercise we show how to obtain a slightly sharper guarantee for RM-LMC than
the one in Theorem 5.1.1. Note that Theorem 5.1.1 provides the rate

- d1/2 3/2d1/4 d1/2 , < Vd ,
N:O(K vE ): kd /e < < Vdfe (.E.1)
£ el/2 K3/2d1/4/€1/2, K > \/E/g,
whereas the rate we show in this exercise is
— 1 wed!/? 4/341/3 a2 /e < VdJe,
N:O(K K ) _ Jxd'P /e Kk < Vd/e (5E2)
€ g2/3 KB3dV3 23 ke > VdJe .

1. Check that the rate (5.E.2) is indeed better than (5.E.1).

The main idea behind the improved rate is that throughout the proof of Theorem 5.1.1, we
used the inequality

E[IVV ) I] < B2 ElIXnlI]. (5.E.3)
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which is wasteful. Instead, we will show that

z

= DLEIIVVIP < fd. (£
0

~
Il

Note that since we expect E[|| Xx1||?] =< d/a, then the new bound (5.E.4) is an improvement
by a factor of k.

2. Rewrite the proof of Theorem 5.1.1, avoiding the use of the inequality (5.E.3), and

leaving the error bound in terms of lejz_ol E[|[VV (Xkn)|I?]. As a sanity check, the

result should imply the rate (5.E.2) once the key inequality (5.E.4) is proven.

3. Applying Itd’s formula (Theorem 1.1.18) to V(X;), write down an expression for
E[V (X(k+1)h) — V(Xkn)]. By bounding the error terms carefully and assuming that
h < %, prove that

E[V(Xksyn) =V (Xg1)n)]

2 E[V(X(k+n)n) =V (Xen)] + ZE[IIVV(th)IIZ] — O(pdh) .

4. Using the smoothness inequality,

E[V(Xx+1)n) | Fr+)nl
S V(Xksyh) + {VV (Xk+1)n)s B[ X (kex0)h | Flernyn] = Xksyn)

B _
+ 5 BUXernn = Xiksnnll® | Feenynl -
Applying the Cauchy-Schwarz and Young’s inequality to the middle term,

(VV (Xk+1)h)s ELX (k) | Feryn] = Xiesyn)

_ 1 _
< AVV (Xgesnyn) I” + 7 NEX ety | Fiisnpnl ~ X(krnll?
for an appropriate choice of 1 > 0. Use this to show that

E[V(Xkrnn) = V Xsnyn)] S BRPE[IVV (Xin)12] + BdR°.

5. Combining these inequalities, assuming that fh is sufficiently small and that we
initialize with X, = arg min V, prove the key inequality (5.E.4).
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Hamiltonian Monte Carlo

> Exercise 5.3 (Gaussian calculations for HMC)

Suppose that the target 7 is a standard Gaussian distribution. Compute the flow map F; for
the Hamiltonian dynamics. Also, if we start at the initial distribution py = normal(0, o?’ly),
show that the distribution p, over phase space at time ¢ of ideal HMC is a Gaussian
distribution, normal(0, X;), and compute X; € R2dx2d

> Exercise 5.4 (basic properties of Hamiltonian dynamics)
In this exercise, we explore some fundamental properties of the Hamiltonian dynamics.

1. (conservation of energy) Along the Hamiltonian dynamics, (x;, pt),s,, show that
H(xy, p;) = H(xo, po). In fact, for any function f : R¢ x R — R whose Poisson
bracket with H vanishes, i.e.,

{f.H} = (Vsf, VpH) = (V,f, VxH) = 0,
it holds that f(x;, pr) = f(x0, po)-

2. (conservation of volume) By differentiating ¢t +— det VF;(x, p) and using the flow
map equation 9;F;(x, p) = J VH(F;(x, p)), prove that det VF;(x,p) = 1 forallt > 0
and x, p € R% This shows that F; : RY — R? is a volume-preserving map.

3. (time reversibility) Suppose that (xi, pt);c[o7) solve Hamilton’s equations. Show
that (xr_¢, _PT—t)te[o,T] also solve Hamilton’s equations. In other words, if R is the
moment reversal operator, i.e.,

L 0
R =
o)

then F.' =Ro FroR.

> Exercise 5.5 (coercivity)
Prove Lemma 5.2.3.

Hint: Letz .=y — % {Vf(y) - Vf(x)}. Apply the convexity inequality to f(x) — f(z),
and the smoothness inequality to f(z) — f(y), in order to upper bound f(x) — f(y).
Combine this with the symmetric inequality for f(y) — f(x).

The Underdamped Langevin Diffusion

> Exercise 5.6 (Nesterov’s algorithm in continuous time)
Consider the continuous-time formulation of Nesterov’s algorithm, as given in Optimiza-
tion Box 5.3.1. Assume that V' is a-strongly convex. Prove the rate (5.3.2).
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Hint: Let z; == x; + % p:. Consider the Lyapunov functional

a
L =V(x) = V(xy) + 5 llz: — x*“z .

2 (lz =xl + llz = x* |17 = llx = x*[1%).

Prove that £; < 0. You may find the following identity to be helpful: (z — x,z — x*) =

> Exercise 5.7 (derivation of the ULMC updates)
Solve the SDE for ULMC to prove Lemma 5.3.7.

> Exercise 5.8 (movement bound for the underdamped Langevin diffusion)
Prove the movement bound for underdamped Langevin (Lemma 5.3.10).

> Exercise 5.9 (analysis of RM-ULMC)
Prove Theorem 5.3.11 (or at least write out enough of the analysis to convince yourself of
the main term kd'/?/¢%/? in the rate).

> Exercise 5.10 (Fokker-Planck equation for the underdamped Langevin diffusion)
Check the expression & = yZou + LHam for the generator of the underdamped Langevin
diffusion given in Section 5.3.4. Then, check the various calculations leading up to the
Fokker-Planck equations (5.3.3) and (5.3.12).

> Exercise 5.11 (computations with adjoints and commutators)
Prove that &}, = = —%}am and that Loy = —V;Vp, where the adjoints are taken in L%( 7).
Moreover, verify the commutator relations (Com).

> Exercise 5.12 (entropic hypocoercivity)
Adapt the proof of Theorem 5.3.13 to prove Theorem 5.3.14.



CHAPTER 6

Convergence in Rényi Divergence

In this chapter, we study sampling guarantees which hold in Rényi divergences. Recall
from Section 2.2.4 that the Rényi divergences are a family of information divergences,
indexed by a parameter g, such that the Rényi divergence of order ¢ = 1 is the KL
divergence, and the Rényi divergence of order 2 is related to the chi-squared divergence
via R, = In(1 + y?). Rényi divergence guarantees are stronger than W, or KL guarantees,
and they have been of interest in their own right in differential privacy [Mir17]. The
results from this chapter will also be used to be used in the subsequent Chapter 7.

In Section 2.2.4, we studied the continuous-time convergence of the Langevin diffusion
in Rényi divergence under either a Poincaré inequality or a log-Sobolev inequality. We
will build upon these results in order to study the discretized LMC algorithm. Then, we
will consider the underdamped Langevin diffusion, which was introduced in Section 5.3.

6.1 Analysis of LMC via Interpolation Argument

In this section, we follow [Che+21a], which generalizes the argument of Theorem 4.2.6 and
provides a clean Rényi convergence proof for LMC under the assumption of a log-Sobolev
inequality (LSI).

As in Section 4.2, we begin by writing a differential inequality for the Rényi diver-
gence along the interpolation (4.2.2) of LMC. The proof is a combination of the proofs
of Theorem 2.2.15 and Corollary 4.2.4, so it is left as Exercise 6.1. Throughout this section,
let g > 2 be fixed.

213
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Proposition 6.1.1. Along the law (y1;),s of the interpolated process (4.2.2),

3 E[IV(p!*)12]
HRy (e || ) < == L
q E.(p;)

where p; = % and Y == p?_l/]Eﬂ(p?).

/8

+qE[Y: () IVV(X) = VV (X 1],

In analogy with the usual Fisher information, the quantity

_ 4BV . dp
Flg(ull ) = - , ==,
q  Ex(p9) dr
may be considered the “Rényi Fisher information”. As in the proof of Theorem 2.2.15,
under a log-Sobolev inequality, we have

2
FI ) > ——R 7)),
g |l ) Cro g |l )

so the first term in Proposition 6.1.1 provides a decay in the Rényi divergence. In the
discretization analysis, our task is to control the second term.
Note that

-1
B 0(X0) = By Yo = B[ pr L] =
Y (X1) e Y n [Pt E,r(pf)] >
so ;(X;) acts as a change of measure. The main difficulty of the proof is that whereas
we know how to control the term ||[VV(X;) — VV(Xi4)||? under the original probability
measure P (indeed, this is precisely what we accomplished in Theorem 4.2.6), it is not
straightforward to control this term under the measure P defined by % = ;(X;). To-
wards this end, we shall employ change of measure inequalities that allow us to relate
expectations under P to expectations under P. Note that 1/, = 1 when g = 1, which is why
these difficulties can be avoided when working with the KL divergence.
The main theorem that we wish to prove is as follows.

Theorem 6.1.2 ([Che+21a]). For k € N, let py, denote the law of the k-th iterate
of LMC with step size h > 0. Assume that the target w oc exp(—V) satisfies LSI and that
VV is B-Lipschitz. Also, for simplicity, assume that Cys), f > 1. TODO: Check if this is
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necessary. Then, for allh < for all N > Ny, it holds that

1
192CLS|,826]2 ’

(N - No)h

o) Rl | 1) +0(Cusifdha)

Ry (i 1 7) < exp(-

where Ny = [ZCLS‘ In(q — 1)]. In particular, for all € € [0,+/d/q], if we choose the step
sizeh = @(ﬁquqs'), then we obtain the guarantee \JRq(pnn || ) < € after

24
N = O( LS['B logIRz(po | n)) iterations.

For clarity of exposition, we begin with a discretization analysis that incurs a worse
dependence on gq. Afterwards, we show how to improve the dependence on g via a
hypercontractivity argument.

Proof of Theorem 6.1.2 with suboptimal dependence on q. As in the proof of Theorem 4.2.6,
our aim is to control the error term E[¢;(X;) ||[VV(X;) — VV(Xk1)|I?], where from the
B-smoothness of V and from h < # we have

IVV(X0) = VV(Xin) I* < 9B (t = kh)* IVV (X)|I* + 6° (¢t — kh) ||B; — Bgall*

There are two terms to control. For the first term, applying the duality lemma for the
Fisher information (Lemma 4.2.5) to the measure ¥y,

duy
Eyyu [IVVIP] < FlYape || 7) +2Bd = By, [0 IIVln(shi '] +2pd

Balpl IVInG)IF) oy 4 [||V<p‘”2>||2]
Ex(pf) Be(p)

+2pd,

where we used the identity

E[IV(p??)|I2]
E.(p])

By, [V |V In(s o du ] = (6.1.3)
which follows from the chain rule from calculus.

For the second error term, we must control the term ||B; — Bix||? under the measure
P, where 3711; = ;(X;). The difficulty is that under P, B is no longer a standard Brownian
motion, so it is difficult to control this term directly. Instead, we apply the Donsker—
Varadhan variational principle (Theorem 1.5.4) to relate the expectation under P (denoted
E) with the expectation under P. For any random variable (, it yields

E{ < KL(P||P)+InEexp{.
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Applying this to ¢ := c (||B; — Bxnl| — E||B: — Bial)? for a constant ¢ > 0 to be chosen
later, we obtain

2
E[lIB: - Bull’] < 2E[|IB; - Biall*] + — E¢
2
< 2d (t = kh) + — {KL(P || P) + InE exp(c (IIB; - Bexl| ~ EIlB; - Binl?®)} -

Under P, B; — By, ~ normal(0, (t — kh) I;). Applying concentration of measure for the
Gaussian distribution (see, e.g., Theorem 2.4.8), if ¢ < ﬁ, then

Eexp(c (||B; = Bl — ElIB; — Bial)?) < 2.

In fact, it suffices to take ¢ = S(leh) Next, using the LSI for r,

q-1 q
Py q-1 Py
KL(P || P) = By, Inyy = By, In =1""g,, In
tHr tHe q-1 tHe _1.9/(g-1)
Eulpr ) 4 E, (pI™)
q
q- 1 { Py 1 q-1
= E‘/’tﬂt In 1y In Ellt (pt )}
q Eu(pi) 41

>0

-1
< qT KLY || )

dpiy 21 _ 2(a = 1) Cusi BxlIV (1))
El//tﬂt[”Vln(l//tﬁ)“Z]: (q q) LS| E”(/:)q) |

< (q—1)Cs
2q

where we applied the identity (6.1.3). Hence,

E[Y¢(X)) 1B — Bunl’]
32CLaih (g - 1) Ex[IIV(p{*)II]
E-(pf)
E[IV(p!*)|I?]
E-(p})

All in all, applying Proposition 6.1.1 and collecting the error terms,

< 2d (t — kh) + +(161In2) (t — kh)

< 14d (t — kh) + 32C.5h

4B [IV(p?)]12]
E.(p})

/2y 112

3 E-[IV(p{ )]

R (e || ) < == =
q Ex(p;)

+ 982 (t — kh)? { + 2ﬁd}
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Ex LIV ()11 )

+68%q {14d (t — kh) +32C.51h
Ex(pf)

From Cig;, f > 1and h < m, we can absorb some of the error terms into the decay

term and apply the LSI for 7 (see Theorem 2.2.15), yielding

q/2y 2
oy (e | 1) < —+ BV o psaneg 4 grang)

q  E.(p))
Rq(pe || ) + O(B*dhq) .

~2¢Cusi
This implies the differential inequality

kh

8t{eXp 20Ce) Ratue | )} < exp(- 2C, )ﬁ dhq < f*dhq.

Integrating this over t € [kh, (k + 1)h] yields

h
Rq(pigesyn |l ) < eXP(—m) Ry (pen || ) + O(B2dhq) .

Unrolling the recursion,

") Ry(go Il 1)+ OCusifPdh?) :

Ry (po | 1) < exp(-5 o

We pause to reflect upon the proof. As discussed above, the key steps are to use
change of measure inequalities in order to relate expectations under P to expectations
under P. This is accomplished via the Fisher information duality lemma (Lemma 4.2.5)
and the Donsker—Varadhan variational principle (Theorem 1.5.4). These inequalities yield
an additional error term of the form FI(¢;p; || ) (for the latter, this error term appears
after an application of the LSI). The magical part of the calculation is that FI(¢;y; || 7) is
precisely equal to the Rényi Fisher information (up to constants), and when the step size
h is sufficiently small it can be absorbed into the decay term of the differential inequality
in Proposition 6.1.1.

The proof above implies an iteration complexity whose dependence on g scales as
N = 0(q®). In order to improve the dependence on g, we modify the differential in-
equality of Proposition 6.1.1 by making the parameter g time-dependent, similarly to the
hypercontractivity principle (Exercise 2.7). The proof is left as Exercise 6.1.
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Proposition 6.1.4 (hypercontractivity). Suppose that 7 satisfies a log-Sobolev inequal-
ity. Along the law (pi;),s of the interpolated process (4.2.2), if we define the parameter

q(t) =1+ (qo—1)exp #LSI then

q(t)/2
at(;ln / 0 dn) L _2a® -1 B[V )2
q(t)’ Ex(p!")
+(q(t) = 1) E[¢2(X) IVV(Xy) = VV (Xen) 11T,

d _
where p; == 9% and ;= p{'" " [Ex(p{").

Proof of Theorem 6.1.2 with improved dependence on q. Let § > 3.
Initial waiting phase. We apply hypercontractivity (Proposition 6.1.4) with gy = 2

and for t < Nyh, where Ny = [% In(g — 1)]. Note that g < q(Noh) < 2@. The bound on
the error term from the previous proof yields

8t($ln / pd® dn) < BPdhq(t) .

Integrating this over t € [kh, (k + 1)h] yields

1 q((k+1)h) 1 q(kh) _—
mln/p(k+l)h dr - q(kh) In th dr < ﬁ dh q.

Unrolling the recursion yields

1 " 1 _ R _
q(Noh) ln/ Pl dm=31n / ptdr < fAdh*qNy < O(Cusif*dhg) .

Finishing the convergence analysis. Next, after shifting time indices and applying

the previous proof of Theorem 6.1.2 with g = 2,

1 Noh 3 ~ _
Rg(pN+npyn |l ) < Wln/ P?J(\,+(}Vz)h dr < Zln/ pan 4 + O(CLsif*dhq)

3 Nh

—_— —_—— N 2 2]
< 7 o(~gmo) Relhn | 1) + O(Csifdhg).

This proves the desired result. m]
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The proof of Theorem 6.1.2 is rather specific to the LSI case because we use the LSI to
bound the KL term KL(i;y; || 7r) via the Rényi Fisher information, which is then absorbed
into the differential inequality of Proposition 6.1.1. However, it turns out that rather than
assuming an LSI for 7, it suffices to have an LSI for y; for all t > 0 (possibly with an LSI
constant that grows with t). One situation in which this holds is when we initialize LMC
with a measure y that satisfies an LSI, and the potential V is convex. Note that this
situation is not included in the case when r satisfies an LSI, because V may only have
linear growth at infinity (whereas from Theorem 2.4.8, if 7 oc exp(—V) satisfies an LSI,
then V necessarily has quadratic growth at infinity). We explore this in Exercise 6.2.

6.2 Analysis of LMC via Girsanov’s Theorem

We now provide a Rényi analysis for LMC based on Girsanov’s theorem; see Sections 3.2.2
and 4.4 for background. The advantage of this approach is that it is more generalizable, as
it is less reliant on seemingly miraculous calculations. The results of this section will also
be used for the analysis of MALA in Chapter 7.

Discretization error. Following the proof of Theorem 4.4.1 in Section 4.4, let Pr, Wt be
path measures such that under Pr, (X;),[o 7] is the interpolated LMC process, and under
Wr, (Xt)teqo,r] is the Langevin diffusion. Both processes are initialized at some measure
Ho. Our goal is to prove the following theorem.

Theorem 6.2.1. Assume that the potential V is f-smooth and that h < 1/(B?¢*T)
where T = Nh. Then, forallq > 2,

1
Rq(Pr || Wr) < = . Jnax InEW" exp{O(ﬂzhzqu ||VV(th)||2)} + f*dhqT .
q k=0,1,..,N—1

Proof. From Girsanov’s theorem (Theorem 3.2.6; see also Section 4.4), we have!

dPr

EWT[(M

T
] =2V exp(L [ (v - v, as)

T
q
-4 [T1vvee) - vveo P ).

1Again, we ignore Novikov’s condition, which can be avoided via localization.
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Unlike the analysis in KL divergence, the stochastic integral is now inside the exponential.
The first step is to remove this term, which we accomplish as follows. First, by the
Cauchy-Schwarz inequality and for any A > 0,

T
{EWT [(;\I;ITT)q] }2 <E%" eXP(\/Eq‘/(; (VV(X;_) = VV(X;),dB;)

T
- VV(X.) - VV(X)||*d
JRCSEREOTRY
T
waTexp((/l—g)/o ||VV(XL)—VV(Xt)||2dt).

Next, recall from Section 3.2.2 that for any martingale M, the exponential martingale
E(M) = exp(M—3 [M, M]) is alocal martingale. We apply this to the martingale M given
by M; := V2¢q /Ot<VV(XS_) —VV(X;),dBs) by taking A = g2. Then, &(M) is a non-negative
local martingale, so it is a supermartingale, and EW” &(M); < 1. Finally, noting that the
expectation above is at least 1, we can drop the square and we obtain

dPr

BY [(qws

T
'] < BV exp(¢ [TV - YOOI i
0
T
< BV exp(q” [ - Xe [P ).
0

Let us first consider a single iteration, over the time interval [0, k], and suppose that
the processes are started at x € R?. Then,

t t
=l = |- [ wvo asevER| < [Iovecias s Vaisd
0 0

t
< /)’/ 1 = xl| ds + R [|VV ()| + V2 |||l .
0

By Gronwall’s inequality, if h < 1/, it yields, for all t € [0, k],

IX: = x|l < 3h|IVV(x)|| +3V2 sup ||Bi|.
se[0,t]

Therefore, for any > 0,

EVTexp(n sup [IX; — x|I°) < exp(18nh® [VV (x)[I) EVT exp (367 sup [IB|I*).
re[0,h] te[0,h]
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We require a tail bound for Brownian motion (Lemma 6.2.3 below), which yields

InEVT exp(n SE,lp] 1X; = x|1?) < nh*[[VV (x)||* + ndh, (6.2.2)
te[0,h

provided that n < 1/h.
We must now iterate this bound. One approach is to condition on the process up until
time (N — 1)h and apply (6.2.2), which yields

Nh
BV exp('g” / I, - Xo_II? )
0

(N-1)h
<EVep(Bet [ 1% - X+ ORIV X + i)
0

but now the terms in the exponential are dependent and we cannot peel off the next
term. To circumvent this issue, we instead apply Jensen’s inequality (or equivalently, the
AM-GM inequality):

T T
1
BV ep(pgt [ =X Pdt) < 3 [ BV exp(BT I - X0 [P .
0 0
Applying (6.2.2) conditionally, it yields

dPr
dWr

1

T
BV ()] < 7 / YT exp(O(B°H2G°T WV (X )II + fidhg’T)) dt

T
provided that %¢?T < 1/h,ie., h < 1/(B?q*T). The result follows. ]

In the proof, we used the following lemma; see Exercise 6.3.

Lemma 6.2.3. Let (B,),s, denote a standard Brownian motion in R. Then, for A,t > 0

such that A < %

1+ 2At\d
Eexp()t sup ||B3||2) < ( * )
se[0,t] 1-—2At

Sampling guarantees. We now show how to combine the continuous-time Rényi
analysis (Theorem 2.2.15) with the discretization bound (Theorem 6.2.1) to obtain sampling
guarantees. The first ingredient we need is a weak triangle inequality (Exercise 6.4).



222 CHAPTER 6. CONVERGENCE IN RENYI DIVERGENCE

Lemma 6.2.4 (weak triangle inequality). Foranyq > 1, A € (0,1), and any probability
measures ji, v, 1:

-1
Rg(p |l ) < Z_ n Rl v) + Reg-pya-» v |l 7). (6.2.5)

In particular, for A = 1/2,

q-1/2
q-—1

Re(pll m) < Rag(p I v) + Rog-1(v || 7).

Next, in order to apply Theorem 6.2.1, we also need a concentration inequality for
|IVV]| under 7. The following result is taken from [Neg22; AC23].

Lemma 6.2.6 (score concentration). Let 7 o« exp(—V) and assume that VV is f-
Lipschitz. Then, VV is \/B—sub—Gaussian under 1, in the sense that for anyv € R,

B llo]|?
2 ).

E. exp (VV,0v) < exp(

In particular, for any 0 < 6 < 1/2, with probability at least 1 — § under r,

191l < VBd+[Blog 5.

We also need to transfer this concentration to different measures, which is accom-
plished via the following general principle.

Lemma 6.2.7 (change of measure). Suppose that a test function ¢ satisfies

m{¢ > n} <yY(n), foralln > 0.

Then, for any measure 1 and any q > 1,

6 2 1) = YT exp( L= Ry () ).

Proof. We note the following simple calculation:
1/q

wozm = [1gzn Lar sz [(Era o
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We can now prove the following result.

Theorem 6.2.8. Fork € N, let i, denote the law of the k-th iterate of LMC with step
size h > 0. Assume that VV is B-Lipschitz, q > 2, and that ¢ is sufficiently small.

1. If & satisfies a log-Sobolev inequality, then for an appropriate choice of h we obtain
Rq(pnn | ) < €% with

CESIIBquS log? Rag-1(o |l ”))

&2 g2

N = @( iterations.

2. If w satisfies a Poincaré inequality, then for an appropriate choice of h we obtain
Ryg(pnn || ) < € with

C2 B2da’ 1
N = @(M (qu_l(,uo | 7)% + log? —)) iterations .
€2 €

Proof. Let (m;),s, denote the Langevin diffusion started at y. By the weak triangle
inequality (Lemma 6.2.4),

Rq(pr I ) € Req(pr || 7w7) + Rag-1 (rr || 7) -

By Theorem 2.2.15, the second term is at most & for T < qCys) In(Rpg-1(po || ) /€?) in the
LSI case, and for T =< gCpj (Raq—1(pto || 7r) +1og(1/¢)) in the PI case.
Next, Lemma 6.2.6 yields, for some universal C > 0,

{||VV| = c\//_s(«/h n)} < exp(—n) forally > 0.
By Lemma 6.2.7, for any t € [0, T],

w1V = VB (Vi + 1)} < exp(~ -1

s 7 = Regl ).

By the data-processing inequality (Theorem 1.5.3), Roq (7 || ) < Rag(pio || ). We can
conclude that with probability at least 1 — § under 7,

I9V11 5 B (d+ Rag(ra | )+ Blog

From Theorem 6.2.1, provided that h < 1/(f?¢°T) and h < 1/(f*/?qT"/?),

Roq(pr || 7r) < FPHPGT (d + Roq (o || 7)) + f2dhqT .
The theorem follows by choosing h appropriately. m]
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If we assume that Ry, (o || 7) = O(d) (see [Che+21a] for justification) and that
BCys1, fCp1 = O(1), then the complexity reads O(dq®/e?) in the LSI case and O(d3q?/¢?)
in the PI case. In the LSI case, this is worse than the result in Theorem 6.1.2 in two ways:
first, the dependence on g (because here we did not take advantage of hypercontractivity);
and second, Theorem 6.2.8 does not allow for taking an unbounded number of steps of
LMC (it suggests that if we run LMC for too long, then we will start to drift farther away
from 7, which is absurd).

As mentioned above, however, the benefit of the Girsanov approach is its flexibility,
which allowed us to tackle the Poincaré case. This flexibility will be important when we
study the underdamped Langevin diffusion in the next section. Finally, we remark that
the sampling guarantee under a Poincaré inequality will be considerably improved via
the proximal sampler in Chapter 8.

Bibliographical Notes

Reényi guarantees for LMC were first considered in [VW19], which proved convergence of
LMC to its biased stationary distribution provided that the biased limit satisfies a Poincare
or log-Sobolev inequality. However, this does not lead to a sampling guarantee unless the
size of the “Rényi bias” (the Rényi divergence between the biased stationary distribution
and the true target distribution) can be estimated.

Motivated by applications to differential privacy, [GT20] provided the first Rényi
sampling guarantees for LMC under strong log-concavity by using a technique based on
the adaptive composition lemma for Rényi divergences. This result was refined in [EHZ22]
via a two-phase analysis, still relying on the adaptive composition lemma. Subsequently,
building off the earlier work of [Che+21b] (which essentially contains a one-step Rényi
discretization argument), it was realized in [Che+21a] that the earlier arguments of [GT20;
EHZ22] can be streamlined by replacing the adaptive composition lemma entirely with
Girsanov’s theorem. The proofs of Theorem 6.1.2 and Exercise 6.2 are also from [Che+21a].
The proof of Theorem 6.2.8 given here is a further refinement of [Che+21a].

Exercises

Analysis of LMC via Interpolation Argument

> Exercise 6.1 (Rényi differential inequality)
Prove Proposition 6.1.1 and Proposition 6.1.4.
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> Exercise 6.2 (Rényi discretization bound for log-concave targets)

Suppose that 7 oc exp(—V) is log-concave, that VV(0) = 0, and that VV is f-Lipschitz.
Also, suppose that we initialize LMC at yy = normal(0, f711;). The goal of this exercise is
to prove a Rényi discretization bound for LMC under these assumptions.

1. First, show that y; satisfies an LSI for all t > 0, and write down a bound for Ci ()
(the bound should grow linearly with t).

Hint: See Section 2.3.

2. Follow the proof of Theorem 6.1.2 (the first proof which incurs a suboptimal depen-
dence on g). Note that in Theorem 6.1.2, we bounded KL(P || P) < %1 KL(¢ s || )
and we applied the LSI for z. This time, use KL(P || P) = KL(34; || ;) and apply
the LSI for y; instead.

Also, instead of using the decay of the Rényi divergence under a LSI, use the decay of
the Rényi divergence under a PI (Theorem 2.2.15). (Since r is log-concave, it neces-
sarily satisfies a Poincaré inequality with some constant Cpy, see the Bibliographical
Notes to Chapter 2.)

Prove that if ¢ < \/% A A/Cpid/ B, then with an appropriate choice of step size h
and with N = @(Clz,[ﬁzdqu’/ez) iterations of LMC, we obtain /Ry (uns || 7) < e
(Unlike the guarantee of Theorem 6.1.2, here the guarantee does not allow N to be
too large, due to the growing LSI constant of the iterates.)

Analysis of LMC via Girsanov’s Theorem

> Exercise 6.3 (sub-Gaussian bound for Brownian motion)
Prove Lemma 6.2.3.

Hint: The reflection principle states that if (B;),s, is a one-dimensional Brownian
motion, then for every n > 0, P(supy¢o By > 1) = 2P(B; > n).

> Exercise 6.4 (weak triangle inequality)
Prove the weak triangle inequality (Lemma 6.2.4). What happens if we take g = 1 + ¢,
A=1-¢,and send ¢ \, 0?
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CHAPTER 7

High-Accuracy Samplers

So far, we have focused on discretizations of diffusions. Discretization of a continuous-
time Markov process yields a discrete-time Markov chain whose stationary distribution is
no longer equal to the target r; the algorithm is biased. Nevertheless, we showed that the
size of the bias can be made smaller than any desired accuracy ¢ by choosing a small step
size h, which then leads to quantitative sampling guarantees.

However, the number of iterations of the algorithm is proportional to the inverse
step size 1/h, and consequently the complexity of the algorithms scaled as poly(1/¢). In
this section, we address the problem of designing high-accuracy samplers, i.e., samplers
whose complexity scales as polylog(1/¢). To accomplish this, we must fix the bias of the
sampling algorithm, which is accomplished via the Metropolis-Hastings filter.

7.1 Rejection Sampling

Before introducing the Metropolis-Hastings filter, we begin with a warm up and introduce
the concept of rejection via the rejection sampling algorithm.

Rejection Sampling: Let 7 be the target distribution and let 7 be an unnormalized
version of 7, i.e.,, 7 o« m. Suppose we can sample from a distribution y and that an
unnormalized version y of y satisfies i > 7. Then, repeat until acceptance:

1. Draw X ~ p.
2. Accept X with probability 7(X)/p(X).

227
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Unlike the other sampling algorithms we have considered thus far, rejection sampling
always terminates with an exact sample from 7.

Theorem 7.1.1. The output of rejection sampling is a sample drawn exactly from 7.
Also, the number of samples drawn from p until a sample is accepted follows a geometric
distribution with mean Z,,/Z,, where Z,, := fﬁand Zy = f .

Proof. The probability of acceptance is

T Zy Zy
P(acceptance) = / ﬁ du = —/ z dy===-
H Zud Zy

and clearly the number of samples drawn until acceptance is geometrically distributed.
To show that the output X of rejection sampling is drawn exactly according to 7, let

(Ui, M4 niform [0,1] and (X;);2, id i be independent. Then, for any event A,

P(X € A) = ;P(Xnﬂ €A U > % Vi€ [n], Unn < %)
7 (Xns1) 1(X1))"
< S FU > T

:i(/A%dy) (/(1_%)(1‘”)":%”(A)Z(l_%)n:”m)' O

The rejection sampling algorithm requires the construction of the upper envelope 7.
We now demonstrate how to construct this envelope for our usual class of distributions.
Namely, suppose that 7 o exp(—V) satisfies 0 < aly < V2V < fI, and that VV(0) = 0.
We can assume that our unnormalized version 7 = exp(—V) of r satisfies V(0) = 0 (if not,
replace V by V - V(0)). Then, by strong convexity of V, we see that 7 < exp(—5 I-11),
and we can take y = exp(—% II-]1?), which means that the normalized distribution is
u = normal(0, a™!I;). To understand the efficiency of rejection sampling, we need to
bound the ratio Z,/Z, of normalizing constants. By smoothness of V,

I S . S . L) T
Zn o [ep(=V) " [exp(-5IHIP) (/)

with x := fi/a. We summarize this result in the following proposition.



7.2. THE METROPOLIS-HASTINGS FILTER 229

Proposition 7.1.2. Let the target & « exp(=V) on R? satisfy 0 < al; < V2V < fI,
V(0) = 0,and VV(0) = 0. Then, rejection sampling with the envelope ji = exp(—% 1112
returns an exact sample from x with a number of iterations that is a geometric random
variable with mean at most k%%, where k = Bla.

The rejection sampling guarantee can be formulated in one of two ways. We can think
of the algorithm as returning an exact sample from s, with a random number of iterations
(the number of iterations is geometrically distributed). Alternatively, if we place an upper
bound N on the number of iterations of the algorithm and output “FAIL” if we have not

terminated by iteration N, then the probability of “FAIL” is at most ¢ := (1 — 1/x%/ Z)N,
and if yy denotes the law of the output of the algorithm, then ||uy — 7|y < €. If we flip
this around and fix the target accuracy ¢, we see that the number of iterations required to
achieve this guarantee is N > x%/2In(1/e).

Although this result is acceptable in low dimension, the complexity of this approach
quickly becomes intractable even for moderately high-dimensional problems. In the next
section, we will see that by combining the idea of rejection with local proposals, we can
obtain tractable sampling algorithms in high dimension.

7.2 'The Metropolis—-Hastings Filter

A Metropolis—Hastings algorithm consists of proposing moves from a proposal kernel
Q, and then accepting or rejecting each move with a carefully chosen probability which
ensures that the resulting Markov chain has the desired stationary distribution 7.

In more detail, let O be a kernel on R? x RY, that is: for each x € R%, Q(x,-) is a
probability measure on R¢. We will mostly consider proposals such that each Q(x, -) has
a density with respect to Lebesgue measure, and via an abuse of notation we will write
Q(x, y) for this density evaluated at y (an exception is when we consider MHMC below).

Starting from X € R?, we tentatively propose a new point Y ~ Q(X, -). We then accept
the point Y with probability A(X,Y) (called the acceptance probability); otherwise, we
stay at the old point X. Iterate this process until convergence.

There are different possible choices for the acceptance probability A, but the choice
we consider here is the Metropolis—-Hastings filter

7(y) Q(y, x)
7(x) Q(x,y)

The overall algorithm is summarized as follows.

Alx,y) = 1A (7.2.1)



230 CHAPTER 7. HIGH-ACCURACY SAMPLERS
Metropolis-Hastings algorithm (with proposal Q): initialize at a point X, € R%.
Then, iterate the following steps for k = 1,2,3,...:
1. Propose a new point Y ~ Q(Xj-1, ).

2. With probability A(Xy_1, Yi), set X = Yi; otherwise, set Xi := Xj_;. Here, A is the
acceptance probability defined via (7.2.1).

This algorithm defines a discrete-time Markov chain whose transition kernel T can be
written explicitly as

Txdy) = Qxdn) Ay + (1= [ Q) Ay)) o). (0722

rejection probability

A discrete-time Markov chain with transition kernel P is called reversible with
respect to r if it holds that 7 (dx) P(x, dy) = n(dy) P(y, dx). Similarly to our discussion
in Section 1.2, discrete-time reversible Markov chains can be studied via spectral theory.

Theorem 7.2.3. The Metropolis—Hastings algorithm with proposal Q is reversible with
respect to .

Proof. We want to check that 7(x) T(x,y) = 7(y) T(y, x) for all x,y € RY with x # y. We
can write

mmew:mmmmwaw=ﬂﬂ@&w““L%%%%%}
= min{7(x) Q(x,y), 7(y) O(y,x)}

and this expression is symmetric in x and y. O

Take note of the flexibility of the Metropolis—Hastings algorithm! Regardless of the
choice of proposal kernel Q, the filter always makes the algorithm unbiased. Of course, the
choice of Q will be crucial later in order to guarantee rapid convergence to stationarity.

Implementability of the Metropolis—Hastings algorithm. To implement the algo-
rithm, the proposal Q must be simple enough such that (1) we can sample from Q(x, -)
easily, and (2) we can compute the density Q(x, y) easily (which is required to compute
the acceptance probability). Note that although the target density 7 appears in the expres-
sion (7.2.1) for the acceptance probability, it only appears as a ratio, and in particular we



7.2. THE METROPOLIS-HASTINGS FILTER 231

do not need to know the normalization constant of 7. Hence, the Metropolis—Hastings
filter can be implemented using queries to the density of 7 up to normalization, which
are “zeroth-order queries” (unlike, e.g., LMC, which uses first-order information through
queries to the gradient VV).

Metropolis-Hastings as a projection. There is a nice geometric interpretation of the

Metropolis-Hastings filter as a projection, due to [BD01]. Given a proposal kernel Q,

let T(Q) denote the Metropolis—Hastings kernel obtained from Q (see (7.2.2)). Then, the

mapping Q — T(Q) is a projection of the proposal kernel Q onto the space of reversible

Markov chains with stationary distribution 7 with respect to an L' notion of distance.
The distance is defined as follows:

d(T,T) = / IT(x,y) — T'(x,y)| 7(dx) dy (7.2.4)
(RIxRY)\diag

where diag := {(x,x) | x € R%} is the diagonal in R x R,

Theorem 7.2.5 ([BDO01]). Let R (x) denote the space of kernels T which are reversible
with respect to r, and such that for each x € R, T(x, -) admits a density with respect to
Lebesgue measure (except possibly having an atom at x). Then,

T(Q) € argmind(Q,T).
TeR ()

Proof. Let T € R(r),and let S := {(x,y) € R? | 7(x) Q(x,y) > 7(y) O(y,x)}. Then,
aemn - [ 10(x.y) ~ T(x, )| 7(dx) dy
(RIxR4)\diag
= /lQ(x: y) = T(x, y)| w(dx) dy+/ |Q(x,y) = T(x, y)| 7(dx) dy
S (RIxR4)\ (Sudiag)
= /SIQ(x, y) = T(x,y)| x(dx) dy + /SIQ(y, x) = T(y,x)| x(dy) dx.
Using reversibility of T, the second term is

/S 10y %) - T(y, )| x(dy) dx = /S 17(x) Q1. x) — (%) T(x,y) | dx dy
> /Iir(x) Q(x,y) — n(y) Q(y, x)| dx dy — /IQ(x, y) —T(x,y)| r(dx)dy. (7.2.6)
S S
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Putting this together, d(Q, T) > /S|7[(x) Q(x,y)—n(y) Q(y, x)| dx dy, so we have obtained
a lower bound which does not depend on T. On the other hand, we can check that the
only inequality (7.2.6) that we used is an equality for T = T(Q). ]

7.3 An Overview of High-Accuracy Samplers

As we already discussed, the Metropolis—Hastings framework is quite flexible: by instan-
tiating it with different choices for the proposal Q, we obtain several different algorithms.

Metropolized random walk (MRW). Perhaps the simplest proposal is to simply
take Q(x,-) = normal(x, h1;), which yields the Metropolized random walk (MRW)
algorithm. This corresponds to simply taking a random walk around the state space, where
some steps are occasionally rejected. Note that since the proposal is independent of the
target 7, the overall algorithm only uses queries to the density of 7 up to normalization
(to implement the filter); thus, it is the only algorithm we have discussed so far (besides
rejection sampling) which uses only a zeroth-order oracle for the potential V.

Metropolis-adjusted Langevin algorithm (MALA). A better choice of proposal is
Q(x,-) = normal(x — h VV (x), 2h I;)

which is simply one step of the LMC algorithm; this yields the Metropolis-adjusted
Langevin algorithm (MALA). We will carefully study the convergence guarantees for
MALA in this chapter.

Metropolized Hamiltonian Monte Carlo (MHMC). Recall the Hamiltonian Monte
Carlo (HMC) algorithm that we introduced in Section 5.2. The ideal HMC algorithm is not
implementable because it requires the ability to exactly integrate Hamilton’s equations,
and this is generally not possible outside of a few special cases.

We now consider approximately implementing Hamilton’s equations through the use
of a numerical integrator. Although several choices are available, for Hamilton’s equations
it is preferable to use a symplectic integrator.! We will focus on the simplest and most
well-known such integrator, called the leapfrog integrator.

"When placed within the framework of geometry, Hamiltonian mechanics is encoded via symplectic
geometry, which is the study of manifolds equipped with a symplectic 2-form. The flow map for Hamilton’s
equations preserves this symplectic form, and is therefore known as a symplectomorphism. Symplectic
integrators are special integrators which also preserve the symplectic form. This property leads to stability,
especially for long integration times.
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Leapfrog Integrator: Pick a step size h > 0 and a total number of iterations K,
corresponding to the total integration time via T = Kh. Let (x, po) be the initial point.
Fork=0,1,2,...,K—1:

L. Set pkyiyn = Pkh = BV (xen).
2. Set X(ky1)h = Xk + hp(k+%)h'

3. Set p(k+1)n = P+ tyn — % VV (x(k+1)h)-

Once we apply the leapfrog integrator to HMC, we obtain a discrete-time sampling
algorithm which is once again biased. We then correct the bias through the use of the
Metropolis-Hastings filter. Specifically, for an integration time T = Kh, let

Fieap(x, p) = output x7 of the leapfrog integrator with K steps,
started at (x, p) .

Remarkably, the acceptance probability can be computed in closed form, and this relies on
specific properties of the leapfrog integrator. The full algorithm is summarized as follows.

Metropolized Hamiltonian Monte Carlo (MHMC): Initialize at X, ~ . For
iterations k =0,1,2,...:

1. Refresh the momentum: draw Py ~ normal(0, I;).
2. Propose a trajectory: let (X}, P;) := Fieap (X, Pr)-

3. Accept the trajectory with probability 1 A exp{H (Xx, Px) — H(X}, P)}. If the trajec-
tory is accepted, set Xy, = Xli; otherwise, we set X, = Xj.

It turns out that when K = 1, the MHMC algorithm reduces to MALA (Exercise 7.1).

We next justify why the MHMC algorithm leaves 7 invariant. Actually, although we
have written down the MHMC algorithm in the form which is easiest to implement, it
obscures the underlying structure of the algorithm. The proof of the next theorem will
clarify this point.

Theorem 7.3.1. The augmented target distribution st o exp(—H) is invariant for the
MHMC algorithm.

Proof. First, we note that the step of refreshing the momentum leaves 7z invariant, so it
suffices to study the proposal and acceptance steps.
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For the moment, let us pretend that the proposal actually uses the true flow map
Fr (which exactly integrates Hamilton’s equations for time T) rather than the leapfrog
integrator Fie,p. Then, the proposal kernel is deterministic, Q((x, p), ©) = SF;(x,p). Up until
now, we have been assuming that the proposal kernel admits a density w.r.t. Lebesgue
measure, which certainly does not hold here, but we will brush over this technicality as it
is not the key point here.

If we naively apply the Metropolis—Hastings filter, the probability of accepting a
proposal (x’, p’) starting from (x, p) involves a ratio Q((x’, p’), (x,p))/Q((x, p), (x’, ")),
but this ratio is ill-defined in our setting. The problem is that if (x’, p") = Fr(x, p), then it
is not the case that (x, p) = Fr(x’, p’); the proposal is not reversible. Hence, we would be
led to reject every single trajectory.

To fix this, recall from Exercise 5.4 that we have the following time reversibility
property: if R denotes the momentum flip operator (x, p) — (x, —p), then it holds that
FT_1 = Ro Fr o R. It implies that FFoR=Ro FT_1 = (FroR)™!,so FroR s idempotent. In
other words, if we use the proposal Fr o R (i.e., first flip the momentum before integrating
Hamilton’s equations), then the proposal would be reversible and the above issue does not
arise, as the ratio Q((x’,p’), (x,p))/Q((x, p), (x’, p’)) would equal 1. Observe also that
using Fr o R instead of Fr does not change the algorithm since we refresh the momentum
at each step (and if Py ~ normal(0, I;), then —P; ~ normal(0, I;) as well).

Once we use the proposal (x/,p’) = (Fr o R)(x,p) = Fr(x,—p), the Metropolis—-
Hastings acceptance probability is calculated to be

7 (x',p’)

1A
7(x,p)

=1 Aexp{H(x,p) - H(x,p)}. (7.3.2)

When we use the exact flow map Fr, then the Hamiltonian is conserved (Exercise 5.4) so
the above probability is one; every trajectory is accepted. However, the above expression
is indeed meaningful if we instead use the leapfrog integrator Fieap.

So far, we have motivated the expression (7.3.2) based on the exact flow map Fr, but
clearly the above argument holds just as well for the leapfrog integrator Fie,p as soon as
we verify the property F,_! = R o Fp, o R, and this is where we use the specific form of

leap
the leapfrog integrator. We leave the verification as Exercise 7.2. m]

. The proof shows that the proposal of MHMC should really be thought of
as Fleap © R, instead of Fleap. In fact, if we did not refresh the momentum, then repeatedly
applying the idempotent operator Fi,p, © R would just cause the algorithm to jump back
and forth between two points (x, p) and (x’, p’), which is silly; hence one should also
apply another momentum flip after the filter. In symbols, if MH denotes the Metropolis—
Hastings filter step, and Refresh denotes the momentum refreshment step, we should
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think of MHMC as the composition
MHMC = R o MH(Feqp © R) o Refresh.
This is simplified to
MHMC = MH(Feap © R) o Refresh.

because Refresh o R = Refresh.

Lazy chains. Technically, many of the convergence results actually hold for lazy ver-
sions of the Markov chain. Specifically, for ¢ € [0, 1], the ¢-lazy version of a Markov
chain replaces its transition kernel T with the modified kernel 7; given by

Te(x,dy) = (1 —¢) T(x,dy) + £ 5, (dy) .

The laziness condition is familiar from the study of discrete-time Markov chains on discrete
state spaces, in which laziness is useful for avoiding periodic behavior. For the remainder
of this section, we will generally be considering %—lazy versions of the Metropolis-Hastings
chains without explicitly mentioning this. In any case, this modification only multiplies
the mixing time by a factor of 2, so it does not significantly alter the results.

Feasible start vs. warm start. When discussing Metropolis—Hastings algorithms, we
must distinguish between convergence rates when initialized at a feasible start, vs. a
warm start. These terms are not precisely defined, but loosely speaking a feasible start
refers to an easily computable distribution which works well uniformly over the class of
target distributions under consideration. In this section, a feasible start usually refers to
the normal(0, ﬂ_lId) distribution, where f is the smoothness of V' and we assume that the
minimizer of V is 0. On the other hand, a warm start is a distribution which is already
somewhat close to the target 7; for this section, it can be taken to mean a distribution
such that y*(po || r) = O(1). Unsurprisingly, the rates are faster with a warm start.

The situation at hand is similar to the discussion in Section 1.5. Basically, the simplest
way to study a Metropolis—Hastings chain is via spectral theory, which is related to
Poincaré inequalities and hence to the chi-squared divergence at initialization. We also
know that Poincaré inequalities tend to yield poor convergence guarantees in continuous
time, which can be remedied via stronger inequalities (such as a log-Sobolev inequality).
To an extent, this is also possible for Metropolis—Hastings algorithms. However, it is a
fairly recent? finding that for MALA there is an intrinsic and substantial difference in

2The phenomenon described here is anticipated, at least qualitatively, from older work on Markov chains.
The recent part of this story is the quantitative study of this effect in the context of MALA.
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convergence rates for the feasible and warm start cases, even under the assumption of
strong log-concavity. This is unlike the case of LMC; e.g., the guarantee of Theorem 4.2.6
is not significantly improved by assuming KL(y || 7) = O(1).

State-of-the-art results. We now give the current state-of-the-art convergence guar-
antees for the Metropolis—Hastings algorithms that we have introduced.

Theorem 7.3.4 (feasible start case, [Dwi+19; Che+20a; LST20]). Suppose that the
target m o exp(—V) satisfies 0 < al; < V?V < Bl; and VV(0) = 0. Consider the
following Metropolis—Hastings algorithms initialized at normal(0, f~'1;) and with an
appropriately tuned choice of parameters.

1. MRW outputs a measure py satisfying v/ *>(un || ) < € after

~ 1
N = O(x*d polylog -) iterations.
€
2. MALA outputs a measure jiy satisfying \/ y*(un || ) < ¢ after
~ 1
N = O(kd polylog —) iterations .
€

3. Assume in addition that V3V is bounded and that x < Vd. Then, MHMC outputs
a measure uy satisfying \/ y*(un || ) < € after

~ 1
N = O(K3/4d polylog —) gradient queries .
€

Note that the result for MHMC is not directly comparable because it makes a stronger
second-order smoothness assumption.
Next, we present the results under a warm start.

Theorem 7.3.5 (warm start case, [Che+21b; WSC21]). Suppose that & o< exp(=V)
satisfies 0 < aly < V2V < Bl;. Consider MALA initialized at a distribution satisfying

X2 (1o || ) = O(1). Then, MALA outputs a measure uy satisfying /KL(un || ) < & (or
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VR¢(un || ) < € forany 1 < g < 2) after

1
N = O(kd"? polylog -) iterations .
€

Moreover, it is known that the results for MALA in both the feasible and warm start
cases are sharp in a suitable sense. The goal for the rest of the chapter is to prove these
MALA convergence results (up to some technical details).

7.4 Markov Chains in Discrete Time

As discussed in the introduction to this chapter, the key advantage of Metropolis—Hastings
algorithms is that they are unbiased and hence lead to high-accuracy algorithms. In order
to prove complexity bounds that scale as polylog(1/¢), where ¢ is the target accuracy,
it is important that we do not simply bound the distance between MALA and, e.g., the
continuous-time Langevin diffusion, as we did in Chapter 4. This is not to say that tools
from Chapter 4 are completely irrelevant, only that we must first develop some new
techniques for studying discrete-time Markov chains.

7.4.1 Markov Semigroup Theory

Let P be a Markov kernel. It generates a discrete-time semigroup (P¥), <, and some of the
ideas from Markov semigroup theory (Section 1.2) can be adapted to the present context.

Generator. We define the generator of the semigroup to be the operator & = P —id,
acting on L%(r) via Pf(x) := f f(y) P(x,dy) (where r is the stationary distribution for
P). Note that since the operator norm of P is at most 1, then P — id is always a negative
operator (similarly to the infinitesimal generator & from Section 1.2).

Reversibility. We defined reversibility in Section 7.2 and showed that Metropolis-
Hastings algorithms are reversible w.r.t. the target distribution z. For the rest of the
section, we will focus on reversible Markov chains.

Spectral gap. The spectral gap of P is the largest A > 0 such that for all f € L?(r)
withE, f =0,

o D e 2 A1 -
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Equivalently, if (X, X7) are two successive iterates of the chain started at stationarity;, it
is equivalent to require

22var f(X,) < E[If (X)) - F(Xo)[]. (7.4.1)

In analogy with Section 1.2, we also say that P satisfies a Poincaré inequality with
constant 1/1. We already saw in Section 2.7 that a Poincaré inequality is implied by a
lower bound on the coarse Ricci curvature.

The right-hand side of (7.4.1) can be interpreted as a Dirichlet energy,

Ef. ) = D) P

and the Markov chain can be viewed as an L?(rr) gradient descent on the Dirichlet energy;
see Exercise 7.3. We have the following convergence result.

Theorem 7.4.2. Suppose that the spectral gap of P is A > 0. Then, for the law (i) cn
of the iterates of the %—lazy version of P, we have

X (un Nl ) < exp(=AN) x* (o || 7).

Modified log-Sobolev inequality. We say that P satisfies a modified log-Sobolev
inequality (MLSI) with constant Cys; if for all f € L?(r) with f > 0,

CmLsi &(f.Inf).

ent, f < 5

We have already encountered this inequality as Definition 1.2.24, although there we simply
called it the log-Sobolev inequality. In the context of discrete Markov processes, however,
since the chain rule fails and the different variants of the log-Sobolev inequality are no
longer equivalent, it is worth being careful about the terminology.

It is trickier to deduce entropy decay from the MLSI in discrete time, and to avoid
this issue we shall work in continuous time instead. The Markov kernel P gives rise to
the generator & := P — id, which in turn generates a continuous-time semigroup (P;);
via P; = exp(tZ). Note that the generator of (P;);s is also & and hence the Dirichlet
energy for (P;),s, coincides with the Dirichlet energy for (P¥),c. Now, if we apply the
calculation (1.2.23) to the semigroup (P;);s,, we find that under an MLSI,

2t
KL(uP; || 7) < exp(—%) KL(u |l 7).
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see Theorem 1.2.25.
Moreover, the continuous-time semigroup (P;),s, can be simulated. Namely, let

(Tk) kene+ tid. exponential (1), Ty = Zle 7j, and consider the following algorithm. Initialize
at Xo ~ po, and for k = 0,1,2,...,let X7, ., ~ P(X7,, ), so that (X7 ), are the iterates of
the discrete-time Markov chain with kernel P. Also, for t > 0, if Ty, < t < T4, then set
X; = Xr,. This yields a continuous-time Markov process (X;),s(, and one can check that
the associated Markov semigroup is exactly (P;),-,. Moreover, by concentration of i.i.d.
sums, it holds that T = k, so that if the semigroup (P;),, requires time Tp,;x in order to
mix to a desired level of accuracy, then the algorithm which simulates (X}),, requires
~ Thmix iterations to reach the same level of mixing.

This argument can even be made rigorous, using concentration inequalities for the
Poisson random variable, in order to argue that a MLSI for P implies a mixing time bound
(in total variation distance, say) for the discrete-time chain (P¥), . We omit the details
and content ourselves with the knowledge that an MLSI for P at least leads to the existence
of an implementable algorithm (simulating (X;),.,) with good mixing.

We leave the converse implication (that entropy decay for the discrete-time Markov
chain generated by P implies an MLSI for P) as Exercise 7.4.

7.4.2 Conductance

Unfortunately, it is usually quite challenging to prove either a Poincaré inequality or a
modified log-Sobolev inequality for discrete-time Markov chains, which motivates the
use of conductance.

The conductance of P is the greatest number ¢ > 0 such that for all events A C RY,

/ P(x, A%) 7(dx) > ¢ 7(A) 7(A°) .
A

A small conductance implies the presence of bottlenecks in the space: subsets A of the
state space from which it is difficult for the Markov chain to exit. On the other hand, it is
a remarkable fact that once the presence of these bottlenecks is eliminated, then there is a
positive spectral gap. This is the content of a celebrated result of Cheeger.

Theorem 7.4.3 (Cheeger’s inequality, [LS88]). The conductance ¢ and the spectral gap
A satisfy the inequalities

[o NI
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Both inequalities are sharp up to constants. The upper bound on A is fairly immediate
(see Exercise 7.3), so we focus on the lower bound. We begin by reformulating the
conductance as a functional inequality.

Lemma 7.4.4. Let the conductance of the chain be ¢ > 0. Then, for all f € L'(r),

Blf — Bx ] < < BIFCG) - FOG), (7.45)

where (X, X1) are two successive iterates of the chain started at stationarity.

Proof. Let X be an i.i.d. copy of X,. Then,
Exlf —Ex f1 = Elf (Xg) - E f(Xo)| < EIf(Xp) - f(Xo)].
On the other hand, by reversibility,
Bl 06) - £ =[] 1) = £l Pl d) (o
= 2// 1{f (x1) > f(x0)} [f(x1) = f(x0)] P(x0, dx1) 7(dxo)
= 2/// 1{f(x1) >t > f(x0)} P(x0,dxy) (dxo) dt
=2 / ( /{ Ly Do A <19 7(dxo) ) dt
> 2c/ a({f <th) n({f > t})dt
= 2¢ /// I{f (xg) >t > f(x0)} 7m(dxo) 7(dxy) dt
= 2 // T{F(x) > Fx)} [f(x)) — f(x0)] m(dxo) 7(dx))
=< [[1760) - p () 2(dx) = cBIFOG) - FOI. @
Compare this with the relationship between the Cheeger isoperimetric inequality and
the L'-L! Poincaré inequality in Theorem 2.5.14. Indeed, the trick above of passing to the
level sets of f is the discrete version of the coarea inequality (Theorem 2.5.12).

Recall also that an L'~L! Poincaré inequality implies an L2~L? Poincaré inequality
with Cz5 < Cy 1, see Proposition 2.5.17. On the other hand, Cy; is the square root of the
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usual Poincaré constant, C,5 = 1/V2, where A is the spectral gap. To prove Cheeger’s
inequality, we are going to follow the same principle in discrete time. This is exactly the
source of the square in the lower bound A > ¢? of Cheeger’s inequality.

Proof of Cheeger’s inequality (Theorem 7.4.3). We will prove the lower bound on the spec-
tral gap with a worse constant than % in order to make the proof more straightforward;
see [L.S88] for a proof with the constant %

Let f : RY — R have 0 as a median and let g := f?sgn f, so that 0 is a median of g
as well. Assume that the chain has conductance ¢ > 0. Then, recalling the equivalence
between the mean and the median (Lemma 2.4.4) and using Lemma 7.4.4 on g,

Ba[lf - Er fI2] = By [If — medy fI*] = Brlg — medy gl = Exlg — By g]
< ZElg() - 9(X)| = < BIF(G)? - F(X0)°
= <BIFO) = FOO 1) + FO]
< < VEIF0) - fOOPTE, [
= < VETIF ) — f P B [1f — med /T
1

o VE[If(X1) = F(X)IP1 Ex[|f — Ex f1%]

and rearranging this inequality proves the result. O

A lower bound on the conductance via overlaps. At this stage, it may not seem that
we have gained anything by moving from the spectral gap to the conductance. We now
introduce a key lemma, which provides a tractable lower bound on the conductance in
terms of two geometric quantities: a Cheeger isoperimetric inequality for target 7 (we
introduced this inequality in Section 2.5.2), and overlap bounds on the Markov chain.
Recall that an a-strongly log-concave measure 7 satisfies the Cheeger isoperimetric
inequality with Ch < 1/+/a (Corollary 2.5.19).

Lemma 7.4.6. Assume the following:
1. The target 7 satisfies a Cheeger isoperimetric inequality with constant Ch > 0.

2. There exists r € [0,Ch] such that for any points x,y € R? with ||x —y|| < r, it
holds that ||P(x,-) = P(y,)||ltv < 3.
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‘ Then, ¢ > r/(64 Ch). ‘

Proof. Let Ay C RY; for symmetry of notation, write A; = Aj. By reversibility,
1
/ P(x, Ay) m(dx) = / P(y. Ao) 7(dy) = - ( / P(x, Ay) 7(dx) + / P(y, A) 7(dy) )
A() A1 AO Al
We want to lower bound this by a constant times 7 (Ag) 7(A;).

Define bad sets and a good set:

By = {x €A0|P(X,A1) < }1},

1
Bl = {y €A1 |P(y,A0) < Z},

G :=R%\ (ByUB).

We can assume that 7(By) > 7(A)/2 and 7(By) > n(A;)/2. Indeed, if we have, e.g.,
m(By) < m(Ag)/2, then 7(Ag \ By) > 7(Ag)/2, and

/ P(x,A;) n(dx) > / P(x,A;) 7(dx) > 17r(A0 \ By) > 1 m(Ap) .
A Ao\By 4 8

0

Next, suppose that x € By and y € B;. Then, P(x, Ay) > %, whereas P(y, Ap) < }L. It

follows that ||P(x,-) — P(y, ) |lTv > % By our second assumption, ||x —y|| > r. This shows
that B; C (B})€, or B{ 2 Bj. On the other hand, G = B; N BS 2 B[ \ By. The integral form

of the isoperimetric inequality in (2.5.11) shows that

7(G) 2 7(By) = w(B) = zor w(By) m(By) = g m(Ao) w(Ay)

Hence,

(/] Py @+ [ Py an )

N | =

64rCh

\%

\%

% (7(Ao N G) + (A1 NG)) = %E(G) > m(Ag) m(A) . O
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From conductance to s-conductance. Unfortunately, the framework that we have
developed so far is not flexible enough to study MALA. In particular, requiring that the
second condition in Lemma 7.4.6 hold for all pairs of points x,y € RY is rather restrictive,
especially because there are many points which we are unlikely to ever visit in the course
of running the sampling algorithm. To address these issues, many variants of conductance
have been proposed in the literature. Here we will introduce only one other variant, the
s-conductance, which seems reasonably flexible.

For s € [0, 1], the s-conductance of T is the largest ¢; > 0 such that for all events
A € R? it holds that

/P(x, A9) m(dx) > ¢ (m(A) —s) (m(A) =) .
A

Observe that if 7(A) < s, then the above inequality holds trivially. Hence, this definition
allows us to restrict attention to events which are reasonably probable under 7.

For the conductance, we had Cheeger’s inequality which relates conductance to the
spectral gap and ultimately to convergence. For the s-conductance, the following theorem
is an appropriate substitute.

Theorem 7.4.7 ([L593, Corollary 1.6]). For any0 <s < 5, let
A = sup{|po(A) — 7(A)] : A C RY, 7(4) < s}.

Then, the law uy of the N-th iterate of a Markov chain with s-conductance ¢; and
initialized at p satisfies

As N
lpn — 7llTv < As + - eXP(——)

In particular,

Ll o SN
liaw = mllry < Vs 2Go ) + exp(-=-).

Proof. The first statement is from [L.593, Corollary 1.6] and the proof is omitted, as the
proof is not particularly straightforward.
The second statement follows from the first: indeed, for A € R with 1(A) <s,

) = 7] =| [ 1 du = )] =] [ 14 (22 - 1) da] < V2T 22 T
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so that A < /s x%(po || 7). m]

This result says that if s = £2/(4 y?(y || 7)), then we obtain ||uy — 7||Tv < ¢ after

1 X2 (o |l )
c_glog —82 )

N = O( iterations.

Unfortunately, if y?(yo || 7) = exp O(d), then the logarithmic term incurs additional
dimension dependence, which is why we can expect better mixing time bounds under the
warm start condition y?(y || 7) = O(1).

The key advantage of the s-conductance is that it allows for a version of the key lemma
with weaker assumptions; the proof is left as Exercise 7.5.

Lemma 7.4.8. Assume the following:
1. The target & satisfies a Cheeger isoperimetric inequality with constant Ch > 0.

2. There exists r € [0,Ch] and an event E C R? with probability m(E) > 1 — e
such that

NS

Vx.y €k [lx-yll<r = |[IP(x,-) = P(y,)llrv <

Then, ¢ = r/Ch.

7.5 Analysis of MALA for a Feasible Start

Using the tools we have developed, we now proceed to analyze the mixing time of MALA
under the assumptions of Theorem 7.3.4. However, we will not prove the full strength
of the result in Theorem 7.3.4; at the end of this section, we will indicate the extra steps
needed to reach Theorem 7.3.4.

Basic decomposition. The overall plan is to lower bound the s-conductance using the
key lemma (Lemma 7.4.8), which then upper bounds the mixing time via Theorem 7.4.7.
By strong log-concavity of x, the first hypothesis of Lemma 7.4.8 is verified, so it remains
to bound the overlaps. For a kernel T, we use the shorthand T, := T(x, -).

By the triangle inequality, we have the decomposition

ITe = Tylltv < [1Qx = Tallrv + 1Qx = Qyllrv + 1Qy = Tyllrv - (7.5.1)
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The middle term [|Qy — Qyl|Tv measures the overlap for the proposal kernel, and we will
shortly see that this term is easy to bound. Then, controlling the first and third terms
essentially amounts to lower bounding the acceptance probability of MALA, since the
only difference between Q and T is the Metropolis—Hastings filter.

Overlap of the proposal kernel.

Lemma 7.5.2. Forx € R%, let Q, := normal(x — hVV(x),2h1;), and assume that
||V2V||op < B. Then, provided h < %, we have

[lx = yll
V2h

1Qx = QyllTv <

Proof. By Pinsker’s inequality (Exercise 2.13),

1 lx=hVV() —y +hVV@IP _ llx =yl
1Qx = Qullty < 5 KL(Qx 11 Qy) = = T

where the last inequality uses the fact that id — A VV is 2-Lipschitz. m]

Control of the acceptance probability. Next, consider the term ||Qy — T ||Tv. Com-
puting this term is slightly tricky because T, has an atom at x, but in the end we obtain

o
I0:~Turv = 3 [1- [ @eap Ay [ 106 ~Texpldy

from the atom of T,

3= [exanacw+ [ oty (- Ay

=1- / Q(x,dy) A(x,y) . (7.5.3)

This has a very clear interpretation: it is the probability that the proposed move starting
at x is rejected. If we let & ~ normal(0,;) and Y := x—hVV(x) + \/ﬁg, we want a lower
bound on the quantity E A(x, Y), which comes from Markov’s inequality:

n(Y) Q(Y, x)} {ﬂ(Y)Q(Y,X) > )
n(x) Q(xY)" — "x(x)Q(xY)

The approach now is to write out the ratio more explicitly, and then carefully group
together and bound the terms. (Unfortunately, this is not the most enlightening.)

EA(x,Y) = Emin{l forall0 <A< 1.
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Explicitly, we have

z(Y)Q(Y,x) lx - Y +hVV(Y)|? Y —x +hVV(x)|?
1) 0xY) eXp(_V(Y) - ah Ve + ah ) '
After some careful algebra,
n(Y)Q(Y,x) _
4In TD0EY) R{IVV ()1 = IVV(Y)[1?} (7.5.4)
—2{V(Y) = V(x) = (VV(x),Y — x)} (7.5.5)
+2{V(x)=V(Y) = (VV(Y),x-Y)}. (7.5.6)

Note that the terms are grouped to more easily apply the strong convexity and smoothness
of V. It yields

(755) > -Bllx=Y|* and  (756) = alx-Y|*>0.

Also, for h < ﬁ,
(7.5.4) = h(VV(x) = VV(Y),VV(x) + VV(Y))
> —h||VV(x) = VV(Y)|[[[VV(x) + VV(Y)|
—phllx = YII IVV )|+ Bllx = YI)) = =pR*[[VV (0)|I” - 28 ||Ix - YI*.

Therefore,

L TN
() Q% Y)

At this stage, observe that we cannot lower bound this quantity (with high probability)
uniformly over x, since ||[VV (x)|| — oo as ||x]| — oo. This is why it is helpful to restrict to
x belonging to some high-probability event E, which is ultimately achieved by working
with s-conductance rather than conductance.

By standard concentration bounds, ||]|? < 2d with probability at least 1 — exp(—d/2).
Also, let Eg == {x € R? : ||[VV(x)| < \/ER}. It follows that for all x € Ep, if we take
h < m with a sufficiently small constant, then

2(Y) O(Y, x) 11 d
EAMxY) 2 3 {ﬂ(x) 0(x,Y) = E} 12 (1_eXP(__)) =

for sufficiently large d. Hence, for x € Eg, we have ||Qy — Tx||tv <

2 =pRIVV I = Bllx = YII? 2 =BR* IVV()II” — BRI .

O\|U'I

1
¢
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Completing the analysis. We have shown: if the step size is h < 7=, then for all

FLavR)

x,y € Egwith ||x —y|| <,
1 r 1 1
T = Tylltv < |Ox — Tilltv + [|Qx — QyllTv + [1Qy — TyllTv < P o o <3

provided we take r = V2h/6. Applying Lemma 7.4.8 (assuming h < é), we deduce that

¢s 2 Vah provided 7(Er) > 1 — cosVah, where ¢y > 0 is a universal constant. Since we
want the step size h to be as large as possible, we take h < m, where R is chosen to

satisfy 7(E}) < s, /m and s < £2/y?(yo || 7). The final mixing time bound implied

by Theorem 7.4.7 is then O(x (d V R) log(x? (o || 7)/€?)) iterations.
Up until this point, the analysis is largely similar to [Dwi+19].

Gradient concentration. The bound involves the parameter R. By definition, R is
such that the norm ||VV|| of the gradient under 7 is typically of size \/ﬁ R. Recall from,

e.g., Lemma 4.2.5 that E,||VV|| < \/w, which suggests that we can take R < Vd. However,
we need a high-probability bound on ||[VV]|, not a bound in expectation. Unfortunately,
a naive application of the fact that ||VV|| is f-Lipschitz, together with sub-Gaussian
concentration of Lipschitz functions (Theorem 2.4.8), only shows that the fluctuations
of ||VV|| around its expectation are of size \/ﬁ (exercise!). When « > d, this does
not recover the promised rate of O(kd) (ignoring the dependence on initialization and
accuracy). To resolve this issue, [LST20] introduced a new concentration inequality for
|IVV]| via the Brascamp-Lieb inequality (Theorem 2.2.8).

Lemma 7.5.7 ([LST20]). Suppose that & « exp(-V) and that 0 < V?V < Bl,. Then,
forallt >0,

t
w{IVVI| 2 BAl| VI + ¢} < 3exp(-—=).

VB

This shows that the fluctuations of ||VV|| around its expectation are only of size \/B

From warm start to feasible start. The factor of log y*(p || 7r) in the bound incurs
additional dimension dependence under a feasible start, since with a Gaussian initialization
we can only show ¥?(yo || 7) < k%2. The problem is that the conductance-based analysis
relies upon Poincaré-type inequalities, instead of log-Sobolev inequalities. To address
this issue, we can replace the assumption of a Cheeger isoperimetric inequality with a
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Gaussian isoperimetric inequality (see Section 2.5.4). The essential difference is that under
a Cheeger isoperimetric inequality, as p = 7(A) \, 0 we have 7*(A) > p, whereas
under a Gaussian isoperimetric inequality we have 77 (A) > p,/log 117. Using this stronger
assumption, [Che+20a] show that the dependence on the initialization can be improved to

log log x*(po || 7). A similar effect can be achieved via the blocking conductance [KLMO06],
which was used in [LST20]. We omit the details.

Lower bound. Finally, the analysis of MALA in Theorem 7.3.4 is tight, as shown in the
following lower bound.

Theorem 7.5.8 ([LST21a]). For every choice of step size h > 0, there exists a target
distribution m o exp(—V) on R? with I; < V2V < kly, as well as an initialization i
with y*(uo || r) < expd, such that the number of iterations required for MALA to reach
total variation at most i from 1 is at least Q(xd).

This theorem is a lower bound in the sense that all of the known proofs for MALA do
not use any property of the initialization g except through y2(uo || 7). Thus, in order to
improve the analysis of MALA under a feasible start, one must use more specific properties
of the initialization, or use some other modification that bypasses the lower bound (e.g.,
random step sizes).

7.6 Analysis of MALA for a Warm Start

We next turn towards the warm start case (Theorem 7.3.5). The improvement under a warm
start was first shown in [Che+21b], which obtained a rate of O(x%/2d/2 polylog(1/¢)). This
result was improved in [WSC21] which obtained the sharp rate of o (d'/? polylog(1/¢))
via completely different techniques. In this section, we follow [Che+21b] because the
proof is more conceptual. (Anyway, we will see in Chapter 8 how to boost the condition
number dependence to k using the proximal sampler.)

We still follow the s-conductance framework of the previous section, including the
basic decomposition (7.5.1). The main difference lies in the control of ||Qy — Ty||Tv, which
was previously accomplished by lower bounding the acceptance probability. Surprisingly,
the following proof never works directly with the acceptance probability, despite the fact
that ||Qyx — Ty ||Tv is precisely the rejection probability at x (see (7.5.3)).

Using the projection property. The key insight is to use projection characterization
of the Metropolis-Hastings filter (Theorem 7.2.5): the MALA kernel T is the closest kernel
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to the proposal Q (in an appropriate L! distance) among all reversible Markov chains with
stationary distribution . Concretely, for any other kernel Q which is reversible w.r.t. x,

// 10(x,y) — T(x.y)] 2(dx) dy < // 10(x.y) — O(x, )] (dx) dy
(RIxR4)\diag (RIxR4)\diag

Now supposing that Q has no atoms, this inequality is the same as

/ 10s - Tyllry (dx) < 2 / 10s = Ol 7(dx) (7.61)

Thus, we can indirectly bound ||Qx — T||Tv, at least on average. Moreover, there is a
very natural choice of Q here: since Q is obtained from a discretization of the Langevin
diffusion, we can take Q to be the continuous-time Langevin diffusion run for time h,
which is indeed reversible with respect to 7. The right-hand side of the above expression
then simply measures the discretization error, which we have already studied in detail.

Pointwise projection property. The projection property is not enough for our pur-
poses, however, since it only bounds ||Qyx — Ty||Tv in average, whereas we really need
high-probability bounds. Thankfully, we can extend the projection property.

Theorem 7.6.2 (pointwise projection property, [Che+21b, Theorem 6]). Let Q be an
atomless proposal kernel and let T be the corresponding Metropolis—Hastings kernel with
target 7. Then, for any atomless kernel Q which is reversible with respect to x, and for
every x € R%,

7(y) Oy, x) |Q(y, x) 1]dy
m(x) 'Oy, x)

Consequently, for any convex increasing function ® : Ry — Ry,

||Qx - Tx”TV <2 ”Qx - Qx”TV +

/ O(||Ox — TellTv) 7(dx) < % / (4 Qx — Oxllrv) (dx)
(7.6.3)
1 Q(x,y) )
+ 5 f/ (I)(Z |Q(x, y) - 1|) Q(X, dy) ﬂ(dx) .

We will not need the inequality (7.6.3), so the proof is left as Exercise 7.8. The reason
why (7.6.3) is included in the theorem is because it makes it clear why we can expect the
pointwise projection property to imply high-probability bounds for ||Q, — Ty ||Tv. Note
that when we integrate the projection property w.r.t. 7(dx), we recover (7.6.1) with a
factor of 4 on the right-hand side instead of 2.
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Proof. We can write

10: ~ Tl =1~ [ QG Al = [ 1= (1a ZHEED] o)
7(y) Q(y, x)
< [ ) 0| 205
~ 7(y) Oy, x n(y) Oy, x) |Q(y, x)
< [h-T5ee y)‘Q( wdy+ [ SRS e

Using reversibility of Q, the first term is

n(y) Oy, x
'/‘ 7(x) Q(x, y)‘Q( x,dy) = /lQ(X y) - Q(x, y)ldy =2]Qx - OxllTv,

which completes the proof. O

Applying the pointwise projection property. Our goal is to bound ||Qy — T;||Tv for
all x which lies in an event E of very high probability under 7. We proceed by controlling
the two terms in the pointwise projection property separately.

We will omit many of the calculations from this point forwards. The calculations are
actually fairly straightforward (once one has some familiarity with stochastic calculus),
but are somewhat tedious. Moreover, the best way to learn these particular calculations
is to try them for oneself. We refer to [Che+21b] for details. Moreover, to simplify the
exposition, we will only focus on the dependence on d and h.

The first term, ||Qx — QOx||Tv, is more straightforward. It is helpful to apply Pinsker’s
inequality, leaving us to control KL(Qy || Q). This is precisely the kind of discretization
error that we controlled via Girsanov’s theorem in Section 4.4. In particular, it is possible
to show that ||Qx — Ox|lTv < hv/d + ||x||2. Since this is Lipschitz in x, we can then apply
sub-Gaussian concentration under 7 (Theorem 2.4.8) to obtain a high-probability bound
for this term under 7. In particular, we expect a step size of h < % to control this term.

To control the second term with high probability, it suffices to control the moments of
this quantity under 7: for p > 1,

/‘/‘ n(yir((Qx()y,x) ggzx) 1|d ‘ 2(dx) < //|Q(an) 1|pQ_(y,dx) (dy).

Let Q. denote the measure on path space C ([0, i]; R?) of the Langevin diffusion started at
x. Similarly, let Q, denote the same for the interpolation of LMC. By the data-processing
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inequality, we obtain

) ~ 0 d X
//|Q(y x) _ 1|P O(y, dx) 7(dy) < /EQx ”d_gx - 1|p] m(dx).

Q(y,x)

We have a formula for the Radon-Nikodym derivative de thanks to Girsanov’s theorem,
so again we can approach this via stochastic calculus. Controlhng this term is slightly
more involved than controlling the KL divergence (essentially we are controlling a Rényi
divergence instead) but nevertheless we can bound the term when h < %.

With these high probability bounds, we can then return to the s-conductance analysis,
which implies that the mixing time is of order }—11 Hence, under a warm start, the mixing
time improves from d to Vd.

TODO: Flesh out the calculations in this section.

Lower bound. Under a warm start, [Che+21b] showed a lower bound of roughly Q(Vd),
which was improved in [WSC21] to Q(xVd). We state the result here.

Theorem 7.6.4 ((WSC21]). For every choice of step size h > 0, there exists a target
distribution  « exp(=V) on R? with I; < V2V < kly, as well as an initialization Ho
with y*(po || 7) < 1, such that the number of iterations required for MALA to reach
total total variation € from r is at least Q(K\/_log(l/e)).

Bibliographical Notes

TODO: Fill in.

Exercises

An Overview of High-Accuracy Samplers

> Exercise 7.1 (MALA is a special case of MHMC)
Show that when K = 1, the MHMC algorithm reduces to MALA.

> Exercise 7.2 (MH filter for the leapfrog integrator)
For the leapfrog integrator F,p, verify that Fl;zlip =Ro Feap oR.

Hint: First show that it suffices to consider T = h (i.e., K = 1).
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Markov Chains in Discrete Time

> Exercise 7.3 (reversible Markov chains as gradient descent on the Dirichlet energy)
Consider the setting of Section 7.4.

1. Show that &(f,f) = %E[|f(X1) - f(Xo)|?], where (Xo, X)) are two successive
iterates of the Markov chain started at stationarity. We also write &(f) := &(f, f)
as a useful shorthand.

2. Show that if (p )<y are the laws of the iterates of the ¢-lazy version of P, then
the relative densities (%) rep are the iterates of gradient descent on the Dirichlet
energy & in L?(). How does the laziness parameter ¢ relate to the step size of the
gradient descent?

3. Observe that & is a convex quadratic functional; show that 0 < ijﬂ (n)% < 2.
What does the theory of convex optimization suggest for the value of the laziness

parameter £?

4. Next, prove a generalization of Theorem 7.4.2 for any value of the laziness param-
eter £ € [3,1] by showing that the spectral gap condition is equivalent to strong
convexity of & Why do we want ¢ > % here?

5. Show that the conductance of the chain can also be described as the largest ¢ > 0
such that for all events A C R it holds that &(14) > ¢||14 — 7(A) ||i2(”). Hence,
conductance can be viewed as a restricted strong convexity condition (restricting
the space of functions to indicators of events). In particular, show the bound A < ¢
in Cheeger’s inequality (Theorem 7.4.3).

> Exercise 7.4 (entropy decay implies MLSI)

Suppose that P satisfies the following entropy decay condition: there exists ¢ € (0, 1) such
that for all probability measures P,

KL(pP || ) < (1 —¢) KL(p || 7).
Prove that P satisfies a MLSI with constant Cp s < 2/c.

> Exercise 7.5 (s-conductance lemma)
Prove the s-conductance lemma (Lemma 7.4.8).
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Analysis of MALA for a Feasible Start

> Exercise 7.6 (analysis of MRW)
Follow the analysis in this section and adapt it to the Metropolized random walk (MRW)

algorithm. What mixing time bound can you prove?

> Exercise 7.7 (mixing time for a Gaussian target)

Adapt the analysis in this section to the case when the target distribution is the standard
Gaussian. Here, it is possible to do a much more refined analysis; see if you can show
that the mixing time of MALA is O(d'? polylog(1/¢)) from a warm start. See [Che+21b,
Appendix C] for hints.

Analysis of MALA for a Warm Start

> Exercise 7.8 (pointwise projection property)
Prove (7.6.3) from the pointwise projection property.
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CHAPTER 8

The Proximal Sampler

In this chapter, we discuss the proximal sampler, which was introduced in [LST21c]. The
applications of the proximal sampler include improving the condition number dependence
of high-accuracy samplers and providing new state-of-the-art sampling guarantees for
various classes of target distributions. Besides these applications, the proximal sampler is
interesting in its own right due to its remarkable convergence analysis and its connections
with the proximal point method in optimization.

8.1 Introduction to the Proximal Sampler

Let 7 oc exp(—V) denote the target distribution. We fix h > 0 and define the augmented
target distribution

IIy—XIIZ)

7(x,y) « exp(—V(x) -~

To avoid confusion, we will explicitly write 7% = 7 for the X-marginal, and z" for the
Y-marginal. Similarly, 7X¥ and 7"X denote the conditional distributions.

The proximal sampler applies Gibbs sampling to the augmented target. Explicitly, the
updates of the proximal sampler are as follows.

Proximal Sampler: Initialize X, ~ yo. Fork =0,1,2,...:

1. Draw Y ~ 7% (- | Xi) = normal(Xg, hly).

255
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2. Draw Xiq ~ 7Y (- | V).

Since Gibbs sampling always forms a reversible Markov chain with respect to the
target distribution, we conclude that the proximal sampler is unbiased: its stationary
distribution of the proximal sampler is 7. As written, however, the proximal sampler is
an idealized algorithm because it is not yet clear how to implement the second step of
sampling from 7X¥. Note that

2
-x
JTXlY(X | y) ocy exp(—V(x) — %) )
Also, recall that in optimization, we wish to minimize the function V, whereas in sam-
pling we want to sample from 7 o« exp(—V). Via this correspondence, we see that the

optimization analogue of sampling from 7Y is computing the proximal map

lly — x|I?

prox;, (y) := argmin {V(x) + oh } )

xeRd
The distribution 7XI¥ is known as the restricted Gaussian oracle (RGO), and the
proximal sampler can be viewed as the analogue of the proximal point method for sampling.
See Exercise 8.1 for another connection between the proximal sampler and the proximal
point method from optimization.

Implementability of the RGO. In order to obtain an actual algorithm from the proxi-
mal sampler, an implementation of the RGO must be provided. As we will see in Section 8.6,
the RGO can be implemented by using an auxiliary high-accuracy sampler such as MALA.
Although this may seem circular (if we need to use an auxiliary sampler to implement the
RGO, then why not use the auxiliary sampler in the first place without bothering with
the proximal sampler?), we will see there are benefits to the overall scheme. Namely, the
proximal sampler can boost the condition number dependence of the auxiliary sampler,
and it can be used to sample from a larger class of distributions.

For now, we will consider a simple implementation of the RGO based on rejection
sampling, which we studied in Section 7.1. Suppose that the potential V is f-smooth.
Then, for V, (x) := V(x) + # lly — x||* we have (% -p) 1 < VY, < (% +f) 1. In particular,
ifh < %, then the RGO is strongly log-concave. Note that the condition number of V,
isk = (% + ﬂ)/(% — B). If we now choose h = ﬁld’ we can check that k < exp(4/d) for
d > 2. By Proposition 7.1.2, if we have access to the minimizer of V;, (which is equivalent
to being able to compute the proximal operator for hV), we can construct an upper
envelope for which the average number of iterations of rejection sampling is bounded by
k42 < exp(2) < 8. We summarize this discussion as follows.
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Implementing the RGO via Rejection Sampling: To sample from 7XIY (- | y),
where V is f-smooth, we proceed via the following steps.

1. Compute the minimizer x; of V, defined via V,(x) = V(x) + ﬁ lly — x||?, and
compute the minimum value Vy*. This can be done exactly if we assume access
to the proximal mapping of V' (which is a natural assumption when designing a
proximal algorithm for sampling); otherwise, if h < % then this is a strongly convex
optimization problem and can be implemented using standard algorithms.

2. Let X1 (- | y) = exp{—(Vy - V;")} and 1 := exp(—l/};_’g |- — x;‘||2) Use rejection
sampling to sample from 7X!¥ with the envelope Hy.

Each iteration of rejection sampling requires one call to an evaluation oracle for V (in
order to compute the acceptance probability). We summarize the guarantees for this
implementation of the RGO in the following theorem.

Theorem 8.1.1. Assume that V is f-smooth. Then, if h < ﬁ—ld, rejection sampling

implements the RGO for X exactly using one computation of the proximal map for V
and O(1) expected calls to an evaluation oracle for V.

Notation. We write ,ui( for the law of X and p}: for the law of Y; for the iterates of
the proximal sampler. Observe that if (Q;),-, denotes the standard heat semigroup, i.e.
puQ; = pu* normal(0, tI;), then ,u,f = ,Uth and 7¥ = 7% Q.

We also abbreviate 7Y (- | y) as 7XIY=Y.

8.2 Convergence under Strong Log-Concavity

One of the most remarkable features of the proximal sampler is that its convergence
analysis closely mirrors the continuous-time theory for the Langevin diffusion. In this
section, we initiate this study starting with the strongly log-concave case.

Recall that under strong log-concavity, we have contraction of the Langevin diffusion
(Theorem 1.4.10). We prove the analogue of this fact for the proximal sampler.

Theorem 8.2.1. Assume that the target 7% is a-strongly log-concave. Also, let (,ukX Voo
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and (ﬁf)keN denote two runs of the proximal sampler with target 7. Then,

2(/10 /10 )

VVZ(,Uk’HX) < O(h)k .

The contraction factor matches the contraction for the proximal point method in
optimization, see Exercise 8.2. Since 7% is left invariant by the proximal sampler, the
contraction result also implies a convergence result in W;.

We will give two proofs of this theorem First, note that it suffices to consider
one iteration and to prove l/Vz(/ll, X) < : +ah W, (,u())( é() Next, since the heat flow
is a Wasserstein contraction (which follows from (1.4.9) but can also be proven by a
straightforward coupling) it holds that Wy (p}, aY) < Wa (i, @), so it suffices to show

Wa (s i) < 12 Wa g ).
We w1ll use the following coupling lemma.

Lemma 8.2.2. Suppose that for all y, i € RY, we have
Wy (2X7=Y, XI=0) < Clly - g - (8.2.3)

Then, Wy (i1, i1y ) < C Wa(pg » iy

The intuition is that since y and j are obtained from y and ji} by sampling from
the RGO 7X!”, the contraction statement in (8.2.3) can be used to bound Wz(y1 T X). The
proof of the lemma is relatively straightforward and good practice for working with
couplings, so it is left as Exercise 8.3.

The first proof we present is from [LST21b].

Proof of Theorem 8.2.1 via functional inequalities. To prove (8.2.3), we note that 7X/Y (- | 7)
is (a+ 7)-strongly log-concave. Recall that by the Bakry-Emery theorem (Theorem 1.2.29)
and the Otto-Villani theorem (Exercise 1.17) this implies the log-Sobolev inequality (1.4.7)
and Talagrand’s T, inequality (1.4.8). Applying these inequalities,

W2 (XI7=Y, 2XIY=0) < 2 - KL(rX = || XY=y < ;2 FI(rXY=Y || X190y
a+y (a+7)

We can compute the Fisher information explicitly. Indeed,

X |Y=y

:V(Ily—-llz _ IIy—-Ilz) _Yy-7

Vin oh 2h A

XY=y
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so that
X|Y=y — ql/?
iy - T 2 ly — gl
F|(7T Y=y ” 77:Xl y) = E”XIY:y [”Vln 71_x|y;g|| ] = hz )
Hence,
e 1 ly—=gl? 1 v
: @ed? P war? U

The next proof, from [Che+22a], directly uses strong convexity in Wasserstein space.

Proof of Theorem 8.2.1 via Wasserstein calculus. This proof rests on the following interpre-
tation of the RGO. Let F(y) := KL(p || 7%). Then, by Exercise 8.1,

XY=y — jz;g)zr(?;;)l {3‘"(#) + % W2 (1, 5y)} =! prox,s(dy) -
The first-order optimality conditions on Wasserstein space [AGS08, Lemma 10.1.2] reads
0 € aF (rX1YY) + % (d-y), " Vas
where 99 is the subdifferential of 3 on Wasserstein space.
Using this, we obtain
idey—nh 89’(7TX|Y:y) , X=y_a.
ideg—-h oF (rX1V=7) | X =0qa.
Let T be the optimal transport map from 751¥=Y to 7XIY=9_ The second condition above
can then be rewritten as
Teg—h oF (X0 o T, XV =V_as.
We now abuse notation and write 9F (7X!Y=Y) for a particular element of the subdif-
ferential and similarly for 0F (71'X |ng). Then, 7X1¥=Y-a.s.,
IT —id[)? = [|g - ylI* - 2k (@F (2*1=0) o T - aF (£X1"=Y), T - id)
— K |0 (X7=Y) o T — 9F (=) |12
We now integrate w.r.t. 7X/Y=Y and apply strong convexity of F in Wasserstein space:
Wy (P W) < ly = gI1P - 2ah Wy (21, ) — o h? wi (T, )

and hence

7 1
WE(XIV=Y 2XV=0)y < —— |1y - g)I°. O
5 ( ) Lt ah)? ly — gl
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The point of the second proof is that, although it uses some heavy machinery, it is just
a translation of a Euclidean optimization proof into the language of Wasserstein space
(see Exercise 8.2).

8.3 Simultaneous Heat Flow and Time Reversal

We now introduce two new techniques in order to further analyze the proximal sampler.

Simultaneous heat flow. The first technique is based on the observation that in going
from ,uf to ,u]f, and from 7% to 7Y, we are applying the heat flow. Given any f-divergence
Dr(-]-), we will compute its time derivative when both arguments undergo simultaneous
heat flow. Remarkably, the result will be almost the same as the time derivative of the
f-divergence to the target along the continuous-time Langevin diffusion, in a sense to be
made precise. The upshot is that the analysis of the proximal sampler closely resembles
the analysis of the continuous-time Langevin diffusion.

The simultaneous heat flow calculation is inspired by [VW19], and was carried out at
this level of generality in [Che+22a].

Let f : Ry — R, be a convex function with f(1) = 0, and let D¢ be the associated
f-divergence (see Section 1.5). We begin with a quick computation of the time derivative
of the f-divergence along the Langevin diffusion.

Theorem 8.3.1. Let (71;),s, denote the law of the continuous-time Langevin diffusion
with target . Then, for any f-divergence Dy, it holds that

Dy (|| m) = =Ty (e || 7)),

where

Jrullm) = E(V(f 0 £),vIn £). (33.2)

T

Proof. Using the Fokker—Planck equation,

XD (m | ﬂ)—at/f dzr_/f ) gy = /f ) div( ntVln%)

:—/<V(f’o;),Vln;>dnt. o

Next, we compute the time derivative of the f-divergence when both arguments
simultaneously evolve according to the heat flow.
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Theorem 8.3.3. Let (Q;);, denote the standard heat semigroup. Then,

AD(HQ: 1| 700) = = Ty (k0 1| 701

where J is defined in (8.3.2).

Proof. For brevity, write y; = pQ; and m; = 7Q;. Since oy = %Ayt = %div(,utVln Ut)
and similarly for 9,7;, we compute

20:Dp(py || me) = zat/f(ﬂ) dm, = Z/f’(&) 3th - &at”t +2/f(ﬂ) Y
/f d1v(ytV Ingy) - — le(ﬂ'tV In nt) /f 'ut ) div(7;V In ;)

A <fo—>v1nut>dyt / <v[f'<ﬂ>;t],vmm>dm

TTt

- /<V(fo Z—Z),Vlnﬂt> dr;

:_/<V(f’o&),Vln&>d,ut+‘/<V&,Vln”t>f'(&)dm
Tt TTt e

TTt
_ Ht (Bt
/<Vﬁt,VIn7rt>f (”t)dﬂt
=-Jr( |l m). o

Although this theorem is already enough to prove new convergence results for the
proximal sampler, the rates will be slightly suboptimal. The reason for this is because we
have only considered one step of the proximal sampler, in which the algorithm goes from
yi( to y]f (and the target goes from 7% to z¥). In order to obtain the sharp convergence
rates, we also need to consider the second step, in which we go from y,f to ,ui(ﬂ (and the
target returns from ¥ to ¥ ). For reasons that will become clear shortly, we refer to these
steps as the “forwards step” and the “backwards step” respectively.

First, consider the evolution of the target along the heat semigroup t — 7XQ;, so
that at time h we arrive at 7. The stochastic process representation of this evolution is
dZ, = dB;, with Z, ~ 7X and Z), ~ n¥, thus describing the forward step. So far so good,
but how should we think about the backwards step? By definition, 7% is obtained from
7Y by the relation 7% = / 7XIY=¥ dz¥ (), but this is not as helpful because we lose the
stochastic process view which allows us to apply calculus. Instead, we will think of 7% as
being obtained from 7! by the time reversal of the diffusion (Zt)refon]-
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Time reversal. We now apply the result of Section 3.3.2, which implies that the time
reversal of the SDE

leL = dBt s ZO ~ 7TX
is given by the SDE
dZ7 = VIn(xr*Qp_,)(Z7) dt + dB, (8.3.4)

in the sense that if we initialize the SDE at Z;~ = y, then Z ;l_ ~ XY=y,

In particular, if we initialize the process at Z;~ ~ x?, then Z ~ 7X. On the other
hand, if we initialize the process at Z;~ ~ ,uZ, then the law of Z;™ is / XY=y d,u]z(y) = ,uiil.
Thus, we have successfully exhibited a stochastic process representation which takes us
from ,u,’: to ,ui(ﬂ. For any measure y, write 4Q;~ for the law of Z;™ initialized at Z;~ ~ p.

Simultaneous backwards heat flow. Next, we will show that the time derivative of
the f-divergence along the simultaneous backwards heat flow also behaves the same way
as the simultaneous forwards heat flow. This leads to a pleasing symmetry between the
forwards and backwards steps of the proximal sampler.

Theorem 8.3.5. Let (Q;7),[o) denote the construction described above by reversing
the heat flow started at X, Then,

AD (RO | 7 07) = =5 Tyu Qi 117701,

where Jy is defined in (8.3.2).

Proof. For brevity, write i~ := pQf~ and 7;~ = 7' Q;". By construction of the reversed
process, ;= X Qn—t. Then, by the Fokker—Planck equation,

1 1
oy =—div(n, Vinz ™) + 2 An = -3 Ar,
oty =—div(y; Vinz )+ 2 Ap;~ =div(y Vin =) — 2 Ap; .
T

Note that the fact that (7;~ )te[o p) satisfies the backwards heat equation is completely
natural in light of our construction via the reversed process.
Hence, we compute

il e o - B By o e
20 Df(py |l ) = 2/f (”%_) (at.ut - ﬂ%atﬁt )+2/f(7-[+—) 0171,
t t t
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- [ 11 ”t (vl vin ) - 2 ) - [ (B o
”t Ty 7
—Z/f(yt)dlv( “yinF)
7T

/f M H__ /fut F

(%)

The term (%) is exactly the same kind of term we encountered in the proof of Theorem 8.3.3,
and by the same calculations it equals —J¢(p;~ || ;). Therefore,

200 1 77) = =2 [ (V07 E0). v in i+ i 1)
t f

=-Jr(p 7). O

8.4 Convergence under Log-Concavity

Next, we present a convergence proof for the proximal sampler under log-concavity,
following [Che+22a]. The proof can be compared to the 1/t convergence rate for the
Langevin diffusion under log-concavity (1.4.12), which was obtained via a Lyapunov
function argument.

Theorem 8.4.1. Assume that the target m% is log-concave. Then, for the law ,uif of the
k-th iterate of the proximal sampler,

W (py, ¥ )

KL(e Il ) < =7

Proof. Forwards step. Along the simultaneous heat flow, Theorem 8.3.3 shows that

o KLGEQ: 1| 7500 = =5 FIGRQ | Q1)

so we need to lower bound the Fisher information. Also, log-concavity is preserved by
convolution, so 7%Q; is log-concave. [TODO: Justify this fact.] Hence, by convexity of
the KL divergence to a log-concave target along Wasserstein geodesics (Theorem 1.4.5),

#o Q

0= KLOPQu 1l 7 Q) 2 KLGA Q11700 + By (VIn 7 Tysg, g, —id).
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Rearranging this and using the Cauchy-Schwarz inequality,

#())(Qt
”XQt

Fl (Hg(QtHﬂXQt)

Bo [T 2] ] w0 0u ¥ = kLG O 1 Q)"

Combining this with the fact that the Wasserstein distance is decreasing along the simul-
taneous heat flow,

1 KL Q|| 7¥Q0)°
o KL(.”é(Qt I ”XQt) < 5 W}(u())(, %)

Solving this differential inequality,

1 1 1 h
= > + )
KL(pd 1| 7Y)  KL(uXQn | 7X0n) — KL || %) 2 W2k, nX)

Backwards step. Along the simultaneous backwards heat flow, Theorem 8.3.5 gives

— — 1 — —
O KL(Hth I ”YQt ) = _5 Fl(,qut I ”YQt ).

Since 7Y Q™ = 7XQ},_; is log-concave and t W} (,qu;_, 7Y Q") is decreasing (which
is checked via a coupling argument using the diffusion (8.3.4)), a similar calculation as the
forwards step leads to the inequality

1 1 1 h
= > + .
KL(pf | 7X)  KL(py Q5 1 7YQ5) — KL(pg | #¥) 2 W2 (s, 7X)

We iterate these inequalities, using the fact that Wz(uf, %) < Wa(p, nX) for all
k € N (which follows from Theorem 8.2.1) to obtain

! > ! + kh
KLGE Il )~ KLGig 1 2%) Wy G, %)

or

KL(u || 7¥) < KLy Il %) < W (g, ) O
Hi T kKL | ) WEGK, ) T kh
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8.5 Convergence under Functional Inequalities

We now prove convergence guarantees for the proximal sampler when the target satisfies
either a Poincaré inequality or a log-Sobolev inequality, following [Che+22a].

Theorem 8.5.1. Suppose that the target nX satisfies a Poincaré inequality with constant
Cpi. Then, for the law ,ui( of the k-th iterate of the proximal sampler,
X2 | )

2/ X ”X L,
P < e

Proof. Forwards step. For the chi-squared divergence, we can check that the dissipation

functional is given by J (i || r) = 2E,[||V(1/7)||?]. Along the simultaneous heat flow,
by Theorem 8.3.3,

.Ué(Qt 2]
X Qy .

Since X satisfies a Poincaré inequality with constant Cp;, by subadditivity of the Poincaré
constant under convolution (Proposition 2.3.7), 7XQ; satisfies a Poincaré inequality with
constant at most Cp| + ¢. It therefore yields

‘v

O Nl 5 Q) = =T (1 Qu 11 7¥Q0) = ~ B, |

X
2, X Q1 2
o x" (i Qr |l Q) < T o+t var;xo, X0, Cn 1 X (.”é(Qt I 7*Qy)
and hence
h 20X || X
y Yy 1 X X (.uo ”7[ )
PO I = 20 70w s exp(- [ ) 2 129 = ST

Backwards step. Along the simultaneous backwards heat flow, Theorem 8.3.5 yields
Y

- - Fo Qi |I?
oy 0 1 7 0) = ~Bovgr [V 55
t

Using the fact that 7YQ;~ = 7%XQy_, satisfies the Poincaré inequality with constant at
most Cp; + h — t, we deduce similarly that

Xy I 7%
1+ h/Cp]

Iterating this pair of inequalities yields the result. m]

N ) = P 0 I17705) <
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A similar result holds for the log-Sobolev inequality; since the proof is entirely analo-
gous, we leave it as Exercise 8.5.

Theorem 8.5.2. Suppose that the target n% satisfies a log-Sobolev inequality with
constant Cis). Then, for the law ,ui( of the k-th iterate of the proximal sampler,

KL(pS || 2%)

XXy < —2—— ~
KLl Il = (1+h/Crs)*

Recall that if 7% is a-strongly log-concave, then it satisfies a log-Sobolev inequality

with constant Ci5; < 1/a (Theorem 1.2.29). Thus, the contraction factor of (l+(lxh)2 in KL

divergence matches the contraction factor in W? distance (Theorem 8.2.1). To get this
sharp result, it is necessary to utilize the backwards step.

Similarly to Theorem 2.2.15, it is also possible to obtain guarantees for Rényi diver-
gences, see Exercise 8.6.

. It is a curious observation that in the W, guarantee of Theorem 8.2.1, the

contraction factor of (1+(1xh)2 occurs solely in the backwards step, whereas in Theorem 8.5.2
1

the forwards and backwards steps each contribute a contraction factor of .

8.6 Applications

The original application of the proximal sampler was for sampling from certain families of
structured log-concave distributions [LST21c]. Since then, the proximal sampler has been
used to provide new guarantees for non-smooth and weakly smooth potentials [GLL22;
LC22a; LC22b]. We will restrict ourselves to applications which are more or less immediate
corollaries of our present analysis.

New guarantees for sampling from smooth potentials. When the potential V is
B-smooth, as discussed in Section 8.1, the RGO can be implemented via rejection sampling.
We obtain the following corollaries.

Corollary 8.6.1. Let 7% o« exp(=V), whereV is B-smooth. Take h = [% and assume we

have an oracle to V which evaluates V and the proximal operator for V. Let ,uﬁ denote
the law of the N-th iterate of the proximal sampler, in which the RGO is implemented
via rejection sampling.




8.6. APPLICATIONS 267

1. (Theorem 8.2.1) If in addition V is a-strongly convex with « > 0 then writing

k = B/a we obtain \/_Wz(/z)]f], %) < e using O(kd log 22— 2(”0 ) queries to the
oracle in expectation.

2. (Theorem 8.4.1) If V. is convex, we obtain the guarantee \[KL(jr || 7X) < ¢ using
d W2 X X
O(LIZW) queries to the oracle in expectation.
&

3. (Theorem 8.5.1) If V satisfies a Poincaré inequality with constant Cp;, we obtain the

2(,,X
guarantee L[ x? (,uff} || 7X) < € using O(Cp fd log %) queries to the oracle
in expectation.

4. (Theorem 8.5.2) If V satisfies a log-Sobolev inequality with constant C| |, we obtain

KL(/JO ll)

the guarantee 1/KL(;J% || 7X) < € using O(Crs1fd log —=3—) queries to the

oracle in expectation.

Note that for the strongly log-concave case, these results are competitive with the
state-of-the-art results for MALA under a feasible start (Theorem 7.3.4)!

Improving the condition number dependence of high-accuracy samplers. The
next application we present is the original use of the proximal sampler in [LST21c]. Namely,
suppose that 7% o« exp(—V) is such that 0 < al; < V2V < BI; with condition number
k = B/a. Suppose we have a high-accuracy sampler which, given any target satisfying
these assumptions, outputs a sample from a probability measure p with ||g — 7% ||y < ¢
using O(f(x) d° polylog(1/¢)) queries, where f : R, — R, is some increasing function.
Then, by combining this high-accuracy sampler with the proximal sampler, we can obtain
a new sampler whose complexity is only O(xd® polylog(x/¢)), i.e., we have improved the

dependence on the condition number to near linear.

To see how this works, observe that if we choose the step size h = % for the proximal

sampler, then the RGO 7%1Y=¥ has condition number O(1). Thus, the high-accuracy
sampler can obtain a §-approximate sample from the RGO using O(d® polylog(1/8))
queries. On the other hand, with this choice of step size, we know from Theorem 8.5.2
that with a perfect implementation of the RGO the number of iterations required for the
proximal sampler to output ,u)A(, with || ,uﬁ — 7|ltv < eis O(x log(d/¢%)). To complete the
analysis, we need to analyze how the error propagates due to the imperfect implementation
of the RGO. This is handled via a coupling argument (Exercise 8.8).
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Lemma 8.6.2. Let ,u;f] denote the law of the N-th iterate of the proximal sampler with
perfect implementation of the RGO. Suppose that instead, in each step of the proximal
sampler, we use a sample from a distribution which is 5-close to the RGO in total variation
distance; let ﬂf, denote the law of the N -th iterate of the proximal sampler with imperfect
implementation of the RGO. Then,

i = pxllty < N§.

Since N = 5(Klog(d/€2)), we can take § < ¢/N. The total complexity of the prox-
imal sampler (the number of iterations N of the proximal sampler multiplied by the
cost of approximately implementing the RGO with the high-accuracy sampler) is then
O(kd® polylog(1/¢)) as claimed.

In particular, applying this to the Metropolized random walk (MRW) algorithm (Theo-
rem 7.3.4) improves the complexity from O(x%d polylog(1/¢)) to O(xd polylog(1/¢)).

Zeroth-order algorithms for sampling. The example above shows that boosting
the MRW algorithm with the proximal sampler leads to an algorithm whose complexity
is competitive with that of MALA. Moreover, unlike MALA, the algorithm based on
MRW only uses zeroth-order information, which is crucial for certain applications such
as Bayesian inverse problems in which gradient information is prohibitively expensive.
Similarly, implementing the RGO using rejection sampling only uses zeroth-order
information, except possibly for computing the minimizer of the potential V.

Lack of discretization analysis. Finally, we mention that the results in Corollary 8.6.1
are state-of-the-art under the various assumptions. A key reason why the proximal
sampler yields powerful complexity guarantees is because there is no “discretization
analysis”. For example, consider the sampling from a target distribution satisfying a
Poincaré inequality. Since a Poincaré inequality implies convergence in chi-squared
divergence, it is natural to perform a y? analysis of LMC, but this leads to substantial
new technical hurdles (see Chapter 6). Moreover, under a Poincaré inequality it becomes
non-trivial even to prove moment bounds for the LMC iterates. All of this is handled via
a careful analysis in [Che+21a], but the results there have worse dependence on d, Cp|f3,
and £~1. In contrast, Corollary 8.6.1 bypasses all of these difficulties because the proximal
sampler reduces the task of sampling from distributions satisfying a Poincaré inequality
to the task of sampling from strongly log-concave distributions for the implementation of
the RGO, and even this is made straightforward via rejection sampling provided that we
take a small enough step size for the proximal sampler.
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Bibliographical Notes

The reader is encouraged to read the original paper [LST21b] on the proximal sampler,
which contains applications to sampling from composite densities 7 o< exp(—(f + g)),
where f is well-conditioned and g admits an implementable RGO, as well as to sampling
from log-concave finite sums 7 o« exp(—F) where F := n”! 3%, f; is well-conditioned
and the complexity is measured via the number of oracle calls to the individual functions
(fD)ien)- The proximal sampler has also been used to sample from weakly smooth and non-
smooth potentials [LC22a; LC22b], and it has been applied to the problem of differentially
private convex optimization [GLL22].

The optimization results in Exercise 8.2 obtained in analogy with the proximal sampler
are given in [Che+22a].

Exercises

Introduction to the Proximal Sampler

> Exercise 8.1 (RGO as a proximal operator on the Wasserstein space)
Given a functional F : P,(RY) — RU{co}, the proximal operator for F on the Wasserstein
space is defined via

: N /
prox, (1) = argmin {F )+~ WE o)}
1 €P2(RY)
The proximal operator was used in the seminal work [JKO98] in order to rigorously make
sense of gradient flows on the Wasserstein space. Prove that the RGO satisfies

7TX|Y:y = prox, KL(~||7T)(5y) .

Hence, the assumption that we can implement the RGO is the same as assuming that we
can evaluate the proximal operator for the KL divergence on any Dirac measure.

Convergence under Strong Log-Concavity

> Exercise 8.2 (comparison with optimization results)
This exercise compares the results for the proximal sampler with the proximal point
method in optimization.

1. Suppose that V is a-strongly convex. Prove that prox,; is ﬁ—Lipschitz.

Hint: Show that prox,, = (id + hVV)~'. Argue via convex duality by considering

the convex conjugate (W + hV)*.
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2. Suppose that V is a-strongly convex. Translate both of the proofs in Section 8.2 to
Euclidean optimization.

3. Suppose that V satisfies the gradient domination condition
IVV(x)||* > 2a {V(x) — inf V}, for all x € RY.

Also, let x” := prox,,;(x). Inspired by Theorem 8.5.2, we can ask whether or not it
holds that

no 1 .
V(x') —infV < m {V(x) —inf V}.

Prove that this is indeed the case.

Hint: Define V; x(z) = V(z)+% |z—x||? and let x; := arg min V;; then, differentiate
l— Vt,x(xt)-

> Exercise 8.3 (first coupling lemma)
Prove Lemma 8.2.2.

Simultaneous Heat Flow and Time Reversal

> Exercise 8.4 (non-negativity of the dissipation functional)

By the data-processing inequality, the f-divergence to the target is always decreasing
along the Langevin diffusion and hence the functional Jy defined in (8.3.2) is always
non-negative. Prove this more directly from the expression for Jr.

> Exercise 8.5 (convergence under LSI)
Verify that the result under LSI (Theorem 8.5.2) holds.

> Exercise 8.6 (convergence in Rényi divergence)

In [VW19], Vempala and Wibisono showed convergence of the Langevin diffusion in Rényi
divergence under a Poincaré or log-Sobolev inequality (see Theorem 2.2.15). Similarly,
extend Theorem 8.5.1 and Theorem 8.5.2 to provide Rényi divergence guarantees.

> Exercise 8.7 (Gaussian case)
In this exercise, we consider the Gaussian case for intuition.

1. Suppose that 7X = normal(0, I;) and ,u())( = normal(0, 621;). Show that the iterates
of the proximal sampler all have Gaussian distributions, and explicitly compute the
variances. Use this to show that the contraction factors in Theorem 8.2.1 and Theo-
rem 8.5.2 are sharp.



8.6. APPLICATIONS 271

2. Next, suppose that 7% = normal(0, %) and that ,ué( = normal(mg, o). Show that
the next iterate of the proximal sampler is y¥ = normal(m;, 2;), where the mean
satisfies my = prox;;, (mg) and V(x) := % (x,27 ! x). In other words, the mean of
the iterate of the proximal sampler evolves according to the proximal point method.

Applications

> Exercise 8.8 (second coupling lemma)
Prove Lemma 8.6.2.
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CHAPTER 9

Lower Bounds for Sampling

In order to determine if our sampling guarantees are optimal, we need to pair them with
lower bounds. However, the problem of establishing query complexity lower bounds
for sampling is challenging and the work on this topic is nascent. Here, we will give an
overview of the current progress in this direction.

9.1 A Query Complexity Result in One Dimension

In this section, we follow [Che+22b], which established a sharp query complexity result
for sampling strongly log-concave distributions in one dimension. Define the class

I = {m € Pac(R) | m x exp(-V), 1 < V" <k, V'(0) =0}.

In applications of sampling, one may first need to use an optimization algorithm to find
the minimizer of V before applying the sampling algorithm. In our definition of II,,
however, we have enforced the requirement V’(0) = 0 in order to cleanly separate out
the complexity of optimization (finding the minimizer of V') from the intrinsic complexity
of sampling. Our goal is to understand the minimum number of queries required by an
algorithm to output an approximate sample from any target 7 € II,.

Theorem 9.1.1 ([Che+22b]). The query complexity of outputting a sample which is 6—14
close in total variation distance to the target &, uniformly over the choice of & € II,, is

273
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©(loglogk).

In what follows, we will make this theorem more precise and give a proof.

Lower bound. The lower bound will hold for any local oracle. Loosely speaking, a local
oracle accepts as an input a point x € R and outputs some information about the target =
such that if 77 is another possible target and 7 « 7 in some neighborhood of x, then the
output of the oracle is the same for both 7 and 7. This just formalizes the idea that the
oracle only outputs information about 7 “near the point x”. To simplify the discussion,
however, we will suppose for concreteness that we have access to a second-order oracle:
given x € R%, it outputs the triple (V(x), V’(x), V”(x)), where we recall that V is only
specified up to an additive constant. (If this is confusing, you may instead suppose that
the oracle outputs the triple (V(x) — V(0), V'(x), V" (x)) where = = exp(-V).)
The lower bound will proceed in two stages.

1. First, we reduce the sampling problem to a statistical testing problem. Namely,
we will construct a family 7y, ..., 7, € I, and suppose that i ~ uniform([m]) is
drawn randomly. The statistical testing problem is defined as follows: given query
access to m; (through the oracle), guess the value of i.

We will show that an algorithm to sample from 7; can be used to solve the statistical
testing problem; thus, “sampling is harder than testing”.

2. Next, we will prove a lower bound on the number of queries required to solve the
statistical testing problem: “testing is hard”. This relies on standard information-
theoretic techniques for proving minimax lower bounds for statistical problems.
The main difference between this problem and the usual statistical setting is that
rather than having i.i.d. samples from some data distribution, we instead have query
access and the algorithm is allowed to be adaptive.

Combining the two steps then yields our query complexity lower bound for sampling. We
begin with the construction of 7y, .. ., 7, which is slightly tricky.
277 > 1 (and note that m = ©(log x)).

Let m be the largest integer such that exp(—

2K
We define two auxiliary functions
K, % <x<1, 5
1, 1<x<2 boasx<d,
3 S X 3
B(x) = : Y(x) =k, 4<x<5,
K, 2<x< 5> .
) 0, otherwise.
0, otherwise,
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We define a family (V;);c[y, of 1-strongly convex and k-smooth potentials as follows. We
require that V;(0) = V/(0) = 0 and that V; be an even function, so it suffices to specify V"
on R;. The second derivative is given by

m—1
V/(x) = L{x <k 22 4 gp(——)+ > g(——) + 1{xr > 522"}, x>0,
K"z 2 L k22

Observe that all of the terms in the above summation have disjoint supports. Although
the construction seems complicated, the basic idea is to make V;” oscillate between its
minimum and maximum allowable values 1 and «; see Figure 9.1 for a visual.

V' (x/ V)
K ............................
17 ....................... _—
X
i—-1 i i+1 3 9i+l i+2 S 9it+2 5 +2
27t 2 2 2ol 2 22 . 3gm

Figure 9.1: The dashed lines correspond to ¢ and the dotted lines correspond to . Here,
the horizontal axis is distorted for clarity.

There are two key properties of this construction. First, we will show in Lemma 9.1.2
that each 7; places a substantial amount of mass on the interval (K_% 22 3 271, This
implies that if we can sample from 7;, it is likely that the sample will land in this interval,
which is used to reduce the sampling task to the statistical testing task. Then, we will
show in Lemma 9.1.4 that V; and V4, agree exactly outside of a small interval which is
approximately located at k2 2!, This implies that for any given value x € RY, there are
only O(1) possible values of (V;(x), V/(x), V" (x)) as i ranges in [m], which in turn will
be used to show that the oracle is not very informative (and hence prove a lower bound
for the statistical testing task).

The intuition behind the following lemma is that at k"1 271 V/" = k for the first time
and so the density 7; drops off rapidly after this point.
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Lemma 9.1.2. Foreachi € [m],

1
2 21—2, —% 2[ 1 > .
”t((K K ]) = 39
Proof. According to the definition of 7;, we have
1 .
K2 21—1 2
. , S, exp(—x“/2)dx
m((77 2172 k2 21 = /K Rl 7 ; Ly = / exp(—Vi) .
7T

Recalling that m is chosen so that exp(—x?/2) > 1/2 whenever |x| < Kk~ 2m1,

1 .
K~z 2! 2
X 1 i
/ ) exp(——=)dx > = K772
"7 9i-2 2 2

For the normalizing constant, observe that

1 .
i

oo K 22 00 oo
[ ewew= [0 ewems [ eptwy iz [ enen).
0 0 K228 K~ 2 21

Since V = k on [k~2 271, k™2 2], it follows that Vi/(K_% 2) > k72 2171, and so

1 .2
i i x—K" 22!
‘/l(x) 2 K_% 21_1 (x _ K_% 21) + %’ x Z K.—% 21
Therefore,
1 .2
) ) i i x—Kk"22
/_1 AeXP(—Vi) < /_1 -exp(_K_% 9i~1 (x — K_% 21) _ %) dx
Kk 22! Kk~ 2 0
1 1

IA

< —

k-T2l T ik

where we applied a standard tail estimate for Gaussian densities (Lemma 9.1.3). Then,

) ) 2i—3 1
71'1'((1(_% 2172, K2 2’_1]) > — > —,
2(21+1) — 32
which proves the result. O

In the above proof, we used the following lemma (see Exercise 9.1).
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Lemma 9.1.3. Let a, xy > 0. Then,

/Ooexp(—a (x —x0) — % (x—xo)z)dx < %.

Xo

The next lemma is the main reason why we used an oscillating construction for V;”.

Lemma 9.1.4. We have the equalities
Vi = Via, Vi=Vi, Vi =V,

1 1

outside of the set {x € R : k221 < x| < %K—% 9i+1},

Figure 9.2: We plot V/”(x) (in blue) and V//, (x) (in orange). In this figure, we do not distort
the horizontal axis lengths to make it easier to visually compare the relative lengths of
intervals on which the second derivatives are constant.

Proof. Refer to Figure 9.2 for a visual aid for the proof.
Clearly the potentials and derivatives match when |x| < k"2 211, Since the second
derivatives match when |x| > % k=2 2i*1_ it suffices to show that

Vl/(z K—% 2i+l) =V

i+1

5 : 5 : 5 .
(Z K2 21*) and VI(Z K2 2" = Vi+1(z K2 2.
To that end, note that for x > 0,
x

V() = V() = T{k 227 < x <6772} — g (——) + p(——) — ¥(—
K2 2t K2 2i+l A

X
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1 . 1 .
—(k—-1), k22"l <x<Kk220,

1 . 1 .
+(k—1), k22" <x<k7z2M

1 . 1 .
—(k=1), K722 <x < 3gT22M,

0, otherwise.

A little algebra shows that the above expression integrates to zero, hence we deduce the
equality VI.’(% K2 211y = VZ’H(?—1 K2 2*1). Also, by integrating this expression twice,

K—1 :
. (K—é 21—1)2

Vi+1(z s 2i+1) _ V‘(Z e 2i+1) - _

1 . _1 .
integral on [k~ 2 2i71, k™2 21]

1

. . k=1 .
—(k-1) k22 e ol (k"2 21)?

1o 1
integral on [k~ 2 2i, k™2 2i+1]

ol _ KT 1 (1 3 2i+1)2
2

[x
|
+(k—1)k 2271 =

( ) 1 1

~1 . _1 .
integral on [k~ 2 2i*1, 3 72 2+1]

K—1 ; . . _ _
- {_221—3 _ 221—1 + 221—1 + 221—2 _ 221—3}
K

=0. O

We need one final ingredient: Fano’s inequality, which is the standard tool for
establishing information-theoretic lower bounds.

Theorem 9.1.5 (Fano’s inequality). Let i ~ uniform([m]). Then, for any estimator i of
i, where i is measurable with respect to some data Y,

I(;Y) + In 2

Pli#i}>1- o

where | is the mutual information 1(i;Y) := KL(law(i, Y) || law (i) ® law(Y)).

Proof. Let H(:) denote the entropy of a discrete random variable, i.e., if X has law p on a

discrete alphabet X, then H(X) = >},.cx p(x) In(1/p(x)). We refer to [CT06, Chapter 2]
for the basic properties of entropy (and related quantities).
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Let E := 1{i # i } denote the indicator of an error. Using the chain rule for entropy in
two different ways,

H(L,E|7) =H(i|i)+H(E|i7)
—_——
=0

=H(E|i)+H(i|Ei).
Since conditioning reduces entropy, H( E |?) <H(E) £1n2. Also,

H(i|Ei)=P{i=i} H(i|LE=0)+P{i#i}H(i|L,E=1)<P{i#i}lnm.
N——
=0

Hence,
P{i#i}lnm+In2>H(i|i)=H(i)=1(i;i)>Inm—1(i;Y)

where the last inequality is the data-processing inequality. Rearranging the inequality
completes the proof of Fano’s inequality. O

Proof of Theorem 9.1.1, lower bound. We follow the general outline described above.
1. Reduction to statistical testing. Let i ~ uniform([m]) and suppose that for each

i € [m], ; is a distribution with ||7; — 7|ty < 6—14. Suppose that we have a sample
X ~ 7; (more precisely, this means that conditioned on i = i, we have X ~ 7;). In light
of Lemma 9.1.2, a good candidate estimator i for i is

—_ 1 . 1 .
i:=ieN suchthat X e (k227% k7 22""] ifsuchani exists.

The probability that the estimator is correct is at least

P{i=i}

I
3=
Ngb

-~
1l
—_

P{l—l|l—l}——ZP{X€(K_%Zi_z,K_%Zi_l]|i=i}

i=1

= liﬁ'((lc_% 2i—2 Zl 1] > iiﬂ' (K 221 2 _% 2i—1]) _i > i
= ; > l > .
m i m 64 64
(9.1.6)

Hence, a sampling can be used to solve the statistical testing problem.
2. A lower bound for the statistical testing problem. Next, we want to show for

any algorithm which uses n queries to the oracle for z; and outputs an estimator i of i,
there is a lower bound for the probability of error P{i # i }.
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First, suppose that the algorithm is deterministic, i.e., we assume that each query point
x; of the algorithm is a deterministic function of the previous query points and query
values. Let 0;(x) = (Vi(x),V/(x),V/(x)) denote the output of the oracle on input x
when the target is 7;. Since the estimator i is a function of {x;, 0i(x;)}
inequality (Theorem 9.1.5) yields

ieln)® then Fano’s

1(&; {x}, 0i(x)) } je[y) +1n 2

Inm

P{i#i}>1-

By the chain rule for mutual information,

n

1(is {x), O:(x)) }jepm) = Z iz, 0:(x) | {7 0:(x3)} o) (9.1.7)

Jj=1

By our assumption, conditioned on {x;/, O;(xj) } e[j-1]> the query point x; is deterministic.
Also, for a fixed point x;, Lemma 9.1.4 implies that 0;(x;) can only take on a constant
number of possible values as i ranges over [m] (the careful reader can check that the
number of possible values for 0;(x;) is at most 5). Together with (9.1.7),

I(l> {xj; @l(xj)}]e[n]) < nlns.
Fano’s inequality then yields

nln5+In2

Pli#i}>1- —

(9.1.8)
In general, for a possibly randomized algorithm, we can still deduce (9.1.8) by apply-
ing the previous argument conditioned on the random seed of the algorithm (which is
independent of i).
3. Finishing the argument. By combining together (9.1.6) and (9.1.8), and recalling
that m = ©(log k), we have shown that n > loglog k. ]

The argument above makes rigorous the following intuition: since there are m distri-
butions in our lower bound construction, there are log, m bits of information to learn.
On the other hand, Lemma 9.1.4 implies that each oracle query only reveals O(1) bits of
information. Hence, the number of queries required is at least Q(logm) = Q(loglogk).

Upper bound. To show that the lower bound is tight, we exhibit an algorithm, based
on rejection sampling, which achieves the lower complexity bound. As per our discussion
in Section 7.1, to implement rejection sampling we must specify the construction of an
upper envelope i > 7, where 7 € II,.
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Without loss of generality, we assume that V(0) = 0 (if not, replace the output V(x) of
an oracle query with V(x) -V (0)). The upper bound algorithm only requires a zeroth-order
oracle, and it is as follows.

1. Find the first index i € {0,1,...,[5 log, 1} such that V(-2 /+/x) > 3.
2. Find the first index iy € {0,1,..., f% log, k1} such that V (+2* /+/k) > %

3. Set x_ 1= =2/~ //x and x; = +2™/+/x; then, set

x—x-  (x—x_)%
eXp(— = ) x < x,
2x_ 2
a(x) =141, x_ <x < x4,
x—x,  (x—x)°
exp(— — ), X 2 X4
2x4 2

To see why i_ and i, exist, from V” > 1 and V(0) = V’(0) = 0 we have V(x) > x?/2.
Hence, if |x| = 2!/+/k where i > %ln k, we have V(x) > 1/2.

Since V is decreasing (resp. increasing) on R_ (resp. R;), the first two steps can be
implemented by running binary search over arrays of size O(log k), which therefore
only requires O(log log k) queries. We will prove that i is a valid upper envelope for the
unnormalized target 7 := exp(-V), and that Z,/Z, < 1. In turn, Theorem 7.1.1 shows
that once 1 is constructed, an exact sample can be drawn from 7 using O(1) additional
queries in expectation.

Alternatively, if we require that the algorithm use a fixed (non-random) number of
iterations, then note that in order to make the failure probability (the probability that
rejection sampling fails to terminate within the allotted number of iterations) at most e,
it suffices to run rejection sampling for O(log(1/¢)) steps. Combining this with the cost
of constructing 1, we conclude that we can output a sample whose law is e-close to 7 in
total variation distance using O(loglog k +log(1/¢)) queries.

Proof of Theorem 9.1.1, upper bound. First, we prove that y is a valid upper envelope. Since
7 is decreasing on R, with 7(0) = exp(=V(0)) = 1,then 7 < 1 < gon [0, x;]. Next, since
V(x4) > 1/2 (by the definition of x,), convexity of V yields

Vi) —V(0)

1
Vi(xy) > —
Xt 2x,
Thus, for x > x,,

V) 2 V) + V') (=) 5 (-0 2 o (=) 5 (=)

+
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which shows that 7(x) < u(x). By a symmetric argument on R_, we conclude that 7 < .
By Theorem 7.1.1, it suffices to bound Z,/Z;. First, we claim that fox+ U 2 xi. When
iy = 0, this holds

/ /1/\/—exp( V) >/1N_exp( o —)dx > \/_ J;—J'

When i, > 0, then by the definition of i, we have V(x;/2) < 1/2, so

/ ﬂ>/x+/zexp( V)>—

On the other hand, by Lemma 9.1.3,

— . . ® 1 1
/y:/ y+/ ,u§x++/ exp(—— (x — x4) — = (x — x4)?) dx < 3x, .
R, 0 Xy Xy 2x+ 2

Hence, fR 0 <3x, < 12/R 7, and similarly /R_ u<12 fR_ 7. Therefore, Z,/Z, < 12. O

Discussion. Although this query complexity result only pertains to one-dimensional
targets, there are still some useful takeaways. For instance, the lower bound proof shows
that information theoretic arguments can indeed be adapted to the context of sampling,
and it may serve as a template for further results in this direction.

The obtained complexity ©(loglog k) is surprisingly small; in particular, the upper
bound uses a tailor-made algorithm based on rejection sampling, rather than any of the
other existing algorithms (such as those based on Langevin dynamics). This is perhaps the
best case scenario for a lower bound: it helps us to determine if our existing algorithms
are optimal, and if not, it gives guidance on how to design a better one. On the other hand,
the specific complexity is likely due to the one-dimensional structure; in high dimension,
it is conjectured that the dependence on the condition number is polynomial.

9.2 Other Approaches

In this section, we discuss alternative approaches and partial progress towards obtaining
lower bounds for sampling.

Lower bounds for particular algorithms. As already discussed in Section 7.3, the
works [Che+21b; LST21a; WSC21] obtain lower bounds for the complexity of MALA,
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culminating in a precise understanding of the runtime of MALA both from feasible and
warm start initializations.

The paper [CLW21] provides an approach to proving lower bounds for discretization
schemes. In their setup, there is a stochastic process (Z;),, driven by some underlying
Brownian motion (B;),s; for example, the process (Z;),, could be the Langevin diffusion
or the underdamped Langevin diffusion (Section 5.3). The algorithm is allowed to make
queries to the potential V, as well as certain queries to the driving Brownian motion
(Bt);s0, and the goal of the algorithm is to output a point Zr which is close to Zr in
mean squared error: E[||Zr — Zr||?] < €. Within this framework, they prove that the
randomized midpoint discretization (introduced in Section 5.1) is optimal for simulating
the underdamped Langevin dynamics (see Theorem 5.3.11 for the upper bound).

Estimating the normalizing constant. In [RV08], the authors consider the number
of membership queries needed to estimate the volume of a convex body K € R? such that
B(0,1) € K C B(0,0(d®)) to within a small multiplicative constant; their lower bound
for this problem is Q(d?). In comparison, the state-of-the-art upper bound for volume
computation is O(d?) (see [CV18; Jia+21]).

In [GLL20], the authors consider the problem of estimating the normalizing constant
Zy = / 7 from queries to the unnormalized density 7. Based on a multilevel Monte Carlo
scheme, they show that sampling algorithms can be turned into approximation algorithms
for the normalizing constant, with the cost of an extra O(d) dimension dependence in
the reduction. By combining this with the randomized midpoint discretization of the
underdamped Langevin diffusion (Theorem 5.3.11), they show that a 1 + ¢ multiplicative
approximation to Z, can be obtained using O((d*/k+d"/5k7/%) | €?) queries (in the strongly
log-concave case).

They then prove that Q(d'°W /¢27°(1) queries are necessary to obtain a 1 + ¢ multi-
plicative approximation to Z,. Unfortunately, due to the O(d) loss in the reduction from
estimating the normalizing constant to sampling, this does not imply a non-trivial lower
bound for the task of sampling.

Lower bound for a stochastic oracle. In [CBL22], the authors obtain a lower bound
on the complexity of sampling using a stochastic oracle. Namely, in order to output an
e-approximate sample (in TV distance) from an a-strongly log-concave and f-log-smooth
distribution whose mean lies in the ball B(0,1/a), with an oracle that given x € R?
outputs VV(x) + & with £ ~ normal(0, %) and tr ¥ < o?d, the number of queries required
is at least Q(o?d/€?). On the other hand, when «, o < 1, this complexity is achieved via
stochastic gradient Langevin Monte Carlo.
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Bibliographical Notes

Since the theory of lower bounds for sampling is still early in its development, there are
not too many works yet in this direction. Section 9.2 contains a brief survey.

Recently, the paper [GLL22] obtains a query complexity bound for the following class
of target distributions:

[
a

My = {ﬂ € Pac(B(0,1)) ‘ T oc exp(—Zﬁ 5

i=1

||-||2), fi :B(0,1) > Ris L—Lipschitz}.

They show that the minimum number of queries to the individual functions (f;);~, required
to obtain a sample which is e-close to a target 7 € I, is, in the regime d < L?/a, of the
order ©(L?/a). The upper bound is based on the proximal sampler (Section 8.1), whereas
the lower bound, which in this context reduces sampling to an optimization task, relies
on information-theoretic arguments.

Exercises

A Query Complexity Result in One Dimension

> Exercise 9.1 (Gaussian tail bound)
For x > 0, show that fxoo exp(—t?/2) dt < x ! exp(—x?/2). Use this to prove Lemma 9.1.3.
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Structured Sampling

So far, we have only considered sampling within the black-box model, in which we only
have access to oracle queries to the potential and its gradient. We will now consider
several new sampling algorithms which go beyond the black-box model.

10.1 Coordinate Langevin

10.2 Mirror Langevin

The mirror descent method in optimization changes the geometry of the algorithm via
the use of a mirror map ¢ : R? — R U {co}. Here, ¢ is a convex function and we denote
X = intdom ¢; we assume that X # @, that ¢ is strictly convex and differentiable on
X, and that ¢ is a barrier for X in the sense that ||V@(xy)|| — oo whenever (x )iy € X
converges to a point on 9X. Then, rather than following the gradient descent iteration

Xks1 = Xk —hVV(xy), k=0,1,2,... (10.2.1)
we can instead consider the mirror descent iteration
Vo (xp+1) = VP(xx) —hVV(xp), k=0,1,2, ... (10.2.2)

The assumptions on the mirror map ¢ ensure that the iteration (10.2.2) is well-defined.

2
When ¢ = % then mirror descent coincides with gradient descent.

285
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Historically, mirror descent was introduced by Nemirovsky and Yudin [NY83] with the
following intuition. Suppose we are optimizing a function V which is not defined over the
Euclidean space RY, but rather over a Banach space B. Then, the gradient of V is not an
element of B but rather of the dual space B*, and so the gradient descent iteration (10.2.1)
does not even make sense. On the other hand, the mirror descent iteration (10.2.2) works
because the primal point x; € B is first mapped to the dual space B* via the mapping V.
This reasoning is not so esoteric as it may seem, because even for a function V defined
over R its natural geometry may correspond to a different norm (e.g., the ¢ norm), in
which case R? is better viewed as a Banach space.

Our aim is to understand the sampling analogue of mirror descent, known as mirror
Langevin. We will keep in mind the key example of constrained sampling. Here, the
potential V : R¢ — R U {co} has domain X ¢ R?. In this case, the standard Langevin
algorithm leaves the constraint set X which is undesirable; in particular, it is not possible
to obtain guarantees in metrics such as KL divergence because the law of the iterate of the
algorithm is not absolutely continuous with respect to the target. Projecting the iterates
onto X does not solve this issue because the law of the iterate will then have positive mass
on the boundary 9X. Besides, projection may not adapt well to the shape of the constraint
set X. Instead, the use of a mirror map ¢ which is a barrier for X can automatically enforce
the constraint.

10.2.1 Continuous-Time Considerations

In continuous time, the mirror Langevin diffusion (Z;), is the solution to the stochastic
differential equation

1/2

Zr=V¢(Z),  dzZ7 =-VV(Z)dt+ V2 [V3$(Z)] " dB,. (10.2.3)

Here, the diffusion term is no longer an isotropic Brownian motion but rather involves the
matrix [V2¢(Z;)] 12 ; this is necessary in order to ensure that the stationary distribution
is 7. Also, we have given the SDE in the dual space. Using It6’s formula (Theorem 1.1.18),
one can write down an SDE for (Z;),s, in the primal space, but it is more complicated,
involving the third derivative tensor of ¢ (see Exercise 10.1), and as such we prefer to
work with the representation (10.2.3).

Using (10.2.3), we can compute the generator £, the carre du champ T, and the
Dirichlet energy & of the mirror Langevin diffusion (see Section 1.2 and Exercise 10.2):

T(f.9) = (Vf,[V2$] ' Vg),  &(f.g) = / (Vf,[V’$]" Vg)dr. (10.2.4)
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The expression shows that the mirror Langevin diffusion is reversible with respect to .
Also, if m; denotes the law of Z;, then

/fatnt:at/fdﬂt:/fffﬂdﬂ:—/(Vf, (V2] V) dr (10.2.5)
T T
2,11 Tt . 2,11 Tt
:—/(Vf, (V2] Vln—)dﬂt:/fdlv(m [V2¢] VIn=) (10.2.6)
T T
from which we deduce the Fokker—Planck equation
gy = div(m [V24] ' VIn )
T

From the interpretation as a continuity equation (see Theorem 1.3.17), we deduce that
(71) >0 describes the evolution of a particle which travels according to the family of vector
fields t — —[Vz(ﬁ]_l VIn(m; /7). Recalling that VIn(r; /) is the Wasserstein gradient of
KL(- || ) at 7;, we can interpret the mirror Langevin diffusion as a “mirror flow” of the
KL divergence in Wasserstein space.

Alternatively, we can equip X with the Riemannian metric induced by V2¢, i.e., we
set (u, v)x = (u, V2P (x) v). Then, the mirror Langevin diffusion becomes the Wasserstein
gradient flow of the KL divergence over the Riemannian manifold X (see Section 2.6.1).

The Newton Langevin diffusion. In the special case when the mirror map ¢ is chosen
to be the same as the potential V, we arrive at a sampling analogue of Newton’s algorithm,
and hence we call it the Newton Langevin diffusion. The equation for the Newton
Langevin diffusion can be written (in the dual space) as

dzr = -z; dt + V2 [V2v*(z)] " dB,, (10.2.7)

see Exercise 10.3.

Convergence in continuous time. In optimization, Newton’s algorithm has many
favorable properties. For example, at least locally, it is known that Newton’s algorithm
converges quadratically rather than linearly, which means that the error at iteration k
scales as exp(—c; exp(czk)) for constants ¢y, c; > 0. Also, Newton’s algorithm is affine-
invariant, meaning that if A is any invertible matrix and we instead apply Newton’s
algorithm to the function V(x) := V(Ax), then the iterates (%}) wen are related to the
iterates (xt)reny of Newton’s algorithm on the original function V via the transformation
Xr = A”!x; (Exercise 10.4). Consequently, the convergence speed of Newton’s algorithm
should not be badly affected by poor conditioning of V.
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Can we expect similar properties to hold for the Newton Langevin diffusion? At
least for the property of affine invariance, we have the Brascamp-Lieb inequality
(Theorem 2.2.8): if 7 oc exp(—V) is strictly log-concave, then for all f : R — R,

varg(f) < E-(Vf, [V2V] " Vf).

Below, we will also give an alternative proof of the Bregman transport inequality (The-
orem 2.2.10) based on Wasserstein calculus, which implies the Brascamp-Lieb inequality.
Note that in the strongly convex case V?V > aly, it implies a Poincaré inequality (in the
sense of Example 1.2.22) for & with constant 1/a. However, in our present context with
Dirichlet energy given by (10.2.4), we instead interpret the Brascamp-Lieb inequality as a
Poincaré inequality (in the sense of Definition 1.2.19) for the Newton-Langevin diffusion.
Then, the Poincaré constant is 1, independent of the strong convexity of V.

We also obtain a Poincaré inequality for the mirror Langevin diffusion under the
condition of relative strong convexity.

Definition 10.2.8. Let ¢,V : R S RU {0} be convex functions, and assume that
X = intdom ¢ = intdom V. Then:

1. V is a-relatively convex (w.r.t. @) if for all x € X,

ViV (x) = a Vip(x) .

2. V is p-relatively smooth (w.r.t. ¢) if for all x € X,

ViV (x) < BV2h(x).

12
Observe that when ¢ = %, these definitions reduce to the usual definitions of strong
convexity and smoothness. Recall from Definition 2.2.9 that the Bregman divergence Dy

associated with ¢ is the mapping Dy (-, ) : X X X — R given by

Dy(x,y) = ¢(x) — p(y) —(Vd(y), x —y).

The Bregman divergence plays an important role in the analysis of mirror Langevin
because it is the correct substitute for the Euclidean distance (x,y) — % ||lx — y||? in this
context. Note the following observations: (1) Dy is non-negative due to convexity of
¢, and if ¢ is strictly convex then it equals 0 if and only if its two arguments are equal;
(2) since Dy (x,y) is defined by subtracting the first-order Taylor expansion of ¢ at y, it
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behaves infinitesimally like a squared distance; in particular,
1
Dy(x,y) ~ (=% Vi§(x) (y—x))  asy —x;

2
(3) when ¢ = %, then Dy is precisely one-half times the squared Euclidean distance.

Using this definition, we have the following reformulations of relative convexity and
relative smoothness (Exercise 10.5).

Lemma 10.2.9. V is a-relatively convex w.r.t. ¢ if and only if
Dy > 0{D¢ .
Similarly, V is f-relatively smooth w.r.t. ¢ if and only if

Dy < fDy.

Returning to the mirror Langevin diffusion, the following corollary is an immediate
consequence of the Brascamp-Lieb inequality and the definition of relative convexity.

Corollary 10.2.10 (mirror Poincaré inequality, [Che+20b]). Suppose that the potential
V is a-relatively convex w.r.t. ¢. Then, the mirror Langevin diffusion satisfies the following
Poincaré inequality: for all f : R — R,

— éE,,(Vf, [V26] 7 VF) = é%(f,f).

So far so good: we have defined relative convexity, which is a natural generalization
of strong convexity and well-studied in the optimization literature; and we have shown
that it implies a Poincare inequality for the mirror Langevin diffusion.

However, the analogies with the standard Langevin diffusion stop here. There are
counterexamples which show that relative convexity does not imply a log-Sobolev in-
equality for the mirror Langevin diffusion. This may seem to contradict the Bakry-Emery
theorem (Theorem 1.2.29), which holds for any Markov diffusion. The issue here is that
the assumption of relative convexity is not a curvature-dimension condition. Indeed, in
order to properly formulate a curvature-dimension condition for the Hessian manifold X
equipped with the Riemannian metric g induced by V2¢, one must check the CD(a, o)
condition V2V +Ric > a. Here, V? denotes the Riemannian Hessian and V is the potential
corresponding to the relative density of 7 w.r.t. the Riemannian volume measure on (X, g);
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see Section 2.6. Such a calculation was performed in, e.g., [Kol14], which implies that if
(V@), is log-concave, then the Newton Langevin diffusion satisfies CD(3, o). However,
it is not clear under what conditions (V¢),x is log-concave.

Here is another consequence of the fact that relative convexity is not a curvature-
dimension condition: relative convexity (apparently) does not seem to imply contraction
properties for the mirror Langevin diffusion with respect to an appropriately defined
Wasserstein metric.

To summarize: either we can assume the curvature-dimension condition CD(a, ),
which imposes complicated conditions on ¢ and V, or we can adopt the more inter-
pretable relative convexity assumption, which in turn only implies a Poincaré inequality
(Corollary 10.2.10). We will follow the latter approach.

Upon reflection, the curvature-dimension approach for studying the mirror Langevin
diffusion is arguably the less natural one. Indeed, the curvature-dimension approach is
based on viewing the mirror Langevin diffusion from the lens of Riemannian geometry,
but the mirror descent algorithm in optimization is not typically studied via Riemannian
geometry. Instead, the study of mirror descent is based on ideas from convex analysis,
centered around the Bregman divergence. So it seems prudent at this stage to abandon
the Riemannian interpretation of mirror Langevin in favor of convex analysis tools, and
this is indeed how our discretization proof will go. In fact, in lieu of using the Poincaré
inequality in Corollary 10.2.10, we will directly use relative convexity.

10.2.2 Discretization Preliminaries

Following [AC21], we consider the following discretization of (10.2.3).

V(X)) = Vo (Xin) = hVV (Xpn)

.o (MLMC)
Xikryh = VP (X (jipyn) »

where

X; = V(X)) + V2 /k ht (V26" (X)) dB,  forte [kh (k+1)h].  (10.2.11)

Note that when ¢ = w this reduces to the standard LMC algorithm. When generalizing
LMC to different mirror maps, this discretization is chosen to preserve the “forward-flow”
interpretation of [Wib18] (see Section 4.3). In particular, the update from X, to X}, is a
mirror descent step, while the update from X]:“h to X(k+1)n follows a “Wasserstein mirror
flow” of the (negative) entropy.
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However, implementing MLMC requires the exact simulation of a diffusion process,
so is it truly a “discretization”? To address this, note that simulating the mirror diffu-
sion (10.2.11) does not require additional queries to the potential V, since it only depends
on the mirror map ¢ (except for the initialization). To an extent, any algorithm based
on mirror maps requires the implementation of certain primitive operations involving
¢, such as computation of V¢ or inversion of V¢; in practice, this requires ¢ to have a
“simple” structure such that these operations have closed-form expressions, or are at least
cheap enough to be negligible relative to the cost of computing the gradient of V. In our
consideration of MLMC, we take the diffusion (10.2.11) to be another primitive operation
associated with the mirror map ¢. This is indeed appropriate for many applications, e.g.,
when ¢ is a separable function ¢(x) = Zldzl ¢i(x;), and it will streamline our technical
analysis. Nevertheless, implementation of MLMC remains a key obstacle to its practicality
and necessitates further research in this direction.

Our approach to studying MLMC is to adapt the convex optimization approach intro-
duced in Section 4.3.

Key technical results. We now establish the analogues of the various facts that we
invoked in the study of LMC.

First, in the standard gradient descent analysis, if x; = x — h VV(x), then we have
the key inequality

1
(VV(x),xt —2z) = oh {llx = z||? = ||x* = z||* = ||]x* = x||*} forallz € RY.

Remarkably, there is an analogue of this fact for mirror descent, which follows from the
following identity (which can be checked by simple algebra, see Exercise 10.5):

(Vo(x) = Vé(x),x — z) = Dg(X,x) + Dy(z,%) — Dg(z,x), forall x,x,z € X.
(10.2.12)

Lemma 10.2.13 (Bregman proximal lemma, [CT93]). Forx € X, let x* be defined via
Vo(x*) = Vo(x) — hVV(x). Then, forall z € X,

(VV(x).x* — 2) = % {Dy(z x) — Dy(z, x") — Dy(xt, %)}

Proof. Note that

(VW (), x" = 2) = = (V(x") = V(). x" = 2).
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Substituting the identity (10.2.12) into the above equation proves the result. m]

Unlike the case of LMC, the presence of a non-constant diffusion matrix involving V¢
introduces another source of discretization error. To address this, we introduce a condition
on the third derivative of ¢. Note however that a uniform bound on the operator norm
of V3¢ is not compatible with the assumption that ¢ tends to +co on dX. The solution to
this issue was discovered by Nesterov and Nemirovsky [NN94]: we can ask that V3¢ is
bounded with respect to the geometry induced by ¢. This approach also has the benefit of
being consistent with the affine invariance of Newton’s method. The precise definition of
the third derivative condition is as follows.

Definition 10.2.14 (self-concordance). The mirror map ¢ is said to be My-self-
concordant if for all x € X and all v € RY,

V3(x)[0,0,0] < 2Mj [[0]13,,. 1= 2My (0, V2 (x) 0)¥2

The norm [|v]|yz4(x) = (v, V24 (x) v) is called the local norm, and it is the tangent
space norm for the Riemannian metric induced by ¢.
The definition implies the following result, stated without proof:!

Lemma 10.2.15 ([Nes18, Corollary 5.1.1]). Suppose that ¢ is My-self-concordant. Then,
forallx € X andu € R,

Vo (x) u < 2My llullveg() V2P (x) -

Self-concordant functions are well-studied due to their central role in the theory of
interior-point methods for optimization, see the monograph [NN94]. A key example of a
self-concordant mirror map is when the constraint set is a polytope,

X ={x eR?%: (a;,x) <b;foralli € [N]},

in which case ¢(x) = ln(l/Zf\il(bi — {aj;, x))) is self-concordant with My = 1.

Finally, a key step in our analysis of LMC was to use the convexity of the entropy
functional along W, geodesics. In our analysis of MLMC, we will replace the W, distance
with the Bregman transport cost Dy (recall Definition 2.2.9). To study these costs, we first
state an analogue of Brenier’s theorem (Theorem 1.3.8).

The proof is surprisingly difficult. The reader can try to prove the result with a worse constant factor.
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Theorem 10.2.16 (Brenier’s theorem for the Bregman transport cost). Suppose that
1, v € P(RY). Then, the unique optimal Bregman transport coupling (X,Y) for y and v
is of the form

V(Y) = V$(X) - VA(X),

where h : R¢ — R U {—co} is such that ¢ — h is convex.

Proof sketch. We need facts about optimal transport with general costs ¢ (Exercise 1.12).
Namely, the optimal pair of dual potentials (f*, g*) are c-conjugates, meaning that

f*(x) = inf {c(x,y) - g" (1)},
yeRd
9*(y) = inf {c(x,y) - f*(x)}.
x€Rd
For y*-a.e. (x,y), it holds that f*(x) + ¢*(y) = c¢(x,y). If ¢ is smooth and such that
V.c(x, ) is injective for all x € RY, then from the definition of ¢g* it suggests that we have
Vie(x,y) = Vf*(x) for y*-a.e. (x,y). See [Vil09b, Theorem 10.28] for a rigorous statement
and proof of these results.

Applying this to our cost function ¢ = Dy, it yields the existence of Dg-conjugates
hh:RY - RU {—oo} such that V.Dy(x,y) = Vh(x) under the optimal plan y*. Hence,

Vé(y) = Vp(x) — Vh(x), for y*-a.e. (x,v)

and
h(x) = inf {Dy(x,y) — h(y)}.
yeRd
By expanding out the definition of Dy, we rewrite this as

$(x) = h(x) = sup {(V(y), x - y) + h(y) + $(1)} .

yeX
As a supremum of affine functions, it follows that ¢ — h is convex. m|

Recall that the usual W, geodesic from p to y; is given as follows: there is a convex
function ¢ : RY — R U {co} such that for X, ~ pp, the pair (Xo, X1) := (Xo, Vo (X)) is an
optimal coupling. By taking the linear interpolation X; = (1 —t) X, + t X and setting
y; = law(X;), we obtain the W, geodesic.
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Now consider the above theorem. If we let W = V¢§(Y) = Vo (X) — VA(X), then
we have the coupling (Xy, X;) = (V(¢ — h)* (W), Vé*(W)) of iy == pand yy := v. Then,
we can interpolate by setting X; = (1 —t) Xy + ¢t Xj and p; = law(X;), which defines
an alternative path joining o to y;. Note that (X, W) and (X3, W) are both optimally
coupled for the W, distance (since ¢ — h is convex). This is a special case of the following.

Definition 10.2.17. A curve (p)e[o1] € P2 (RY) is a generalized geodesic if there
exists another measure p € P5(R?) such that

pe = law(X;), Xp = (1-1t)Xo+1 Xy,

and (Xy, W), (X1, W) are both optimally coupled for the W, metric, where W ~ p.

It is left as Exercise 10.6 to check that the entropy functional is also convex along
generalized geodesics.

Theorem 10.2.18. Let H(p) = f pInp. Then, for any generalized geodesic (pit)epo.17;

t— H(p) is convex.

In our context, it implies that if i1, v € P(R¢) and (X, Y) is an optimal coupling for the
Bregman cost Dy (u, v), then

H(v) = H(p) + BV Inpu(X),Y - X). (10.2.19)

As an aside, we remark that this observation leads to another proof of the Bregman
transport inequality.

Proof of the Bregman transport inequality (Theorem 2.2.10). Let & = exp(—V'), where V is
strictly convex, and let y € P(R?). Let X ~ y, Z ~ 7 be optimally coupled for the
Bregman transport cost. Then,

KL(p || m) = EV/(X) + FH(p) .
For the first term, by the definition of Dy,
EV(X)=EV(Z)+EDy(X,Z2) +E(VV(Z),X - Z).
For the second term, (10.2.19) implies
H(p) > H(nr)+E(VInn(Z),X - Z).
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Hence,

KL( || 7) = EV(Z) + H(x) +E(VV(Z) + VInn(Z), X - Z) + EDy (X, Z)

=KL(x||7)=0 =0
= Dv(ull ),

which is what we wanted to show. m|

10.2.3 Discretization Analysis

Analysis for the smooth case. We now prove the following result.

Theorem 10.2.20 ([AC21]). Suppose that & = exp(—V) is the target distribution and
that ¢ is the mirror map. Assume:

 V is a-relatively convex and f-relatively smooth w.r.t. §.
* ¢ is My-self-concordant.
 V is L-relatively Lipschitz w.r.t. ¢, ie., ||VV(x)||[V2¢(x)]—1 <L forallx € X.

Let (pixn)ren denote the law of MLMC and let ' :=  + 2LMy.

1. (weakly convex case) Suppose that a = 0. For any ¢ € [0, Vd], if we take step
size h = /%Zd’ then for the mixture distribution finy, = N~} Z;{VZI Ugp it holds that

VKLGins 17) < ¢ after

= o4 2etm )

iterations.
o4

2. (strongly convex case) Suppose that & > 0 and let k := f’/a denote the “con-
0{6‘2

dition number”. Then, for any ¢ € [0, \/3], with step size h < Fa e obtain
Va Dy(x, unn) < € and \[KL(jiinnann || 7) < € after

log iterations,

g2 g2

N O(Kd a9¢(ﬂ,ﬂo))

_ o n-1 2N
where finpank = N 7" X2y Hih-

Similarly to Theorem 4.3.6, the theorem follows from a key recursion.
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Lemma 10.2.21. Under the assumptions of Theorem 10.2.20, if h € [0, %], then

hKL(pesnyn || ) < (1= ah) Dy (o, pn) — Dy (7, piesnyn) + Bdh* .

We proceed to prove the lemma.

Proof. We follow the proof of Theorem 4.3.6, indicating the changes necessary to adapt
the proof to MLMC. Recall that E(p) = f Vdp.

1. The forward step dissipates the energy. Let Z ~ 7 be optimally coupled to Xjp.
Then, applying the relative convexity and relative smoothness of V,

E(py) — E(m) = E[V(X,) = V(Xkn) + V(X)) = V(2)]
< E[(VV(Xkn), X;), — Xin) + BDy (X Xien)
+(VV (Xin), Xich = Z) — a Dy(Z, Xien) |
=E[(VV(Xkn), X}, — Z) + BDy(X{, Xin) — a Dy(Z, Xin)| . (10.2.22)

Next, by the Bregman proximal lemma (Lemma 10.2.13),
1
(VV(Xin), X, — Z) = A {Dy(Z, Xin) — Dg(Z,X}},) — Dy (X}, Xicn) } -

Substituting this into (10.2.22) and using h < 7, it yields

€(ppy) — () < % {(1 = ah) Dy (puh, 1) = Dy (piy 1)} - (10.2.23)
2. The flow step does not substantially increase the energy. We write
€ (pknn) = E(igy) = E[V(V (X)) = VIV (X)) ] -
Let f(x) == V(V¢*(x)) and apply Itd’s formula. Note that
Vf(x) = VV (V9" (x) V2" (x) = VV (V4" (x) [V2$ (V¢ (x))]

V2 (x) = [V2V (V" (x)] [V2h(Ve* (x)] " [V (x)]
+VV (Vg ()T [V2(VH* ()] [V2h(Ve* ()] [V2h (Vg™ (x))] "

Itd’s formula decomposes f (X (*k +1) ) — f(X{,) into the sum of an integral and a stochastic

integral; since the latter has mean zero, we focus on the first term.

E[f(X(*kH)h) _f(X]jh)]
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(k+1)h
-E / (V2 (X)) [V ()] % V2(X0)) dt
kh

(D) T o2 -1 o3 2 -2 2
B /k (WYX [V (X1 [V (X0 [V2(X0)] 2 V2h(X)) di

h

(k+1)h 9
= E/ (VAV(X0), [V2(X)] ) dt (10.2.24)
kh

(k+1)h T ) ) s ) )
+E /k (Y (X) T [V2H(X)] ™ [V $(X)] [V2(X)] ") dt . (10.2.25)

h

By relative smoothness, since V2V < BV?2¢,
(10.2.24) < Bdh.

For (10.2.25), we use Lemma 10.2.15, which implies
(k+1)h B
(10.2.25) < 2M, /k ) E[||[V?¢(X)] VV(Xt)”VZ 50K tr([V2p(X)] [V2h(Xp)] )] de

(k+1)h
<2Md [ B[ITVO gy ] de < 2Ly,

Hence, we have proven

E(pksnyn) — E(ugy) < fldh. (10.2.26)

3. The flow step dissipates the entropy. Let y; = law(X;) = law(V¢*(X])). The

mirror diffusion (10.2.11) evolves according to the vector field —[V2¢] 'VIn ;. Also, note
that V, Dy (x,y) = —V2¢(x) (y — x). Using these, one can show that

Dy () <E([V2(X)] ™ Vinp(X,), [V$(X)] (Z = X)) = BV In p(X,), (Z = X)),

where (Z,X;) is an optimal coupling for Dy (r, ;). Using the convexity of H along
generalized geodesics (Theorem 10.2.18),

H(r) = H(p) 2 E(VInp(Xy), (Z - Xy)) -

Using the fact that t — H(y;) is decreasing (prove this from the Fokker-Planck equation
for the mirror diffusion!), we then have

Dy (7, pirsnyn) — Dy (7, ) < RAF(m) = H(prsnyn) } - (10.2.27)

Concluding the proof. Combine (10.2.23), (10.2.26), and (10.2.27) to conclude. O
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To apply Theorem 10.2.20 to the problem of constrained sampling, we can choose ¢ to
be a logarithmic barrier for X, which is self-concordant. In the special case when V = ¢,
the condition that ¢ is L-relatively Lipschitz with respect to itself is commonly expressed
as saying that ¢ is a self-concordant barrier with parameters (L, My). Self-concordant
barriers are also a core part of the theory of interior point methods; in particular, it is
known that every convex body in R? admits a (d, 2)-self-concordant barrier, and that this
is optimal (see [Che21b; LY21]). However, this situation is “cheating” because if we want
to sample from 7 « exp(—¢), it does not make sense to assume we can exactly simulate
the mirror diffusion associated with ¢.

Result for the non-smooth case. Although the preceding result applies when ¢ is a
logarithmic barrier, it does not apply to perhaps one of the most classical applications
of mirror descent: namely, X is the probability simplex in R? and ¢ (x) := Z?:l xilnx; is
the entropy. The next result we formulate adopts assumptions which precisely match the
usual ones for mirror descent in this context.

Theorem 10.2.28 ([AC21]). Suppose that & = exp(—V) is the target distribution and
that ¢ is the mirror map. Let |||-||| be a norm on R?. Assume:

« V is convex and L-Lipschitz w.r.t. the dual norm |||-|||,, in the sense that

NVV()l. <L forallx € X.

« ¢ is 1-strongly convex w.r.t. |||-]||.

Let (pkn)repy denote the law of MLMC. For any e > 0, if we take step size h < E—Z then
for the mixture fiy, = N1 ij:l Ukp it holds that \KL(finy || ) < € after

i Dy (m, pg) )

iterations.
et

N=0

For example, it is a classical fact that the entropy is strongly convex w.r.t. the #; norm.
We leave the proof of the non-smooth case as Exercise 10.7.
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10.3 Proximal Langevin
10.4 Stochastic Gradient Langevin
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The first use of mirror maps with the Langevin diffusion was via the mirrored Langevin
algorithm (which is different from the mirror Langevin diffusion) in [Hsi+18]. The mirror
Langevin diffusion was introduced in an earlier draft of [Hsi+18], as well as in [Zha+20].
In [Zha+20], Zhang et al. also studied the Euler-Maruyama discretization of the mirror
Langevin diffusion (which differs from MLMC in that it discretizes the diffusion step
as well), but they were unable to prove convergence of the algorithm; they were only
able to prove convergence to a Wasserstein ball of non-vanishing radius around 7, even
as the step size tends to zero. They also conjectured that the non-vanishing bias of the
algorithm is unavoidable. Subsequently, [Che+20b] studied the mirror Langevin diffusion
in continuous time, and [AC21] introduced and studied the MLMC discretization, which
does lead to vanishing bias (as h \ 0).

Since then, there have been further studying the non-vanishing bias issue: [Jia21]
studied both the Euler-Maruyama and MLMC discretizations under a “mirror log-Sobolev
inequality” and was only able to prove vanishing bias for the later discretization; [Li+22]
showed that the Euler—-Maruyama discretization has vanishing bias under stronger as-
sumptions; and [GV22] studied MLMC as a special case of more general Riemannian
Langevin algorithms. The bias issue is still not settled, and it is certainly of interest to
obtain guarantees for fully discretized algorithms. Nevertheless, in our presentation, we
have stuck with the analysis of [AC21] because it is the cleanest, and because it relies on
assumptions which are well-motivated from convex optimization.

Exercises

Mirror Langevin

> Exercise 10.1 (the mirror Langevin diffusion in the primal space)
Use It6’s formula (Theorem 1.1.18) to show that the mirror Langevin diffusion (10.2.3) in
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the primal space solves the SDE

dZ, = {~[V?$(Z)]" YV (Z)) - [V2$(Z)] 7' VP$(Z)) [V2(Z1)] '} dt
+ V2 [V24(Z))]

12 4B, |

> Exercise 10.2 (Markov semigroup theory for the mirror Langevin diffusion)
Here, we introduce the Markov semigroup perspective on the mirror Langevin diffusion.

1. Compute the generator of the mirror Langevin diffusion. Use this to show that 7 is
stationary for the diffusion, and verify the equations (10.2.4) for the carré du champ
and Dirichlet energy.

2. Let Zya denote the generator for (Z;),,, (we write Ly, instead of Z* to avoid
confusion with the adjoint of Z). By computing 9, E f(Z;), show that

Zaalf =Z(fo V).

Then, via a similar calculation to (10.2.5) and (10.2.6), show that the Dirichlet energy
for (Z}),s, can be expressed as

&mmm=/WﬁWWTWwwi

where 7" 1= (V¢),x is the stationary distribution of (Z}),,.

3. Show that the mirror Poincaré inequality in Corollary 10.2.10 implies the following
Poincaré inequality in the dual space: for all f : R — R,

var f < éE”* <Vf, [V2¢*]_1 Vf> = % gdual(f»f) .

> Exercise 10.3 (Newton Langevin diffusion)
Verify the SDE (10.2.7) for the Newton Langevin diffusion. What happens to the mirror
descent iteration (10.2.2) when ¢ = V?

> Exercise 10.4 (affine invariance of Newton’s method)
Verify the affine invariance of Newton’s algorithm.

> Exercise 10.5 (properties of the Bregman divergence)
In this exercise, we check basic properties of the Bregman divergence.

1. Prove the alternative definition of relative convexity/smoothness (Lemma 10.2.9).
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2. If ¢” is the convex conjugate of @, prove that Dy (x, x") = Dyg-(V(x'), Vp(x)).
3. Check the identity (10.2.12).

> Exercise 10.6 (generalized geodesic convexity of the entropy)
Generalize the proof of (1.4.3) to prove the convexity of entropy along generalized
geodesics (Theorem 10.2.18).

> Exercise 10.7 (non-smooth guarantee for MLMC)
Adapt the proof of Theorem 4.3.11 using the techniques of this chapter to prove the
non-smooth guarantee for MLMC (Theorem 10.2.28).
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CHAPTER 11

Non-Log-Concave Sampling

In this chapter, we study the problem of sampling from a smooth but non-log-concave
target. Although some results from previous chapters also cover some non-log-concave
targets (such as targets satisfying a Poincaré or log-Sobolev inequality), these results do
not encompass the full breadth of the non-log-concave sampling problem.

In general, one cannot hope for polynomial-time guarantees from sampling from
non-log-concave targets in usual metrics such as total variation distance. Instead, taking
inspiration from the literature on non-convex optimization, we will develop a notion of
approximate first-order stationarity for sampling, and show that this goal can achieved
via an averaged version of the LMC algorithm. This is based on the work [Bal+22].

11.1 Approximate First-Order Stationarity via Fisher
Information

Suppose that V' is smooth, but non-convex. In general, optimization lower bounds show
that finding an approximate global minimizer of V' is computationally intractable, i.e., the
oracle complexity scales exponentially in the dimension d. To circumvent this, the notion
of approximate first-order stationarity has arisen as the performance metric of choice in
the non-convex optimization literature. Under this metric, we seek to find the minimal
number of queries required to output a point x such that ||[VV(x)|| < e.

Of course, in practice we may desire stronger guarantees, but first-order stationarity

303
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is often a useful first step towards more detailed analysis, and it has the advantage that we
can develop a general theory surrounding this notion. Note that in the convex case, finding
a global minimizer is equivalent to finding a first-order stationarity point, so stationary
point analysis can be viewed as a natural generalization of the convex optimization
analysis to non-convex settings.

To develop a sampling analogue of this concept, we recall that the Langevin diffusion
is the gradient flow of the KL divergence KL(- || ) w.r.t. the Wasserstein geometry
(Section 1.4). Moreover, the gradient of the KL divergence at p is VIn(u/x), and the
squared norm of the gradient is the Fisher information FI(y || 7) = E,[||VIn(y/ m)|1%].
Hence, a reasonable definition of finding an approximate first-order stationary point in
sampling is to output a sample from p satisfying /FI(y || ) < e. We will show shortly
that it is indeed possible to achieve this goal in polynomially many queries to VV as
soon as VV is Lipschitz, thereby establishing a framework for stationarity analysis in
non-log-concave sampling. Before doing so, however, we pause to gain intuition for this
solution concept.

Lack of spurious stationary points. An interesting feature of the Fisher information
is that, unlike for general non-convex optimization, if 7 satisfies some mild regularity
conditions (e.g., 7 has a smooth and positive density on R?), then there are no spurious
stationary points: FI(y || ) = 0 implies y = 7. This is a specific feature of the sampling
problem.! The intuition behind the proof is straightforward: if FI(u || 7) = 0, then
Vin(pu/7) = 0 (r-a.e.), so the density u is proportional to z. Since y is a probability
measure, then g must equal 7. (See however the technical remark below.)

This might suggest that our goal of obtaining /FI(y || 7) < ¢ is too ambitious, because
obtaining a small value of the Fisher information would solve the general problem of
non-log-concave sampling. This is in fact not the case, and the devil is in the details: it is
true that a small value of FI(y || 7) implies p is close to 7z, but how small must FI(y || )
be? For highly non-log-concave targets r, typically the Fisher information should be
exponentially small in order for u to be close to 7 in total variation distance.

We illustrate this point with an example: suppose that the target distribution r is a

1

mixture of Gaussians in one dimension, 7 = 3 7T +% 74, where 7% := normal(Fm, 1). Also,

suppose that p is a mixture of the same two Gaussians, but with the wrong mixing weights:

U= ?I m_ + 1 74 Then, we leave the following computation to the reader (Exercise 11.1).

UIn fact, the KL divergence KL(- || z) is always strictly convex with respect to taking convex combinations
of measures, and hence always has a unique global minimum.
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3

Proposition 11.1.1. Let m > 0 and let 7z = normal(¥m, 1). Let p =

T+ % 7, and
T = % T_ + %mr. Then, it holds that

liminf ||y — 7|ty > 0
m—0o0

whereas

2
Fl(u | 7) < mzexp(—m?) — 0 asm — oo,

Metastability. The example in Proposition 11.1.1 also provides an interpretation of the
Fisher information. If we try to sample from the mixture of Gaussians =, then for m > 1
it takes an exponentially long time for the Langevin diffusion to jump to one mode from
the other; this is the main reason behind the slow mixing of Langevin. Since it is hard to
jump between the modes, it is difficult for the Langevin diffusion to “learn” the global
mixing weights %, % of 7. On the other hand, Proposition 11.1.1 shows that even with
the wrong mixing weights (2, 411)’ the Fisher information FI(yx || 7) is small, demonstrating
that the Fisher information is insensitive to the global weights.

The example in Proposition 11.1.1 therefore paints a cartoon picture of the behavior
of the Langevin diffusion with target 7, initialized at % Om + }1 d+m: we expect that the
Langevin diffusion quickly explores and captures the local structure of the modes but fails
to jump between the modes, arriving at a distribution which resembles ; it is this local
mixing that a Fisher information bound captures. Meanwhile, the Langevin diffusion only
obtains the correct global weights after an exponentially long waiting time.

The state p is not truly stable for the Langevin diffusion: given enough time, the
diffusion will eventually move away from p and reach 7. However, since states like p
persist for a very long period of time, they are usually called metastable in the statistical
physics literature. A Fisher information bound can be interpreted as a way of quantitatively
measuring the metastability phenomenon.

Technical remark. One has to be slightly careful with the definition of the Fisher
information. For example, suppose that r is the standard Gaussian, and suppose that p is
the Gaussian restricted to the unit ball. Then, it is tempting to argue that the density of p
is proportional to that of 7 on the unit ball, and hence VIn(u/x) = 0 (u-a.e.); from the
expression FI(y || 7) = E,[|IVIn(g/7)||?], it suggests that FI(y || =) = 0, and in particular
[ is a spurious stationary point. However, this argument is not correct.

The reason is that p does not have enough regularity w.r.t. 7 in order to apply the
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formula FI(y || 7) = E,[||V In(u/) |I?]. Indeed, in order to apply the formula, we must

require that the density g—f{ lie in an appropriate Sobolev space w.r.t. 7 (more precisely,

\/ :il_;l; should lie in the domain of the Dirichlet energy functional). If this does not hold,
then we define the Fisher information to be infinite: FI(y || ) = oo.
In our theorem below, the Fisher information bound should be interpreted as follows:

VFI(i || ) < e means that p has enough regularity w.r.t. 7 and E,[||V In(p/7)||?] < €.

11.2 Fisher Information Bound
As before, we consider the interpolation of LMC,
X; = X — (t = kh) VV(Xi) + V2 (B; — Bin) t € [kh, (k+1)h].

The Fisher information bound in the next theorem will be proven using the interpolation
technique (§4.2).

Theorem 11.2.1 ([Bal+22]). Let (y;),5, denote the law of the interpolation of LMC
with step size h > 0. Assume that & o< exp(—V') where VV is -Lipschitz. Then, for any
step size0 < h < fﬂ,for allN € N,

1 [N 2 KL(po || )
— Fl dt < ————"2 +6p%dh.
i A lma < T o

In particular, if KL(yo || ) < Ko and we choose h = \Ky/(28VdN), then provided that

N > 9K,/d,

Nh
VdK
i/ FI(y, || 7) dt < ALY
Nh J, VN

In order to translate the result into a more useful form, we recall that the Fisher
information is convex in its first argument.

Lemma 11.2.2. The Fisher information functional FI(- || 7r) is convex.

Proof. Let pig, 1 € P(R?) be such that Fl(yg || 7) V FI(py || 7) < oo. For t € (0,1), let
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d = (1 —1t) po +t p1, and write f; = %:(1—t)ﬁ)+tf1.r[hen,

FICu: |l ) =/ ”VJ?HZ dr < (1-1) ”VJJCEHZ dr +1t ”VJJQHZ dr

= (1= 0) Fl(po | m) + t Fl(p || )

follows from the joint convexity of (a,b) — ||a]|?/b on R? X Rs,. O

_ Nh
Hence, for the averaged measure finy = ﬁ /0 1 dt, we have

Pl 1 1) < g [ FiGu Il (1123)

and the guarantees of the theorem translate into guarantees for fiy,. Moreover, we can
output a sample from fiyy, via the following procedure:

1. Pick a time t € [0, Nh] uniformly at random.

2. Let k be the largest integer such that kh < t, and let Xj;, denote the k-th iterate of
the LMC algorithm.

3. Perform a partial LMC update
X; = Xin — (¢ = kh) YV (Xin) + V2 (B, = Byp)
and output X;.

Combined with Theorem 11.2.1 and (11.2.3), and assuming that KL(y || 7) = O(d),
we conclude that it is possible to algorithmically obtain a sample from a measure y with

\FI( || ) < e using O(B%d?/e*) queries to VV.
We now give the proof of Theorem 11.2.1, which combines the usual stationary point
analysis in non-convex optimization with the interpolation argument.

Proof of Theorem 11.2.1. Recall from the proof of Theorem 4.2.6 that
1
O KL || 7)< = FIu | ) + 6% (¢ = kh)
This inequality was obtained under the sole assumption that VV is -Lipschitz. In The-

orem 4.2.6, we proceeded to apply a log-Sobolev inequality, but here we will instead
telescope this inequality. By integrating over t € [kh, (k + 1)h],

1 (k+1)h
KL(ugernyn I ) = KL pen || ) < =2 /k o PGl dt +3p%dh’.
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Summing over k = 0,1,..., N — 1 and dividing by Nh,

— Fl dt <
L

This proves the first statement; the second statement is obtained by optimizing over the
choice of h. o

11.3 Applications of the Fisher Information Bound

Asymptotic convergence of averaged LMC. Since Theorem 11.2.1 holds under very
weak assumptions (only smoothness of V) and implies that the Fisher information can
be driven to zero, and FI(y || ) = 0 implies that y = 7, then putting these facts together
leads to a straightforward proof of the asymptotic convergence of averaged LMC.

For a sequence of positive step sizes (hy)ren+ let 7, = X7 , hi and consider the
interpolation
Xe =X, - (t— 1)) VV(Xs, ) +V2(B, = B,,_),  t€[mpnml.  (11.3.1)

Theorem 11.3.2. Let (y1;),, denote the law of the interpolation (11.3.1) of LMC, and
suppose that the target is 7 oc exp(—V') where VV is f-Lipschitz. Suppose that LMC is
initialized at a measure yy with KL(yo || 7) < co, and that the sequence of step sizes
satisfies 0 < hy < ﬁ for all k € N* together with the conditions

o0 (o)
th:oo, and Zh,zc<oo.
k=1 k=1

Write fi,, = % fOT" pe dt. Then, fi, — 7 weakly.

Proof. By repeating the proof of Theorem 11.2.1 but incorporating time-varying step sizes,
we obtain for t € |1y, Ty41]

3 KL( || ) < —% FI(u || 7) +66%d (t — 1) . (11.3.3)

By integrating this inequality and summing,

1 ™ &
KL(pz, || 7) < KL(po || 7) — 5/ FIu, | ) dt +35%d k2. (11.3.4)
0 k=1
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Rearranging and using the convexity of the Fisher information, it yields

1 (™ 2 KL 64%d —
FI(, || ) < —/ Fl(u || 7)dt < ollm) | 5 Zh,ﬁ. (11.3.5)
Tn Jo Tn Tn

n

On the other hand, if t € [7,, 7,+1], then integrating (11.3.3) and combining with (11.3.4)
yields

KL(pe || ) < KL(pr, || 7) +36%d (¢ = 1) < KL(o || 7) + 64%d )" b < o0,
k=1

Therefore, {KL(y || ) | t > 0} is bounded, and the convexity of the KL divergence implies
that {KL(f;, || ) | n € N*} is bounded. Since the sublevel sets of KL(- || 7) are compact,
to prove the theorem it suffices to show that every weak limit of (fir, ), is equal to 7.
Consider a subsequence of (fi, ), y+ converging to a weak limit /.

Taking n — oo in (11.3.5) and noting that 7, — oo, we have FI(f,, || 7) — 0 and thus
along the subsequence as well. It is known that FI(- || ) is weakly lower semicontinuous,
so FI(f || #) = 0. However, since VV is Lipschitz, then 7 has a continuous and strictly
positive density on R?, so FI(ji || r) = 0 entails ji = 7 as desired. O

Convergence in total variation distance under a Poincaré inequality. As the
example in Proposition 11.1.1 shows, for general non-log-concave targets a Fisher infor-
mation bound does not translate into guarantees in other metrics. However, this can be
carried out if 7 satisfies appropriate functional inequalities. For example, by a definition a
log-Sobolev inequality for 7 states that

KL( || 7) < Fl(u|| )  forall y € P(RY),

and in this case a Fisher information guarantee readily translates into a KL divergence
guarantee; however, this is not very interesting because we have obtained a sharper KL
divergence guarantee for targets r satisfying a log-Sobolev inequality in Theorem 4.2.6.
Instead, we will show that under the weaker assumption of a Poincaré inequality, a Fisher
information guarantee implies a total variation guarantee.

The key observation is the following implication of a Poincaré inequality.

Proposition 11.3.6. Suppose that 7 satisfies a Poincaré inequality with constant Cpy.



310 CHAPTER 11. NON-LOG-CONCAVE SAMPLING
Then, for all u € P(Rd),

Cpi
i = 7llry < —= Fiu [l 7).

Proof. We can assume y < ; let f = g—fi. The total variation distance has the expressions

=l =5 [1F =11z =3 [((FvD-(Fan)an

which yields f(f A1)dr =1~ ||g— 7|ty and f(f V 1)dr =1+ ||g — x||Tv. Using this,

/\/]—fdﬁ:/\/(f/\l)(fvndng\//(f/\l)dn/(fvndn
= V(1= lg = xllry) A +1lg = xllry) = 1= llu = 7l3y, -

Therefore,

||,u—7r||%V§1—(/\/]_‘dn')zzvar,[\/f.

This is sometimes called Le Cam’s inequality; in statistics, the right-hand side is often
written as H?(p, ) (1 — }1 H?(p, 7)), where H? denotes the squared Hellinger distance.
Applying the Poincaré inequality,

C
Il = 7llzy < CorExIVVFIP] = =7 Fitu | 7). 0

Corollary 11.3.7. Let (), denote the law of the interpolation of LMC with step
size h > 0. Assume that & « exp(—V'), where VV is f-Lipschitz and r satisfies the
Poincareé inequality with constant Cp. Then, if KL(yo || ) < Ky and we choose step size

h = VK, /(2BVdN), then

i = ey = | [ sl < 2PV
— T = ||l— — T S ——— .
HNh TV Nh o Ht TV (—N
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Bibliographical Notes

Exercises

> Exercise 11.1 (Fisher information for mixtures of Gaussians)
Prove Proposition 11.1.1.
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